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§0 INTRODUCTION

This set of lecture notes originated from a series of lectures given by the author at a
Geometry Summer Program in 1990 at the Mathematical Sciences Research Institute in
Berkeley. During the Fall quarter of 1990, the author also taught a course in Geometric
Analysis at the University of Arizona. For that purpose, the lecture notes were revised
and expanded. During the author’s visit with the Global Analysis Research Institute at
Seoul National University, he was encouraged to submit these notes in the present, but
still rather crude, form for publication in their lecture notes series. The readers should
be aware that these notes are meant to address the entry level geometric analysts by

introducing the basic techniques in geometric analysis in the most economical way.
1
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The theorems discussed are chosen sometimes for their fundamental usefulness and
sometimes for purpose of demonstrating various techniques. In many cases, they do
not represent the best possible results which are available. Moreover, little time was
spent on historical accounts and chronological ordering.

The author would like to express his gratitude to the Global Analysis Research
Institute and the Mathematics Department of Seoul National University for their hos-
pitality. In particular, special thanks to Professor Dong Pyo Chi, Professor Hyeong In
Choi, Professor Hyuk Kim, and the geometry graduate students for making his visit a
memorable one.

§1. FIRST AND SECOND VARIATIONAL FORMULAS FOR AREA

Let M be a Riemannian manifold of dimension m with metric denoted by ds?. In
terms of local coordinates {1, ..., %} the metric is written in the form

d82 = gij diIZ'Z d.’L’j,

where we are adopting the convention that repeated indices are being taken the sum-
mation over. If X and Y are tangent vectors at a point p € M, we will also denote
their inner product by

ds*(X,Y) = (X,Y).

If we denote S(T'M) to be the set of smooth vector fields on M, then the Riemannian
connection V : S(TM) x S(TM) — S(T'M) satisfies the following properties:

(1) VisixiifaxnY = AVxY + f2Vx,Y, for all X;, X5,V € S(TM) and for all
f1, f2 € C%°(M);
(2) Vx(g1Y1 + g2Y2) = X(1)Y1 + ¢1VxY1 + X(g2)Ya + g2VxYs, for all
X, Y1,Y, € S(T'M) and for all g1, g2 € C°(M);
(3) X(Y,Z) = (VxY,Z) + (Y, VxZ), for all X,Y,Z € S(TM); and
(4) VxY — Vy X = [X,Y], for all X,Y € S(T'M).
Property (3) says that V is compatible with the Riemannian metric, while property

(4) means that V is torsion free. The curvature tensor of the Riemannian metric is
then given by

RxyZ =VxVyZ—VyVxZ - VixyZ,

for X,Y,Z € S(T'M). The curvature tensor satisfies the properties:
(1) RxyZ = —RyxZ, for all XY 7 e S(T]\I)7
(2) RxyZ+RyzX+RzxY =0, forall X|Y,Z € S(T'M); and
(3) RxvZ,W)=—RzwX,Y), forall XY, Z W € S(TM).
The sectional curvature of the 2-plane section spanned by a pair of orthonormal vectors
X and Y are defined by
K(X,)Y)=(RxvyY, X).
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If we take {e1,...,emn} to be an orthonormal basis of the tangent space of M, then the
Ricci curvature is defined to be the symmetric 2-tensor given by

m
g ei,er €k e]

k=1

Observe that

§ euek

k#i

Let N be an n-dimensional submanifold in M with n < m. The Riemannian metric
ds3, defined on M when restricted to N induces a Riemannian metric ds%; on N. One
checks easily that for vector fields X, Y € S(T'M), if we define

V&Y = (VxY)!

to be the tangential component of VxY to N, then V! is the Riemannian connection
of N with respect to ds3,. The normal component of V yields the second fundamental
form of N. In particular, one defines

~TI(X,Y) = (VxY)"

and checks that it is tensorial with respect to X,Y € S(T'M). Taking the trace of the
—)
bilinear form I over the tangent space of N yields that mean curvature vector, given
by
— —
trll = H.

In the remaining of this section we will derive the first and second variational for-
mulas for the area functional of a submanifold. Let N™ C M™ be a n-dimensional sub-
manifold of a m-dimensional manifold M with m > n. Consider a 1-parameter family of
deformations of N given by Ny = ¢(NV,t) for t € (—e,€) with Ny = N. Let {z1,...,2,}
be a coordinate system around a point p € N. We can consider {z1,...,z,,t} to be

a coordinate system of N X (—e, €) near the point (p,0). Let us denote e; = d¢ (%)

forie=1,...,nand T = d¢ (%) . The induced metric on N; from M is then given
by gij = (ei,e;). We may further assume that {x1,...,2,} form a normal coordinate
system at p € N. Hence g;;(p,0) = 6;; and V,e;(p,0) = 0. Let us define dA; to be
the area element of N; with respect to the induced metric. For ¢ sufficiently close
to 0, we can write dA; = J(x,t) dAg. With respect to the normal coordinate system
{z1,...,2,}, the function J(z,t) is given by

g(z,1)

7o) = 9(x,0)
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with g(x,t) = det(g;;(x,t)). To compute the first variation for the area of N, we
compute J'(p,t) = %(p, t). By the assumption that g;;(p,0) = J;;, we have J'(p,0) =
%g’(p, 0). However,

g = det(gij)
= Zglj C1j
j=1

where c¢;; are the cofactors of g;;. Therefore

g (0.0) =Y g1;(p,0)c1;(p,0) + > 91;(p,0) ¢} (p, 0)
=1

j=1
= ¢11(p,0) + ¢11(p,0).

By induction on the dimension, we conclude that ¢'(p,0) = > .., gi;- On the other
hand,

because {x1,...,z,,t} form a coordinate system for N x (—¢, €). Let us point out that

the quantity Zn<VGiT ,€;) is now well-defined under orthonormal change of basis and
i=1

hence is globally defined. If we write T' = T +T™ where T" is the tangential component

of T on N and T" its normal component, then

Zn:<veiT, €i> = Zn:<veiTt, €i> + i(VeiTn, €i>
=1 =1 =1
= le(Tt) + i €Z'<Tn, €i> — i(T”, Vei€i>

=1 1=1

= div(T") + (T", H)

N
where H is the mean curvature vector of N. Hence the first variation for the volume
form at the point (p,0) is given by

d . mn _)
A0y = (VT + (1", H ))dAo|(p.0)-

However, the right hand side is intrinsically defined independent on the choice of coor-
dinates and this formula is valid at any arbitrary point.
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If T is a compactly supported variational vector field on N, then using the divergence
theorem the first variation of the area of N is given by

tzo:/Nm,ﬁ).

This shows that the mean curvature of N is identically O if and only if N is a critical
point of the area functional. Such a manifold is said to be minimal.

When N is a curve in M that is parametrized by arc-length with unit tangent vector
e, then the first variational formula for length can be written as

d
—A(N,
ZAN)

L)

l
== Tt76 ! —/ Tn,vee
= (Te)o = | (1" Vee)

t=0

= <T,e>\l0_/0 (T, V.e).

