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§ Basic Riemannian Geometry 

A manifold is non-collapsed at a point x： 

M is a complete n-manifold。For any r such that the norm of the Riemannian curvature 

tensor， 2

mR r−  at all points of the metric ball B(x,r)，we have ( , ) nVolB x r r 。

Then we say that the manifold is noncollapsed −  at x。 

 

If 2

mR r−  on B(x,r) and if B(x,r) is noncollapsed − ，then the injectivity radius of 

M at x is greater than or equal to a positive constant that only on r and   

Instead，there is a simple equation for the evolution of volume under Ricci flow。  

 

這裡提到兩個 non-compact canonical neighborhood 

1. necks −  

2. caps −  

 

 

(1) Bochner formulas 

 
(2) maximum principle 

(3) pointwise monotonicity formulas 

(4) comparison geometry  

(5) integral and pointwise monotonicity formulas 

 

§ Riemannian Geometry 

Q：Given a restriction on the curvature of a Riemannian manifold，what topological 

conditions follow？ 

Myers theorem： 

 

Cartan-Hadamard theorem： 

A simply connected，complete Riemannian manifold with nonpositive sectional curvature 

is diffeomorphic to nR  and each exponential map is a diffeomorphism。 
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R. Hamilton 1982： 

If (M ,g) is a closed 3-manifold with positive Ricci curvature，then it is diffeomorphic to 

a spherical space form。 

That is， 3M  admits a metric with constant positive sectional curvature。  

(closed means compact without boundary) 

 

William Thurston：Geometrization Conjecture 

Every closed 3-manifold admit a geometric decomposition。 

 

(M, g)， ( ) : x xg x T M T M R →  

i j

ijg g dx dx=   where : ( , )ij i j
g g

x x

 
=

 
 

: m nN M →  is a smooth immersion，then pull back g to N 

* *( )( , ) : ( , )g V W g V W   =  

 

Levi-Civita connection(or covariant derivative) ，
XY =  

1. compatible with the metric ( ( , )) ( , ) ( , )X XX g Y Z g Y Z g Y Z=  +   

2. torsion free 

3. Lie bracket [ , ] X YX Y Y X= −  

 

Christoffel symbols k

ij =  

 

: ( , )a b M →  is a path 

A vector field X is parallel along   if 0X

 =  

 

A path   is a geodesic if the unit tangent vector field is parallel along  。 

 

Riemann curvature tensor [ , ]( , ) : X Y Y X X YR X Y Z Z Z Z=  −  −  

The components of the (3,1)-tensor are defined by 

( , ) : l

ijki j k l
R R

x x x x

   
=

   
 

l l
jkl m l m lik

ijk jk im ik jmi j
m m

R
x x

 
= − +   −  
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( , ) ,m

ijkl lm ijk i j k l
R g R R

x x x x

   
= = 

   
 

 

If 
xP T M  is a 2-plane，then the sectional curvature  

1 2 2 1( ) : ( , ) ,K P R e e e e= ，where 1 2{ , }e e is an orthonormal basis of P 

 

 

Exercise  

Show that if X and Y are any two vectors spanning P，then 

2 2 2

( , ), ,
( )

,

R X Y Y X
K P

X Y X Y

 
=

−  
 

 

Ricci tensor Ric is the trace of the Riemann curvature tensor 

i

jk ijk

i

R R=  

 

Scalar curvature is the trace of the Ricci tensor 

( , )i i

i

R Ric e e=  in local coordinate ij

ijR g R=  

 

Exercise 

Show that the trace of a symmetric 2-tensor   is given by the following formula 

1

1
( ) ( , ) ( )

ng
S

n

Trace V V d V  


−
=   

Where 1nS −  is the unit (n-1)-sphere， nn  its volume，and d  its volume form。 

Hint  

There exists an orthonormal basis  
1

n

i i
e

=
 such that i i i

i

e e   =  。 

Furthermore， ( )g i

i

Trace  =  and 
1

21
, ( ) 1

n

i

n S

V e d V
 −

=    

 

 

定義一個(r, s) tensor 的 covariant derivative := 

X   

則 0g = 即為 g 與 metric 相容 
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Exercise 

For a 1-form X，
j k

i j ij ki

X
X X

x


 = −


 

 

 

 

Lie derivative of a tensor with respect to X 
*

**
0

0 0

( )
: lim limt t

X t t
t t

d
L

t t dt

     
  =

→ →

− −
= = =  

 

1. if f is a function then 
XL f Xf=  

2. if Y is a victor field then [ , ]XL Y X Y=  

3. if ,   are tensors then ( ) ( )X X XL L L      =  +   

 

 

a diffeomorphism : ( , ) ( , )n nM g N h →  is an isometry if *h g =  

 

 

Killing vector field X on (M, g) if 0XL g =  

 

A vector field X is complete if there is 1-parameter group of diffeomorphisms  t t R



 

generated by X 

If M is closed，then any smooth vector field is complete。 

 

Exercise 

Lie derivative of the metric 

Show that ( )( , ) ( , ) ( , )X Y ZL g Y Z g X Z g Y X=  +   and in local coordinates this implies  

( )X ij i j j iL g X X= +  

 

Riemann curvature tensor 

ijkl ijlk jikl klijR R R R= − = − =  

0ijkl jkil kijlR R R+ + =  

0i jklm j kilm k ijlmR R R + + =  
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1
2 (R ) 0

