§ Local theory of Symplectic manifolds

2.1 Isotopy

Definition

Let M is a manifold > ¢:M xR —>M

If 4:M—>M satisfies
1. ¢ =id
2. ¢ (m):=¢(m,t) isa diffeomorphism for every teR
Then ¢ isanisotopy

For every isotopy ¢ > we construct a vector field X, on M by letting

dg

0
= X, o@ or  inother words —
dt o ¢*(8t

) = X e m)

Where ¢,:T, (M xR) >T, M isthe push-forward of ¢ -

Hence there is a family of vector fields {X,} inM -
On the other hand > given a R-famiy of compactly-supported vector fields {X,} -

dé

we can solve the differential equation d_tt = X, o¢, togetbacktheisotopy ¢ -
Definition

A one-parameter group of diffeomorphisms of a manifold is an isotopy with the extra
property ¢, = o4

#] Xis a vector field on a manifold M > ¢, :M —> M
1. @,(m)=m for VmeM

dg, (M)
2. (tjt = X(mm»

Then ¢, isthe exponential map (or the flow) of X > denote ¢, by exp(t X)

Definition
The Lie derivative of aform « along a vector field X is given by

d
La=—o
X dtqpt

Cartan formula Lyo=d(iw)+ido

a)|t:0



Proposition

do

dt

For a family of 2-form a, » %(p{‘wt =@ (Ly o, +—)

Proof

d * *
—@,o=¢ Lo > then

dt
d . d . ., d
G2 = (P e T (o o
. .do . dw.
=g Ly o+, d_ttzq)t (Ly @, + dtt)

2.2 Moser Theorem
Let M be a compact manifold > and @,,®, € Q*(M) be in same de Rham
cohomology (gR&f)group ° Suppose @, = (1—t)aw, +tw, be symplectic for all

t €[0,1] - then there is anisotopy ¢ suchthat ¢ 'w, =, forall te[0,1]
(@,,, € (M) be in same de Rham cohomology group < W, — @, isexact ° i.e.

JoeQ' > suchthat @ —@,=do)

Proof

@

dt

o, =1-t)ao, +te, > =w—-w,=do

From Cartan formula L, @ =i, do, +d(iy @) =d(iy @)

d . doy, o
Lo = Lo+~ =4 (0, @) +do))

. d . .
If d(iy®)+do=0 then aqﬁta)t:O:Qa)t:C
there is an isotopy ¢ suchthat §'o, =, forall te[0,]]
Moser’s equation : iy &, +0 =0

But w; is non-degenerate, so we can solve X; for each ¢ & [0, |] smoothly by the uniqueness
theorem of differential equations. Given such X we can find its isotopy by compactness of

M. |



S

Theorem 2.8 (Tubular Neighbourhood Theorem). Suppose Q) is an submanifold of a
manifold M, the normal bundle of Q is defined by

T,M
I.Q

Then there exist a convex neighbourhood U of the zero section of NQ. a neighbourhood U of Q,
and a diffeomorphism @ : U — U such that ¢(q,0) = q for all g € ().

NQ={(qg,n):qge X;ne NQ :=

}

2.3 Darboux Theorem
Every symplectic form @ of a 2n-dimenional symplectic manifold M is locally
diffeomorphic to the standard form

> dx; Ady, on R*

i=1
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