We will now proceed to derive the second variational formula for area. Let ¢ :
N X (—¢€,€) X (—€,€) — M be a 2-parameter families of variations of N. Following the
similar notation, we denote dd)(a%i) =¢; fori =1,...,n, and we denote the variational
vector fields by d¢(%) =T and d¢( %) = 5. In terms of a general coordinate system,
the first partial derivative of J can be written as

6 (x,t,5) Zg (Ve,T,ej) J(z,t,5),

1,7=1

where (g%7) denotes the inverse matrix of (g;;). Differentiating this with respect to s
and evaluating at (p,0,0) we have

0%J =
1]
(1.1) pyrr = S(97(Ve,Toe;)J)

1,5=1

n

= (SgINVe,Toep) T+ > g7 (S(Ve,T,e;))

i,j=1 i,5=1

+ ) g7V, T,e;)S(J)
i,j=1

= > (S¢)VeTie)) + ) S(Ve.T,e)

ij=1 i=1

+ (Z<V6iT7 61>> Z<V6jS7 ej>

i=1 j=1
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Differentiating the formula y ;_, g% gr; = 6i;, we obtain

n
> (Sg™)gr; = Zg““ Sj)-
k=1

Hence
> 9™ (Sgr)g”
k=1
= _ng‘j
= —S(Gi, 6j>
—(Vsei ej) — (Vsej, eq)
= —(Ve¢,8,¢e5) —(Ve, 5, €).
The first term on the right hand side of (1.1) becomes

D (SgNVe,Tres) == Y (Ve Sie)(Ve,Thes) = Y (Ve; ) (Ve T e;).
i,j=1 i,j=1 i,j=1

The second term on the right hand side of (1.1) can be written as

> S(VeTei) =Y (VsVeToei) + Y (Ve,T, Vse;)
=1 =1 =1
=Y (Rse,Toei) + Y (Ve,VsT,ei) + > (Ve,T,Ve,S)
=1 =1 =1

where the term (Rg., T, e;) on the right hand side denotes the curvature tensor of M.
Therefore, we have

(1'2) 95Ot _ijz_1<v€i57 6]’><VeiTa ej> - ijz_1<v€js7 ei><veiT7 €j>

+) (Rse,Trei) + > (Ve,VsT,e)) + > (Ve,T,Ve,S)
=1

=1 =1

—i—(Z(VeiT,@ﬁ) Z<Vejsvej>

i=1 j=1
When N is a geodesic parametrized by arc-length in M with unit tangent vector
given by e, the second variational formula for the length is given by
62
63[%

!
/ {—=(VeS,e)(V.T,e) + (RseT,€) }

=(0,0)

l
+ / {{VVsT,e) + (V. T, V.S)}.
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If we further assumed that N is a geodesic, ie. V.e = 0, then we have

62
0381&‘ 00 /{ e(S,e))(e(T,e)) + (RseT.e)}

+ / {e(VsT, 6) + <VeT7 VeS>}
0
l
:A{WJNJHU%J@—@@@W@@}
VT e}

When N is a general n-dimensional manifold and if the two variational vector fields
are the same and are normal to IV, then (1.2) becomes

(1.3) S| == 2 (VeTe)® = 3 (Ve Toe) (Ve Toe;)
t=0 i5=1 ij=1
+ Z<RT€iT7 ei) + Z<V€i VTT, €i>
i=1 i=1
n n 2
+ Z |v€z‘T|2 + <Z<v€iT7 €Z>>
i=1 i=1
== (Ve T,e;)> = > (Ve,T,e)(Ve, T, e;)
i,j=1 i,j=1
— Z<R€iTT7 €i> + le(VTT)t + <(VTT)n, ﬁ>
i=1
+ IV TP+ (T H)
i=1
On the other hand, if {e,1,...,en} denotes an orthonormal set of vectors normal to
N in M, then
> (Ve T,V T) = Z (Ve,T,e;)% + Z Z Ve, T, e,)?
i=1 1,j=1 i=1 v=n+1
Also

(VeT,e5) = (T, 11 ;)
== <v6j Ta 6i>
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where ﬁ i; denotes the second fundamental form with value in the normal bundle of
N. Hence, (1.3) becomes

62
o2

= Z (T, T1;;)? — Z(RMT, e;) + div(VyT)t

t= =1
+ (VT H +Z Z (Ve T,e,)2 + (T, H)2.
i=1 v=n+1

Therefore, the second variational formula for area in terms of compactly supported
normal variations is given by

LTy 2 Y (Rt T, + (Vo) H)

1=1

/{Z Z (Vo.T,e,)? + (T, H)?}.

1=1 v=n+1

For the special case when N is an orientable codimension-1 minimal submanifold of
an orientable manifold M, we can write any normal variation in the form T = ve,,
where e,,, is a unit normal vector field to IN. Then the second variational formula can
be written as

d2

/{ ZT,IU TT+Z T em)?

- /N { = ¥*h2 — ¥*R(em, em) + [VO|}

where ﬁ ij = hijem, R(T,T) denotes the Ricci curvature of M in the direction of 7,
and we have used the fact that

<V61T7 €m> = lD(Veiema €m> + 61(77[})<6m, €m>
= ei(¥).
If we further assume restrict the variation to be given by hypersurfaces which are
constant distant from N, the variational vector field is then given by e,, with V. e,, =
0. This situation is particularly useful for the purpose of controlling the growth of the
volume of geodesic balls of radius r. In this case, if we write H = H e,,, the first
variational formula for the area element becomes

oJ
and the second variational formula can be written as
82
(15) S5 Z h2, — R(em, em)(z) J(z,0) + H*(z) J(z,0).

2,7=1
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62 BiIsHOP COMPARISON THEOREM

In this section, we will develop a volume comparison theorem originally proved by
Bishop (see [B-C]). Let p € M be a point in a complete Riemannian manifold of
dimension m. In terms of polar normal coordinates at p, we can write the volume
element as

J(0,r)dr A db

where df is the area element of the unit (m — 1)-sphere. By the Gauss lemma, the area
element of submanifold 0B (r) which is the boundary of the geodesic ball of radius r
is given by J(0,r)df. By the first and second variational formulas (1.4) and (1.5), if
x = (0,7) is not in the cut-locus of p, we have

(2.1) J'(0,r) = g—i(G,r)
=H(0,r)J(0,r)
and
(2.2)
J"(0,r) = %(Q,T)

= mz_: h?j(eﬂn) J(e,’l“) - Rrr(gar) J(Q,T) + HQ(&,T‘) J(Q,T)

where R, = R(%, %), H(8,r), and (h;;(6,r)) denote the Ricci curvature in the radius

direction, the mean curvature and the second fundamental form of 0B, (r) at the point
x = (0, 7) with respect to the unit normal vector %, respectively.

