§ Hyperbolic Plane

EE 7.17 (3)

—{EZEF G & —{EF/EUE (smooth maniflod) [EIHHE—{EEE (EIFEFIVER
GxG->G G-oG

(g,h)—>gh g g™ HRE AL

FHEH = {(x,y) € R?|y > 0 L-Ayi5—BEELAT 3t (7575 (affine map)

h:R— R, h(t) = yt + x ZF[F(identify) > FTAEEAVBSSFTREVESTEGS & N R
—Bf EEERAFIE H _E5 [ A(induce)—{EEE4SH#

Y
(a) E{EFHZEAY(induced)BFEE L (X, y) - (2, W) = (YZ + X, yw)
Given two affine maps g(t)=yt+x and h(t)=wt+z > we have

(g oh)(t) =g(h(t))=g(wt+z)=ywt+yz+x
Therefore the group operation is given by (X, y)+(z, W) = (yz+x,yw)
The identity element is e=(0,1) > hence

(2w) =(x,y)" < (Y24, yw)=(o,1>@(z,w)=<—§,§)

Therefore the maps (g,h) = geh and g— g™ are smooth hence H is a Lie group -

(b) Show that the derivative of the left translation map L, y) : H — H ata
point (z, w) € H is represented in the above coordinates by the matrix

y 0
{st_r._‘-'J}{:,wJ - (D \‘) -

Conclude that the left-invariant vector field X" < X(H) determined by the
vector i )
";Z"i-‘-??iEf]ETrc}JH (€, nekR)
5 ax a‘ (1) !

is given by .
Vo ey 0 0
J«fi_,[__,‘.J = \,}a + mﬂ—v'

LQ
geG > G—>G Lh=gh Tl R/ TeEE o & diffeomophism

(L)@ W) = (X, ¥)-(z,W) = (yz+ X, yw) = (X", y)



ox' 0OX
oz ow 0
The matrix represantation is 8zl aW :(y J
¥y o 0y
oz ow
y 0)(S) (¥¢ 0 0
X\(/X,y) = = =&y —+ny—
0 y)\n) \yn ox oy

(Ly).

T,(G) — T,,(G) isainduced map
If X ex(G) (L,).X=X for YgeG then Xis called left-invariant -

G 1Y Lie algebra Hi left-invariant vector field space ZE({H -
IRRI 7 = X (H)

(c) Given V, W € h, compute [V, W].

(c) If

2 ?) 8 8
V=¢(—+4+n— and W=(—+w—
Eﬁx ?5}’ Cﬁx ay
then
, , a bs, b 4
XLXH']: j—— e | Wy —
[ . [g}ﬁx+??-"a}-'¢}ax+ }a}‘:l
15
— (n¢ — w)y—.
(n¢ — wé))> O
Therefore

. s,
[V. W] = [XTP \ XW] = (¢ — wg}a.

(0,1

(d) Determine the flow of the vector field XV, and give an expression for the

exponential mapexp: h — H.
(e) Confirm your results by first showing that H is the subgroup of GL(2)

formed by the matrices
VX
01

with y = 0.
(d)
(L)-LX, YT= L) X, (L YTRIX, YT =[ XY, Y],



BB X = éy—+f7y@ s LA XV B flow s <= Y e

y=77y
y =Y,e"
b =+ g(en )
Ene0 Al gyo(,,t py U eem) = )
#n=0 EU{ Y=Y RS exp(V) = (&,1)
T x=x, ’

Exp:np > H > (X,Y,)=€=(0,1),t=1

(e) The multiplication of two such matrices is

yxyfwz) _[ywyz+x
01 01) \ o 1 ’

which reproduces the group operation on H. Therefore H can be identified
with the corresponding subgroup of GL(2). Acurvec : (—z, =) — H with
c(0) = I is then given by

(%, y)i[g Ij » (@ h) =y (@)w (). y(0.1) = |

y X)(z w) (yw yz+Xx
Y e R R R

EEEEEE H R GLR)ATTEE
—(E g4 c: (-5,6) > H > ¢(0)=I

e ="y 0] xo-0y0-1-

X
0 1];5 H HY representation

o

HE/E t=0 [ 0(0) = L(O) X(O)J (’7 gj SRR 7 BT

H Lie bracket £
[ncf w§]:n§w§_w§n§:077§—w§
0 0)l0 O 0 0JA0 O 0 0)A0 O 0 0

+60 k
Cxp(”{)zil(”‘f) (10 n & 1 a;l né
00/ &~ r\00) =1o1)"\oo) T 2\00)" "
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n€) _[¢" 55—
cxp(nﬂ)_(u II
for n=#0
(M€Y (1€
0(56)=(9) o, 0
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