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Preliminaries from Riemannian geometry 

§ 1-1 Riemannian metrics and Levi-Civita connection 

 
 

Theorem 1.2 Levi-Civita connection 

Given a Riemannian metric g on M，there uniquely exists a torsion-free connection 

on TM making g parallel，i.e.，there is a unique R-linear mapping 
*: ( ) ( )TM T M TM     satisfying the Leibnitz formula 

( )fX df X f X     ，and for all vector fields X and Y 

1. ( ( , )) ( , ) ( , )d g X Y g X Y g X Y     

( compatible with g ， ( , ) ( , ) ( , )X XXg Y Z g Y Z g Y Z    ) 

2. 
XY [ , ] 0Y X X Y    ，torsion free 

 

In local coordinates 1( ,..., )nx x  the Levi-Civita connection   is given by 

( )
i

k

j ij k     ，where 
1

( )
2

lj ijk kl il
ij i j l

g gg
g

x x x

 
   

  
 

 

 
 

  

The Laplacian f  is defined as the trace of the Hessian。That is to say，in local 

coordinates near p we have ( ) ( )( , )ij

i i

ij

f p g Hess f    。 
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Thus，if { }iX  is an orthonormal basis for 
pT M  then ( ) ( )( , )i i

i

f p Hess f X X   

 

§ 1-2 Cuvature of a Riemannian manifold 

[ , ]( , ) X Y Y X X YR X Y Z Z Z Z      

In local coordinates the curvature tensor can be represented as  

( , ) l

i j k ijk lR R     ，where 
l l
jkl m l m lik

ijk jk im ik jmi j
m m

R
x x

 
       

 
   

( , , , ) ( ( , ) , )R X Y Z W g R X Y W Z ， ( , , , ) m

i j k l ijkl km ijlR R g R       

 

1st Bianchi identity：R 0i i i

jkl klj ljkR R    

2nd Bianchi identity： , , , 0h h h

ijk l ikl j ilj kR R R    L. Bianchi 1902 

 

The sectional curvature of a 2-plane pP T M  is defined as 

( ) ( , , , )K P R X Y X Y ，where {X,Y} is an orthonormal basis of P。 

( ) i j k l

ijklK P R X Y X Y ，where ,i i

i iX X Y Y     

 

1 2 2 1( ) : ( , ) ,K R e e e e    where 
1 2{ , }e e is an orthonormal basis of   

Prove 
2 2 2

( , ) ,
( )

,

R X Y Y X
K

X Y X Y


 


  
 

Ricci curvature tensor 

,

i j

ij

i j

Ric R dx dx   where k

ij kij

k

R R ， k k k m k m

ij k ij j ik ij km im jkR           

 

Scalar curvature 
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gR tr Ric  
,

( ) : ij

ij

i j

S p R g R   

§ 2.1 Consequences of Bianchi identities 

 

 

§ 2.2 First examples  

單值化定理 

 

 

 

Einstein manifold 

Let M be n-dimensional manifold with n being either 2 or 3。If (M,g) is Einstein with 

Einstein constant ，then M has constant sectional curvature 
1n




，so that in 

fact M is a space-form。 

 

§ 2.3 Cones 

Let (N,g) be a Riemannian manifold。 
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Open cone over (N,g)： N (0, )   with 
~

g  

~
2 2( , ) ( )g x s s g x ds   for any ( , ) (0, )x s N    

Fix local coordinates 1 2( , ,..., )nx x x  on N。Set 0x s ，in the local coordinates 

0 1( , ,..., )nx x x  for the cone，the relation between k

ij  and 
~
k

ij  are … 

 

後面有一個命題 一個推論 略 

 

Geodesics and the exponential map 

§ 3.1 Geodesics and the energy functional 

Let I be an open interval。 :I M   is a smooth curve。 

  is called a geodesic if 0TT  ，where 
d

T
dt


 。 

 

So the geodesic equation is 0k k i j

ijx x x   

 

Hopf-Rinow 

If (M,g) is complete as a metric space，then every geodesic extends to a geodesic 

defined for all time。 

 

Geodesics are critical points of the energy functional。 

 

§ 3.2 Families of geodesics and Jacobi fields 

Jacobi equation 

( , ) 0X XY R Y X X     

A vector field Y along a geodesic   is said to be a Jacobi field if it satifies this 

equation and vanishes at the initial point p。 
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Jacobi fields are also determined by the energy functional。 

 

§ 3.3 Minimal geodesics 

Conjugate point 

Let   be a geodesic beginning at p M 。For any t>0 we say that ( )q t  is a 

conjugate point along   if there is a non0zero Jacobu field along   vanishing at 

( )t 。 

 

 

§ 3.4 The exponential mapping 

:[0,1]v M   is a geodesic starting from p with initial velocity vector v。 

exp ( ) (1)p vv   

By the Hopf-Rinow theorem，if M is complete，then the exponential map is defined 

on all of pT M 。 

後面有些細節尚待釐清。 

 

§ 4 Computations in Gaussian normal coordinates 

 

§ 5 Basic curvature comparison results 
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§ 6. Local volume and the injectivity radius 

 

 

 