Using the inequalities

m—1 m—1
(2.3) Z hi; > Z h3
=1

i,j=1
m—1 2
(54
i=1

>
- m-—1
H2
T m—1
we can estimate (2.2) by
-2
(2.4) T < TEH T R T
m—1
m— 2
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By the fact that any metric is locally euclidean, we have the initial conditions
J(O,r) ~rmt

and
J(0,7r) ~ (m—1)rm2,

asr — 0. Let us point out that if M is a simply connected constant curvature space form
with constant sectional curvature K, then all the above inequalities become equalities.
In particular (2.4) becomes

g7 =22 g 1)K g

m—1 '

Theorem 2.1. (Bishop [B-C]) Let M be a complete Riemannian manifold of dimen-
sion m, and p a fired point of M. Let us assume that the Ricci curvature tensor of M
at any point x is bounded below by (m — 1)K (r(p,x)) for some function K depending
only on the distance from p. If J(0,1)d0 is the area element of 0B, (r) as defined above
and J(r) df is the solution of the ordinary differential equation

7// m—2 —ro——1 —

= ——(J)*J (m—-1)KJ

m—1

with initial conditions

and .
J(r) ~ (m—1)r™2,

J_(0,T)
J(r)
of r. Also, if H(r) = 77/ , then H(0,7) < H(r) whenever (0,r) is within cut-locus of
p. In particular, if K is a constant, then Jdf corresponds to the area element on the
simply connected space form of constant curvature K.

as r — 0, then within the cut-locus of p, the function 1S a non-increasing function

Proof. By setting f = J7T, (2.1) and (2.4) can be written as

and

The initial conditions become
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and
1(6,0) =1.
N _ _
Let f = J™ ' be the corresponding function defined using J. The function f satisfies
7// = _K7a
7(0) =0,
and .,
Fo=1

Observe that when K = constant the function f > 0 for all values of r € (0,00) when
K <0, and for r € (0, f—?) when K > 0. In general, f > 0 on an interval (0,a) for
some a > 0. At those values of r we can define

FO,r) = fﬁe,r)-
f(r)

We have . .,

Fr=f " (ff-ff)
and

Fr=F =2 TP F -T2 ()
<2 'FF

Hence

(?QF/)/ _ TQ(F// + 2?_1 ?' F/)
<0.

Integrating from € to r yields
2, =2

F'(r) < F'(e) f () f “(r)
= (O F() = FOF )T ().
Letting € — 0, the initial conditions of f and f implies that
F'(r) <0,
In particular, f f' — f f < 0, which implies
H(,r) < H(r).

(0.1) 14 a1 . .
— 1s also a non-increasing

Moreover, F' is a non-increasing function of r implies that JW

function of 7.

By computing the area element and the mean curvature of the constant curvature
space form explicitly, we have the follow corollary.
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Corollary 2.1. Under the same assumption of the theorem, if K is a constant, then

(m — 1)VK cot(VEKT), for K >0
H < (m —1)r ™, for K =0
(m — 1)V —K coth(v—Kr), for K <0,

and
J(0,7)
J(r)

s a non-increasing function of r, where

( m—1
<\/%> sin™ L (VKr), for K >0

J(r) = et for K =0

m—1
(\/%_K) sinh™ ' (vV—Kr), for K <O.

Let us take this opportunity to point out that this estimate implies that when K > 0,
one must encounter a cut point along any geodesic which has length \/ﬂ_E In particular,
this proves Myers’ theorem.

Corollary 2.2. (Myers) Let M be an m-dimensional complete Riemannian manifold
with Ricci curvature bounded from below by

Rij 2 (m — I)K

for some constant K > 0. Then M must be compact with diameter d bounded from

above by

d< >

VK

Corollary 2.3. Let M be an m-dimensional complete Riemannian manifold with Ricci
curvature bounded from below by a constant (m —1)K. Suppose M is an m-dimensional
simply connected space form with constant sectional curvature K. Let us denote A,(r)
to be the area of the boundary of the geodesic ball 0B,(r) centered at p € M of radius
r and A(r) to be the area of the boundary of a geodesic ball B(r) of radius r in M.
Then for 0 < ry <rg < 0o, we have

(2.5) Ap(rl)Z(rz) > Ap(rg)z(rl).

If we denote V,,(r) and V(r) to be the volume of B,(r) and B(r) respectively, then for
0<ri <rgo,r3 <ry < oo we have

(2.6) (Vp(r2) = Vp(r1)) (V(ra) = V(r3)) = (Vp(ra) — Vp(rs)) (V(r2) = V(r1)) .



LECTURE NOTES ON GEOMETRIC ANALYSIS 13

Proof. Let us define C(r) to be a subset of the unit tangent sphere S, (M) at p such
that for all & € C(r) the geodesic given by v(s) = exp,,(sf)) is minimizing up to s = r.
Clearly for r1 <19 we have C(r3) C C(r1). By Theorem 2.1, we have

J(Q, 7“1)7(7’2) Z J(G, 7“2) 7(7“1)

for 6 € C(ry). Integrating over C(ry) yields

/ J(Q,’I‘l)d97<7”2) Z / J(g,TQ) d@j(Tl)
C(rz)

On the other hand

Hence, together with the fact that

A(r) = a1 J (1)

with au,—1 being the area of the unit (m — 1)-sphere, we conclude (2.5).
To see (2.6), we first assume that 71 < ro < r3 < 74, in which case we simply
integrate the inequality

Ap(tr) A(t2) > Ap(tz) At1)

over 1y < t1 < 1o and r3 <ty < ry. For the case when ry < r3 < rg < ry, we write

(Vp (r2) = Vp(r1)) (V(ra) — V(r3))
= (Vp(rs) = V(1)) (V(r2) = V(rs)) + (Vp(rs) — Vp(r1)) (V(ra) — V(r2))
) Vv ) Vv

(V]
-
~~

=

[\
N—

|
—
—~

=3

w
NG
N—

—
<l
—

=

w
NG

|
<
S
=
=
7
~—

_|_
-
~~

=

)
N—

|
—
—~

=

N
~
N—

—~
<l

—
=

w
NG

|
<
—~
=
=
~—
~—

= (Vp(ra) = V(r3)) (V(r2) = V(1))

Let us point out that equality in (2.6) holds if and only if C(r1) = C(rs) and
J(O,r) = J(r) for all 0 < r <74 and 6 € C(ry). In particular, if r; = 0 then J(0,r) =

J(r) for all 7 < ry and @ € S,(M). This implies that B,(r4) is isometric to B(ry).
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Theorem 2.2. Let M be an m-dimensional complete Riemannian manifold with non-
negative Ricci curvature. Then the volume growth of M must satisfy the following
estimates:

(1) (Bishop) If a1 is the area of the unit (m — 1)-sphere, then

Qo —1
Vp(r) < r’
) <

for allp e M and r > 0.
(2) (Yau [Y 2]) For all p € M, there exists a constant C(V,(1)) > 0 depending only
on the volume of the geodesic ball centered at p of radius 1, such that

Vp(r) >Cr
for all r > 2.
Proof. Applying (2.6) to r1 = 0 = r3 and r4 = r, we have
Vo(r2) V(r) = Vy(r) V(ra).