2

ij

i jk kg R R div c Rg =  − =  

 

 

Exercise 

Show that for any diffeomorphism : M M → ，tensor  ，and vector field X 

( ) ( )XL L


   

 =  

And if :f M R→ ，then ( ) ( )g g
grad f grad f


 

 =  
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§ Cartan structure equations 

Let  ie  be a local orthonormal frame field，the dual orthonormal basis  i  with 

( )i j

j ie =  

We may write the metric as 
1

n
i i

i

g  
=

=   

The connection 1-form j

i  are 
1

: ( )
n

j

X i i j

j

e X e
=

 =  

The curvature 2-form j

i  is defined as 
1

( , ) : ( , )
n

j

i i j

j

R X Y e X Y e
=

=   

 

定理 

1. i j i

j

j

d  =   

2. 0j i

i j + =  

3. j j k j

i i i k

k

d   = −   

 

The Laplacian 

2

: ( )ij ij k

i j iji j k
div g g

x x x

 
 =  =   = −

  
 

In Euclidean space 
2

2
1 ( )

n

i
i x=


 =


  and the heat equation is ( ) 0u

t


− =


 

Especially since the Ricci flow is like a heat equation，we shall often encounter the 

Laplacian and heat operator。 
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§ 2.6 integration by parts 

Stokes theorem  
M M

d 


=   

The divergence theorem 

Let (M, g) be a compact Riemannian manifold。If X is a 1-form，then 

( ) ,
M M

div X d X v d 


=     

Hear v is the unit outward normal， d  denotes the volume form of g，and 

( )vd i d   is the volume form of the boundary M  with respect to the induced 

metric。 

 

 

 

Exercise From the divergence theorem 

1. On a closed manifold， 0
M

ud =  

2. On a compact manifold  

In particularly，on a closed manifold 
M M

u vd v ud  =    

3. Show that if f is a function，and X is a 1-form，then

( ) , ,
M M M

fdiv X d f X d f X v d  


= −   +      
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§ 3 Laplacian and Hessian comparison theorems 

Laplacian comparison theorem 

Hessian comparison theorem 

Volume comparison theorem 

Rauch comparison theorem 

 

Jacobi field J is a variation of geodesic and satisfies the Jacobi equation。 

 

Cut point to p along   

 

 

 

Definition  

A point x M  is a conjugate point of p M  if x is a singular value of 

exp :p pT M M→ 。That is ， exp ( )px V=  for some pV T M ，where 

( )exp ( )(exp ) : ( )
pp V p VT T M T M →  is singular。 

Equivalently ， ( )r  is a conjugate point to p along   if there is a nontrivial Jacobi 

field along   vanishing at the endpoints。 

 

§ 3.1 Laplacian comparison theorem   p.57~60 

這裡有幾個 comparison theorem 暫略 

 

§ 3.2 Cheeger-Gromoll splitting theorem and manifolds of nonnegative curvature 

In the study of manifolds with nonnegative curvature，often the manifolds split as 

the product of lower dimensional manifold with a line。 

Recall that a geodesic line is a unit speed geodesic : ( , ) M −  →  such that the 

distance between any points on   is the length of the arc of   between those two 

points。That is ，for any 
1 2, ( , )s s  −  ， 1 2 2 1( ( ), ( ))d s s s s  = −  

 

這裡有一個 Busemann function  distance function p.61 

 



9 
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§ 4 Geodesic polar coordinates 

§ 4.1 Exponential map and geodesic coordinates expansion of the metric and volume 

form 

 

 

 

§ 4.2 Geodesic polar coordinates and Jacobian of the exponential map 

 

 

Gauss lemma 

 

 

§ 4.3 The second fundamental form of the distance spheres and the Ricatti equation 

 

 

Exercise 1.90 

Evolution of mean curvature for a hypersurface flow 

 

§ 4.4 Comparison with space forms and Bishop volume comparison theorem 

 

Exercise 1.92 

Curvature of a rotationally symmetric metric 

 

Lemma 1.93 

Mean curvature of distance spheres comparison 
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§ 4.5 Mean value inequality，Laplacian and Hessian comparison theorem 

 

 

Theorem  

Rauch comparison theorem p.76 

 

 

 

 

§ 5 First and second variation of arc length and energy formulas  p.76 

 

 

 

 
 

 

§ 5.2 Energy 

The energy functional of a path：
2

( ) : ( )
b

a

d
E s ds

ds


 =   

The critical points of the energy functional，along all paths fixing two endpoints，are the 

constant speed geodesics   satisfy 0

 =  

 

 

§ 5.3 Jacobi fields 

 

Geodesic variations should minimize the second variation among all variations with given 

endpoint values。 
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§ 6  Geometric application of second variation 

 

§ 6.1 Toponogov comparison theorem 

 

§ 6.2 Long geodesics 

 

§ 7  'Green s  function 

 

§ 8  Comparison theory for the heat kernel(or heat equation) 

 

§ 9 Parametrix for the heat equation 

 

§ 10 Eigenvalues and eigenfunctions of the Laplacian 

 

 

§ 11 The determinant of the Laplacian 

 

 

§ 12 Monotonicity for harmonic functions and maps 

 

 

§ 13 Lie groups and left invariant metric 

 

 

§ 14 Bieberbach theorem 

 

 

 

  

 

 

 

 


