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§ Curvature of a Riemannian manifold 

The Riemann curvature tensor of M is the (1,3)-tensor on M 

[ , ]( , ) X Y Y X X YR X Y Z Z Z Z      

In local coordinates， ( , ) R l

i j k ijk lR       

Where +l l l m j m l

ijk i jk j ik jk im ik imR           

( , , , ) ( ( , ) , )R X Y Z W g R X Y W Z  is a (0,4)-tensor 

In local coordinates 

( , , , ) m

i j k l ijkl km ijlR R g R       

 

§ sectional curvature of a 2-plane pP T M  

K(P)=R(X,Y,X,Y)，where {X,Y} is an orthonormal basis of P。 

In local coordinates，suppose that ,i i

i iX X Y Y    ，then 

( ) i j k l

ijklK P R X Y X Y  

1nS  the sphere of radius r in nR  has constant sectional curvature 
2

1

r
。 

nR  with the Euclidean metric has constant sectional curvature 0 

Hyperbolic space nH has constant setional curvature -1 

 

§ Ricci curvature tensor  

( , ) ( , ,Y, )kl

k lRic X Y g R X    in local coordinates 

 

§ scalar curvature ij

g ijR tr Ric g Ric   
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§ Consequences of the Bianchi identities 

R + R + R =0         will be of fundamental important to find the 

Einstein equation。 

For any contravariant two-tensor   on M (such as Ric or Hess(f))，we define the 

contravariant one-tensor ( )div   

( )( ) ( ) ( )( , )rs

r sdiv X X g X       

Then 2 ( ) 2dR div Ric Ric    

 

§ Uniformization Theorem 

If (M,g) is a complete，simply-connected Riemannian mnifold of constant sectional 

curvature ，then 

(1) If 0  ，then M is isometric to Euclidean n-space 

(2) If 0  ，there is a diffeomorphism : nM S   such that 1 ( )ijg g   ，

where ijg  is the usual metric on the unit sphere in 1nR   

(3) If 0  ，there is a diffeomorphism : nM H   such that 
1

( )ijg g 
  ，

where ijg is the Poincare metric of constant curvature -1 on nH 。 

 

§ Einstein manifold 

( )Ric g g  

 