Observing that
im —‘é(m) =
ro—0 V(Tg)

Y

and the upper bound follows.
To prove the lower bound, let x € 9B,(1+ p). Then (2.6) and the curvature assump-
tion implies that

2+ P m pm
W2+ )~ Valp) < Valp) EFT I
However, since the distance between p and z is 7(p,x) = 1 + p, we have B,(1) C

(Bz(2+ p) \ Bz(p)). Hence
Vp(1) < V(24 p) — Valp).
Also B,(p) C B,(1+ 2p), we have
Ve(p) < Vp(1+2p).

Therefore, we conclude that

24 p)ym — pm
V1) < V(1 +29) BRI

The lower bounded follows by setting » = 1 4 2p and observing that

(2+p)" = p™
pm

=0(p™")
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as p — 00.

We would like to remark that if we assume that for a sufficiently small € > 0 the
Ricci curvature has a lower bound of the form

Rij(x) > —e(1 +r(p, z)) "2,

then one can show that M must have infinite volume. On the other hand, if the Ricci
curvature is bounded from below by

Rij(w) = =Co(1+r(p,z))">°
for some constants Cp,d > 0, then and the upper bound is also valid and is of the form
Vp(r) < Cr™

where C'(Cp,d, m) > 0 is a constant depending on Cy, § and m.
It is also a good exercise to show that if a complete manifold has Ricci curvature
bounded from below by
Rij > er(p,x)~

for some constant € > i and for all » > 1, then M must be compact.
The next theorem shows that when the upper bound of the diameter given by Myers’
theorem is achieved, then the manifold must be isometrically a sphere.

Theorem 2.3. (Cheng [Cg]) Let M be a complete m- dimensional Riemannian man-
ifold with Ricci curvature bounded from below by

Rz’j Z (m — I)K

for some constant K > 0. If the diameter d of M satisfies

then M 1is isometric to the standard sphere of radius \/—%

Proof. By scaling, we may assume that K = 1. Let p and ¢ be a pair of points in M
which realize the diameter. The volume comparison theorem implies that

d, V(d)
Vo(d) < V(=) ==~.
WD <Vh(3)
The assumption that d = \/L? implies that

<l
—~
[NJIsW
~—
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hence

Similarly, we have

However, by the triangle inequality and the fact that d = r(p,q), we have Bp(%) N
Bq(%l) = (). Therefore,

2V(M) = Vyp(d) + Vy(d)

< 2(7(5) + Val(5))
<2V (M)

where V(M) denotes the volume of M. This implies that the inequalities in volume
comparison theorem are in fact equalities. Hence by the remark following Corollary
2.3 M must be the standard sphere.

63 BOCHNER-WEITZENBOCK FORMULAS

The Bochner-Weitzenbock formulas, sometimes referred to as the Bochner technique,
is one of the most important techniques in the theory of geometric analysis. There are
many formulas which can be derived for various situations. In this section, we will only
derive the formula for differential forms so as to illustrate the flavor of this technique.

For convenience sake, we will also introduce the moving frame notation. Let {e1, ..., e }}}
be locally defined orthonormal frame fields of the tangent bundle. Let us denote the
dual coframe fields by {wi,...,ws}. They have the property that w;(e;) = d;;. The
connection 1-forms w;; are given by exterior differentiating the w;’s, and are given by
the Cartan’s 1st structural equations

dwi = Wij AN Wy
where
wij +wji = 0.

Cartan’s 2nd structural equations yield the curvature tensor
dwij = wik, A wij + iy,

with

1
Qi]‘ = §Rijkl wp N\ Wg.

Now let us consider the case that N is an n-dimensional submanifold of M. Let
{e1,...,em} be an adopted orthonormal frame field of M such that {ei,...,e,} are
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orthonormal to N. We will now adopt the indexing convention that 1 <4, 7,k < n and
n+ 1 <wv,u < m. The second fundamental form of N is given by

Wy = h';j Wi
Relating the two notations, we have the formulas
wij(ex) = (Ve €, €5),

lekl - <Reiej el) ek?>7

and .
hi; = (I1(es€5),eu).

The sectional curvature of the 2-plane section spanned by e; and e; is given by R;ji;
and the Ricci curvature is given by

m
Rij =Y Rikjk-
k=1

Let f € C°°(M) be a smooth function defined on M. Its exterior derivative is given
by

(3.1) df = fiwi.

The second covariant derivative of f can be defined by

(3.2) fijwi = dfi + fj wji.
Exterior differentiating (3.1), and applying the 1st structural equations, we have

Ozdfi/\wi—l—fidwi

= dfz /\wi +fiw¢j /\Wj

= (dfi + fiwsi) N wi

= fz'j Wy N Ws.
This implies that f;; — f;; = 0 for all ¢ and j. The symmetric 2-tensor given by f;;jw; @w;
is called the hessian of f. Taking the trace of the hessian, we define the Laplacian of f
by

Af = fi.

The third covariant derivative of f is defined by

fijk we = dfij + frj Wri + fir wij-
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Exterior differentiating (3.2) gives
dfij A\ u)j + fij dwj = df] A wji —|— fj dwji.

However, the 1st and 2nd structural equations imply that

0= —dfij Nwj — fij dwj + dfj Nwj; + fj dwﬂ
—dfij Nw; — fijwik Nwi +dfy ANwji + [ wik Awiki + [ Qji
= —(dfij + fik wkj) Nwj+ (dfj + f& wkj) Nwiji + f; Qji
= —(dfij + fir wij) Nwj + fixwr Awji + [ Qi
= —(dfij + fir wij + frj wri) Awj + f5 Qi

1
= —fijrwr ANwj + §fj Rjiri wi A wi.

This yields the Ricci identity

1
Jijk — firs = §fl (Riiji — Ruikj)
= fi Riijk-
Contracting the indices k£ and i by setting k£ = ¢ and summing over 1 < 7 < m, we have
Jiji — fiig = Ji Raj-

For p < m, we will now take the convention on the indices so that 1 <1, 7, k,[ < m,
1<a,8,y<p,and 1 <a,b,c,d <p—1. Let w € AP(M) be an exterior p-form defined
on M. Then in terms of the basis, we can write

W= iy, G, Wi, N Awiy

where the summation is being performed over the multi-index I = (i1,...,14,). With
this understanding, we can write
W =ayjwy.

Exterior differentiating yields

dw = day ANwy + ay dwy
=dar ANwr +ar (=1)P" %, Ao Ndwi, A+ Awgy
=dar Nwr + agwi g, Nwi, N ANwj, N Awgy

= (day + Aiy .oy wjaia) Awr.
One defines the covariant derivatives a;, . .;, j by

m
E iy ..y j Wi = dagy i, + E iy .. Gy ip Winia
i=1

1<a<p
Ja
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for each multi-index I = (i1,...,14p). Similarly, for (p — 1)-forms, we have

Qi Wi = Ay iy )+ Qiy iy Whgig -
Exterior differentiating this, we have
dag, . i, 15 NWj+ Qiy iy k Wk A\ Wj
=diy. Gyt N Wigia T Qiy.fo.ip_y Wik N Wi,

+ 2 it da-ip-1 R ikl Wi N\ wi.

