§ div, N =2H
* & Weingarten map W (X) =V, N(p)

divy,N =<V, N,e >+<V_ N,e, >=<W(e),e >+<W(g,),e, >=tr([W])

§ Exercises
g Ge+Eg - 2Ff
2(EG-F?)

z =sinh x /1—( y )? » 3K mean curvature H=
cosh x

X _ A X X —X

e’ +e
,cosh x =

i e )
sinh x = » cosh? x—sinh?x =1

X (x,0) = (x,cosh xsin @,sinh x cos &)
X, =(&sinh xsin &, cosh x cos &)
X, =(0,cosh xcos 8, —sinh xsin &)

E =X, - X, =1+sinh® xsin® §+cosh® xcos” &
F=X,-X,=0

G =X, - X, =cosh® xcos’ & +sinh’ xsin’ &
X, x X, = (=sinh? x —cos® &,sinh xsin &, cosh x cos &)
X, xX,[ =

X, x X, 3

N = _
X, % X,| \/(sinhz X+ C0s” B)(sin® x +cos” @ +1)

X, = (0, cosh xsin &,sinh x cos &)
X, = (0,sinh xcos 8,—cosh xsin &)
X4 = (0,—cosh xsin 8, —sinh x cos &)

cosh xsinh x

e:
\/(sinhz X +€0s” @)(sinh? x + cos® 6 +1)

B —cosh xsinh x
\/(sinhz X +€0s” @)(sinh? x +cos® 6 +1)

H = eG+gE e(GE) -e
2EG 2EG  2EG




For fixed x * ( y )2+(#)2:cosze+sin20:1
cosh x sinh x

This symmetry implies the surface 1s rotationally invariant around the x-axis ’ a
hallmark(f2:E) of minimal surfaces like the catenoid °

The term e contains coshxsinhx in the numerator » but for a minimal surface * these
terms must inherently(AE _F) cancel globally due to the surface's geometric constraints
(e.g., the identity cosh? x—sinh?x=1)

Catenoid
v

X = ccosh(=)cosu
c

y= csinh(%)sin u

Z=V

For fixed x * ( y )2+(#)2:c0329+sin20:1 is a catenoid °
cosh x sinh x

2
§ Prove that div,N =2H = Z<Vei N,ei> » where € 1s an orthonormal frame for M °
i=1

M Zitk A R* REg e HhiE - N2 M _ERYBEADE R & -
div,, (N) Foria& i M AVEEE TS -

{e, &} ET,M (I —AEBEERHE - N {ES— 24 EET M
div,, (N) =<V,N,e >+<V_ N,e, >
SHEBY)EEW e T,M > 7188V, N LN [N|=1) - VN eT,M

Shape operator S :TpM —>TpM ,SW)=V,,N Hi
div,,N =<S(e)),e, >+<S(e,),e, >=tr(S)

H= %tr(S),.: div, N = 2H