The left hand side becomes

dag,..ip_y,j NWj + Giy iy k Why A Wj
= Qiy iy, jk Wk NWj — Qi ky.ip_q,j Whaia N\ W5

= Qiy.iyog gk Wk AW+ dGy ki N Wiy

+ E @iy .. Gy kg ip_1 Wipi, N\ Whyig
b#a

T iy faip 1 Wiaka N\ Whaig-
Equating to the right hand side gives
Qiy iy 1,k Wk N Wj + E iy ..y gip1 Winiy, N Whaia = §Rjaialk Ay iy Wk AW
b#a

We now claim that the second term on the left hand side is identically 0. Indeed,

g iy kgip_1 Wiiy N\ Whaiy = E iy ..y kg ip_1 Wipi, N\ Whaig
b#a b<a

+ E @iy Gy kgip_1 Wiy N\ Whyigs
b>a

and the claim follows by interchanging the role of k, and j;, in the second term. Hence

Ay iy ke Wk A Wj = §Rjaia1k iy g.ip_ 1 Wk AW

which implies that
Qiy.oiy_y Uk — Qi iy kil = Rjialk @iy o iy -
Similarly, for p-forms, we also have

(3.3)

Wiy .oy, gk — Qiy.iy ki = Rigiajk Qiy..dg...ip-
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Let us now compute the Laplacian Aw = —ddw — ddw for p-forms. First we have

dw = arjw; Nwr

= Z Z sgn(o) agwi, , N+ Awiy,

il <i2<"'<ip+l U(’il,...,ip+1)

where o(iy,...,ip4+1) denotes a permutation of the set (i,...,9p+1) and sgn(o) is the
sign of 0. Recall that if w is a p-form then

dw = (=)D gy .
The linear operator * : AP(M) — A™~P(M) is determined by
#(wiy, N ANwgy) =sgn(o(L, 1)) ws, N+ Awi, s

where o (I, 1¢) denotes a permutation by sending

(Tpy - Byl - - ey pg1) — (1,...,m).
Let us now define
0 = *w
= Qiy..i, S80(0 (L, 1)) wi,, Ao Awj,, .

By setting bg,..x,,_, = sgn(o (1, 1)) a;,...;, with
K= (ki,....km—p) = (lpg1,...,0m) = I°,
we can write
B =bkwk
and
dfB = bk jwj Nwi
= (dbky ...k T Ok g oy Wigko) N WK
for 1 <0 < m — p. On the other hand, we also have
df =sgn(o(I,1°))das,..;, Nwi,, N+ Nwi,
ks jo. i, Wiske /N WK
=sgn(o(1,19) ai,..i,5wj Nwi,, N ANwi,
—sgn(o(I,1)) @iy .. Gy Winia N Wiy, N AWy
+ Oy .o ko, Wigke N\ Wiy, Aot AWiy
=sgn(o(I,I°)ai.
—sgn(o(1, K)) iy jo...ip Winia N Wiy N-- ANWi,

aeipria Wi NWiy, Ao Awi

+ Ok g km—p Wigke N Wiy, Nt AWy
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However
bk:...j..kem—p = 0,

unless jg = 1, for some «a, and

bkl...ia...km,p - Sgn(a(zm ) k97 <yl km—p, R IR 7k1)) Aiq... ko clp
athslot
= —Sgn(a(zp, ey, tmy e aZm—p)) a/il...ja...’ip-
Using the skew symmetry w;_x, = —Wkyi,, We have

dB =sgn(o(1,1°)) ai,...iq...ip 00 Wia N Wi, N AWy,

Hence
wdff = sgn(o(L,1°)sgn(o(ia, tms - - ipt1sip, - - - s esi1))
X iy iy yia Wip N0  AWig A s s Awiy
= (_1)m_a+p(m_p)ai1...ip,ia Wiy N ANy N Awy
Therefore

2
1 .
dw = E (—1)tP’+ iy iy iy i Wiy AN A, A Awy,
1<a<p

Computing directly gives,
—Aw = 6(ag,..i,jwj Nwi, N Nwy,)
+ d[(_l)a+p2+lai1...ip,ia Wi, N N N A wy, ]
= (_1)a+(p+1)2+1ai1...ip,jia Wi Awi, N ANwiy N ANwjy
+ (—1)(p+1)+(p+1)2+1ai1...z'p,jj wi, A Awg,
+ (_1)a+p2+1ai1...ip,iaj wj Awiy, Ao Ay, A Awiy .

However, by (3.3),

@iy .. ipying = Qiy..ip,jio T Rkﬁiﬂiaj Aiq.. kg...ip-

Hence
_ a+p? N
Aw = (=) Ry giging Ciy.. kp..iy Wi N ADig N Awiy
+ @iy iy g Wiy, N A Wiy
= —Rigipjaio Giy...kg...ip Wi, N AWj, A== Awiy +ay jjwr.
If we define

E(w) = Rigigjaio Cir..kg..iip Wi, N Awj, Ao Awg,
and the Bochner Laplacian by
V*Vw = CL[J’]‘ wr,

then
Aw =V*'Vw — E(w).
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Remark 3.1. Ifw = f is a smooth function, then
Af =) fu
i=1

Remark 3.2. If w = a;w; is a 1-form, then
E(w) = szzgz A Wj

= R]’k A Wj.

Lemma 3.1. If M is compact, the operator d is the adjoint operator to d, ie.
/ (dw,n) = / {w, om)
M M
for all w,n € AP(M).

Proof. Note that by the definition of %, we have

% (Wi, A Awgy) = *(sgn(o (L, 1)) wi,, A ANwi,
=sgn(o(I°1))sgn(o(, 1)) wi, N+ Aw;, .

On the other hand, it is clear that
sgn(o(1, 1) = (~ )™ PPsgn((I%, 1)),
Hence, we have the formula that xx = (—1)(™~P)? on p-forms. We also observe that

(wip/\---/\wil)/\ *(wip/\---/\wil)
=sgn(o(L, 1)) wi, N~ Nwi; ANwi,, N ANwj

=W A N Wwp,.
Also by linearity, if w = ajwy and # = by wy then

wA *x0 =arbywi A+ Awyy,
= (w, 0)dV.

Let us now consider w € AP~1(M) and n € AP(M), then

(dw,n) = dw N\ *n

=d(wA )+ (—1)Pw A dxn

=d(wA *n) 4+ (=1)? (=) PFDE=D G A s s d s
=d(wA *n)+wA *n

= d(wA #n) + (w, 6n).

Integrating both sides over M and the lemma follows from Stoke’s theorem.
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Lemma 3.2. (Bochner [B|) Let w =), arwy be a p-form on M. Then

Alw* = 2(Aw,w) + 2|Vw]?® + 2(E(w),w).

Proof. The norm of w is given by
W =) di.
I

Let us choose an orthonormal coframe in a neighborhood of x € M by parallel trans-
lating an orthonormal frame {ey, ..., e} at the point . Hence at x, we have w;; = 0.
Moreover, V.,e; = 0 along the geodesic tangent to e; which implies that V.,V e; =0
at x. Computing

Alw]* = (a7);;
= 2ay (ar)j; + 2((ar);)*.

Note that in general, (ar); # ar; and (ar);; # arj;; since the terms on the left
denote differentiations of the function a; while the terms on the right denote covariant
differentiations of the p-form. However, by the choice of our frame,

(ar); = das(e;)
= A1)~ iy o iy Winia (€])
at the point . Similarly
arjj = dai,..i,,;(€5)
= d[daj(e;) + iy j,. i, Winia (€5)](€5)
= (ar)jj + @iy jo..i, €j(Wjnin(€5))
at x. On the other hand,
= <v6j vej eja ) 67/(1) + <vej eja7 vej e'La>
=0

at x. Therefore,

Alw)? = 2(V*Vw,w) + 2|Vw/|?
= 2(Aw,w) + 2|Vw|? + 2(E(w),w)

at the point x. Now we observe that both sides of the equation is globally defined,
hence this formula is valid on M.
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Theorem 3.1. Let M be a compact m-dimensional Riemannian manifold without
boundary. Suppose R;; > 0, then any harmonic 1-form w must be parallel and R(w,w) =|]
0. In particular, this implies that the first betti number by(M) of M must be at most
m. If in addition there exists a point x € M such that the Ricci curvature is positive,

then by = 0.

Proof. Let w be a harmonic 1-form. By the Bochner formula and Remark 3.2, we have

(3.4) Alw)? = 2|Vw|? + 2(B(w), w)
= 2|Vw|? + 2(R;1, a; wk, a; w;)
=2|Vw|® + 2R;; a; a;
= 2|Vw|? + 2R(w,w),

which is nonnegative. Hence, by the maximum principle and the fact that M is com-
pact, |w|? must be identically constant. Moreover, (3.4) implies that

IVw|? =0

and
R(w,w) =0

on M. Since the dimension of parallel 1-forms are at most m, we conclude that the
dimension of harmonic 1-forms are at most m. The betti number bound follows from
Hodge decomposition theorem. If we further assume that R(x) > 0 for some point
x € M, then the fact that R(w,w) = 0 implies that w(z) = 0. On the other hand, since
|w|? is constant, this show that w = 0. Hence by (M) = 0.

We would like to remark that if w is a parallel 1-form on M, then by the deRham
decomposition theorem, the universal covering M of M must be isometrically a product
of R x N, where R is given by w. Hence, if M is a compact manifold with nonnegative
Ricci curvature, then its universal covering M must be a product of R¥ x N for some
manifold /N with nonnegative Ricci curvature and k = by (M).

Definition. The curvature operator of a Riemannian manifold is a linear map S :
A2(M) — A%(M) given by

S(wi AN wj) = Rjikl w; N\ wg.
Theorem 3.2. Let M be a compact manifold. If the curvature operator is nonnegative
on M, then any harmonic p-form must be parallel. Hence the p-th betti number of M

18 at most (7;) Moreover, if there exists a point x € M such that S(x) > 0, then
by(M) = 0.

Proof. Similar to the case of 1-forms, we have the identity

Alwl? = 2|Vw|* + 2(E(w),w),
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where
(B(w),w) = Rigipaio Cir...kg...ip Biy...jo...ip-

Let us now define the 2-form @ = a;, .. j,...4, wj, A wi,. By the definition of §, we have
S@) = Rinjoki Ciy .. jo...ip WL N W
Hence,

(S(@),0) = (Riwjukl Qiy...jo...iy Wi N Wk, iy g iy Wi A Wig)
= ,R'iajaigjg Aiq.foip Air..jg...ip
= (E(w),w).
The theorem now follows from the argument of Theorem 3.1.

Definition. A vector field X = a;e; is a Killing vector field if a; ; + aj; = 0 for all
1<i,7<m.

Lemma 3.3. The infinitesimal generator of a 1-parameter family of isometries of M
s a Killing vector field on M.

Proof. Let ¢ : M — M be a l-parameter family of isometries parametrized by ¢t €
(—e€,€). If {e1,..., e} is an orthonormal frame at a point x € M given by the normal
coordinates centered at z. Then the fact that ¢; are isometries implies that

(doi(ei), dou(ej)) = (eir )
= 5”

Differentiating with respect to t and evaluate at t = 0, we have
(35) 0= S{d6u(er), dbulelemo

= (Vrdgi(ei), dpi(e;)) + (Vrdei(e;), doi(ei)),
where T is the infinitesimal vector field given by ¢;.

However, since one can view {%, e1,...,em} as tangent vectors given by a coordinate
system of (—e, €) X M, we have the property that

[T, dg(ei)] = 0
for all 1 <14 < m. Hence we can rewrite (3.5) as
0= <VeiT, €j> + <VejT, €i>

which is exactly the condition that 7" is a Killing vector field.
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Theorem 3.3. Let M be a compact manifold with nonpositive Ricci curvature. Then
any Killing vector field on M must be parallel. Moreover, if there exists a point x € M
such that the Ricci curvature satisfies R(z) < 0, then there are no non-trivial Killing
vector fields. In particular, this implies that M does not have any 1-parameter family
of isometries.

Proof. Let X = a;e; be a Killing vector field. Its dual 1-form is given by w = a; w;.
The commutation formula yields
A\w|2 = 2&127]- + 2ai7jj a;
= 2\Vw]2 — Qaj,ij a;

=2|Vw|? — 2R(X, X).
We now apply the same argument as in the proof of Theorem 3.1.

§4 LAPLACIAN COMPARISON THEOREM

Let M be a complete m-dimensional manifold. Suppose p is a fixed point in M,
let us consider the distance function r,(z) = r(p, x) to p. When there is no ambiguity,
the subscript will be deleted and we will simply write r(x). The distance function in
general is not smooth due to the presence of cut-points. However, it can be seen that
it is a Lipschitz function with Lipschitz constant 1. In particular, we have

Vr|? =1

almost everywhere on M. Though r might not be a C? function, one can still estimate
its Laplacian in the sense of distribution.

Theorem 4.1. Let M be a complete m-dimensional Riemannian manifold with Ricci
curvature bounded from below by

Rij Z (m — 1)K
for some constant K. Then the Laplacian of the distance function satisfies

(m — 1)VK cot(VET), for K >0
Ar(z) < (m —1)r 1, for K =0
(m — 1)V —K coth(v—Kr), for K <0

in the sense of distribution.

Proof. For a smooth function f, let x € M be a point such that Vf(x) # 0. Then
locally the level surface N of f through the point x is a smooth hypersurface. Let
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{e1,...,em—1} be an orthonormal vector field tangent to N. Let us denote e,, to be
the unit normal vector to N. The Laplacian of f at x is defined to be

m—1
Af(x) = Z (eie; — Ve ei) f(x) 4+ (emem — Ve, em) f(x)
;L_—ll m—1
= (eiei — (Ve e0)") Z (Ve, )" f(x) + (emem — Ve, em) f(x)
i=1 1=1
=Anf(z )+Hf( )+ (emem — Ve,,em) f(7)
= H (@) + (emem — Ve, em) f(2)

where Ay denotes the Laplacian of N with respect to the induced metric and H
denotes the mean curvature vector of N. If we take f = r, then for the point = which
is not in the cut-locus of p, we have N = 0B,(r). Moreover, the unit normal vector
em = %. Hence,

Ar(z) = H(x)

where H(z) is the mean curvature of 0B, (r) with respect to a_ Therefore according
to Corollary 2.1 the theorem is true for those point which is not in the cut- locus of p.
Using the same notation as in Theorem 2.1, let us denote

(m — 1)VK cot(VEKT), for K >0
H(r)= (m—1)r 1, for K =0
(m — 1)v/—K coth(v/—Kr),  for K < 0.

To show that Ar has the desired estimate in the sense of distribution, it suffices to
show that for any nonnegative compactly supported smooth function ¢, we have

| @or< [ ot

In terms of polar normal coordinates at p, we can write

/ SH(r) = / T SH) 6. dodr
M 0 C(r)

On the other hand, for each 6§ € S, (M) if we denote R(6) to be the maximum value of
r > 0 such that the geodesic v(s) = exp,(sf) minimizes up to s = r, then by Fubini’s
theorem we can write

R(G) _
/ ¢ H(r)J(O,7) d@d’r’—/ / J(0,r)drdob.
C(r) Sp (M)
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However, for r < R(6), we have

Therefore,

_ R(0)
/ ng(r)Z/ / (bg—Jdrd@
M Sp(M) Jo r

R(6)
:—/ / %Jdrdﬂ/ (6715 ag
spmyJo  OF Sp(M)

__ [ 9
_ /M % /S oy S10.R0)) 70, R(0)) a9
> [ V6.9,

where we have used the fact that both ¢ and J are nonnegative and J(#,0) = 0. On
the other hand, since r is Lipschitz, we have

- [ o.vn) = [ (o

which proves the theorem.

We are now ready to prove a structural theorem for manifolds with nonnegative
Ricci curvature. Let us first define the notions of a line and a ray in a Riemannian
manifold.

Definition. A line is a normal geodesic 7y : (—o0,00) — M such that any of its finite
segment ’y|g 18 a minimizing geodesic.

Definition. A ray is half-line, which is a mnormal minimizing geodesic
Y+ ¢ [O, OO) — M.

Theorem 4.2. (Cheeger-Gromoll [C-G]) Let M be a complete manifold with nonneg-
ative Ricci curvature of dimension m. If there exists a line in M, then M is isometric
to R x N, the product of a real line and an (m — 1)-dimensional manifold N with
nonnegative Ricci curvature.

Proof. Let 4 : [0,00) — M be a ray in M. One defines the Buseman function (5
with respect to vy by

Bi(x) = lim (t — r(v4(t), z)).

t—o0
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We observe that (34 is a Lipschitz function with Lipschitz constant 1. Moreover, by
the Laplacian comparison theorem,

Af(x) 2 = lim (m — Dr(y4(t), =)~
=0

in the sense of distribution. If « is a line, then v (t) = v(¢t) and y_(t) = v(—t) for
t > 0 are rays. The corresponding Buseman functions 54 and S_ are subharmonic in
the sense of distribution. In particular, S_ + (4 is also subharmonic on M. On the
other hand, since 7 is a line, the triangle inequality implies that

2t = r(v(=t),~(t))
<r(y(=t),x) +r(v(),z).

Hence
t=r(y-(t),z) +t —r(y4(t),z) <0,

and by taking the limit as ¢ — oo we have

B-(x) + By (z) <0.

Moreover, it is also clear that

f-(z) + B4(x) =0

for all x on 7. However, by the strong maximum principle, since the subharmonic func-
tion S_ + B4+ has an interior maximum, it must be identically constant. In particular,
both f_ and [, are harmonic and f_ = —(,. By regularity theory, 54 is a smooth
harmonic function with |VG,| < 1, and |V34| = 1 on the geodesic 7. For simplicity,
let us write 8 = B4. The Bochner formula gives

AIVBI? =287 + 2Ry; B8; B; + 2(V 8, VAB)
> 0.

Hence by the fact that 3 achieves its maximum in the interior of M and the maximum
principle for subharmonic functions, |[V3| = 1 on M, §;; = 0, and V(3 is a parallel
vector field on M. This implies that M must split, which proves the theorem.

Corollary 4.1. Let M be a complete m-dimensional Riemannian manifold with non-
negative Ricci curvature. If M has at least 2 ends, then there exists a compact (m—1)-
dimensional manifold N of nonnegative Ricci curvature such that

M =R x N.
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Proof. The assumption that M has at least 2 ends implies that there exists a compact
set D C M such that M \ D has at least 2 unbounded components. Hence there are 2
unbounded sequences of points {x;}$2; and {y;}:2,, such that the minimal geodesics ~;
joining x; to y; must intersect D. By compactness of D, if p; € 4, N D and v; = 7. (p;),
then by passing through a subsequence we have p; — p and v; — v for some p € D.
We now claim that the geodesic v : (—00,00) — M given by the initial conditions
~v(0) = p and 7/(0) = v is a line.

To see this, let us consider an arbitrary segment 7|43 of . By continuity of initial
conditions of second order ordinary differential equation, we know that vi|(a,5) — V|{a,b]
because (p;,v;) — (p,v). However, by the assumption, ;|4 5 are minimizing geodesics,
hence 7|, is also minimizing. Therefore,y is a line.

Theorem 4.2 now implies that M = R x N. The compactness of N follows from the
assumption that M has at least 2 ends.

Another application of the Laplacian comparison theorem is the eigenvalue compar-
ison theorem of Cheng.

Theorem 4.3. (Cheng [Cg|) Let M be a compact Riemannian manifold of dimension
m. Assume that the Ricci curvature of M is bounded by

Rij Z (m - 1)K

for some constant K. Let us consider M to be the simply connected space form with
constant curvature K. Suppose M has boundary OM. Let us denote (M) to be the
first nonzero eigenvalue of the Dirichlet Laplacian on M and i to be the inscribe radius
of M. If B(i) is a geodesic ball in M with radius i and pu1(B(i)) its first Dirichlet
etgenvalue, then

pi1(M) < pi(B(1)).

When M has no boundary, let us denote )\1(M)_t0 be the first nonzero ez’gﬂvalue
of the Laplacian and d to be the diameter of M. If B(g) is a geodesic ball in M with

radius ¢ and py(B(%)) its first Dirichlet eigenvalue, then

A (M) < pr (B(

|

))-

Proof. Let us first consider the case when M has boundary. Let B, (i) be an inscribed
ball in M. By the monotonicity of eigenvalues, it suffices to show that

p1(Bp(7)) < pn (B())-

Let u be the first Dirichlet eigenfunction on B(i). By the uniqueness of u, we may
assume that 7 > 0. If we denote p € B(i) to be its center and 7 to be the distance
function to p, then @(7) must be a function of 7 alone. By the fact that w > 0 and
(i) = 0, the strong maximum principle implies that 2% (i) < 0. If there is some value
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of 7 < i such that % > 0 then this would imply that u has a interior local minimum.

However, this violates the strong maximum principle. Hence, u’ = g—g <0.

Let us define a Lipschitz function on By(i) by u(r) = u(r), where r denotes the
distance function to p. Clearly, u satisfies the Dirichlet boundary condition. Computing
the Laplacian of u gives

Au =7 Ar +7"|Vr|?
>u'Ar+a”.
On the other hand, if we denote A to be the Laplacian on M, then
—u1(B(i)) 7 = Au
=uAF +7u".

By Theorem 4.1 and the fact that @’ < 0, we conclude that

Au 2z —p (B(i)) u

in the sense of distribution. Hence, by the Rayleigh principle for eigenvalues, we
conclude that

pr(i) [Vul?
Jo, 0¥

- pr(i) ulu
JB, 0¥

< pa(B(i)).

To prove the upper bound for the case when M has no boundary, we consider the
disjoint balls Bp(%) and Bq(g) centered at a pair of points p and ¢ which realize the
diameter. By the above estimate,

p(By(i)) <

11(Bp(3)) < pa (B(

d
g )

N

and

d d
i(By(5)) < m (B(5))
We now claim that Ay (M) < max{pi (M), p1(M2)} for any disjoint pair of open subsets
My, M> C M. This will establish the theorem by setting M; = B, (%) and My = By(%).
To see the claim, let u; and us be nonnegative first Dirichlet eigenfunctions on M,
and M, respectively. By multiplying a constant, we may assume that [ a, Wi = 1 for

1 =1,2. Let us define a Lipschitz function on M by
U1, on M,
u =< —Us, on M,
0, on M\ (M; U My).
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Clearly, [,, u = 0. Hence by the Rayleigh principle,

A (M) (/M ui + /M2 ug) =\ (M) /M u?

< [ |Vl
M

:/ |w1|2+/ Vs ?
M1 M2

:Ml(Ml)/ U%+M1(M2)/ uj
M1 M2

< max{js (312, (012 [ o] ).

This establishes the claim.

§5 POINCARE INEQUALITY AND THE FIRST EIGENVALUE

In this section, we will obtain lower estimates for the first eigenvalue for the Laplacian
on a compact manifold. For the moment, we will primarily concern with the case when
M has no boundary. The following lower bound was proved by Lichnerowicz [Lz| while
Obata [O] considered the case when the estimate is achieved.

Theorem 5.1. (Lichnerowicz and Obata) Let M be an m-dimensional compact man-
ifold without boundary. Suppose that the Ricci curvature of M is bounded from below
by

Rij Z (m — 1)K
for some constant K > 0, then the first nonzero eigenvalue of the Laplacian on M must

satisfy
)\1 Z mK.

Moreover, equality holds if and only if M s isometric to a standard sphere of radius
1

VK’

Proof. Let u be a nonconstant eigenfunction satisfying
Au = —Au,

with A > 0. Consider the smooth function

A
Q = |Vul|* + =u?
m
defined on M. Computing its Laplacian
2\

2 2\
— QU?i + 2'LLjUji7; + E’LL? + Euu”

2\ 2\
= QU?Z- + QRijuz-uj + Quj(Au)j + ElVU\Q + EU(AU)
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where we have used the Ricci identity and the convention that summation is being
performed on repeated indices. On the other hand

Hence, by the assumption on the Ricci curvature, we have

22242 2022

2)
(5.1) AQ > +2(m — 1) K|Vu|* — 2X\|Vul? + E|Vu]2 -

=2(m—1) <K - %) |Vul?.

If A < mK, then @ is a subharmonic function. By the compactness of M and the
maximum principle, ) must be identically constant and all the above inequalities are
equalities. In particular, the right hand side of (5.1) must be identically 0. Hence
A = mK because u is nonconstant. Moreover,

A A
_u2 —

2 2
Vul + St = 2 juf,

m
where |u|o = supy, |ul|. If we normalize u such that |u|. = 1, and observe that at the

maximum and the minimum points of u its gradient must vanish, then we conclude
that maxu =1 = —minu and

Vu|
v

Integrating this along a minimal geodesic ~ joining the points where v = 1 and u = —1,
we have

Vul
Mro/'_
— Sy V1 —w?

>/1 du
o _1\/1—u2

=T
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where d denotes the diameter of M. However, by Cheng’s theorem (Theorem 2.3), M
must be the standard sphere.

We will now give a sharp lower bound for the first eigenvalue on manifolds with
nonnegative Ricci curvature. The estimate of Lichnerowicz becomes trivial in this
case, since the Ricci curvature does not have a positive lower bound. However, one
could still estimate the first eigenvalue in terms of the diameter of M alone.

Let A1 be the least nontrivial eigenvalue of a compact manifold and let ¢ be the
corresponding eigenfunction. By multiplying with a constant it is possible to arrange
that

a—1=1inf ¢, a+1=supo
M M

where 0 < a(¢) < 1 is the median of ¢.

Lemma 5.1. (Li-Yau [L-Y]) Suppose M™ is a compact manifold without boundary
whose Ricci curvature is nonnegative. Then the first nontrivial eigenvalue satisfies

7.(.2

~ (14 a)d?

V

A

where d is the diameter of M.
Proof. Setting A = A\; and u = ¢ — a the equation becomes

Au = —Au+ a).

Let P = |Vu|?+cu? where ¢ = A\(1+a). Let zg € M be the point where P is maximum.
If |[Vu(zo)| # 0 we may rotate the frame so that uj(zo) = |Vu(zp)|. Differentiating in

the e; direction yields
1

§Pi = U Umi + CUL;
so at xg
0 = wuy (u11 + cu)
and
(5.2) wijugg > uly = u,

Covariant differentiating with respect to e; again, using the commutation formula,
(5.2), the definition of P, and evaluating at xg, we have

1
> —-AP
0_2

= Ui Ui + W Umii + cu% + culAu

> u? + U (AU + Rinpmty + cui — cAu(u + a)
Au? — \ui + cui — chu(u + a)

(c— ) (uf + cu®) — achu

> aAP(xg) — acA.

v
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Hence, for all x € M
(5.3) Vu(z)]> < A1+ a) (1 —u(z)?).
Also (5.3) is trivially satisfied if Vu(zg) = 0.
Let v be the shortest geodesic from the minimizing point of u to the maximizing

point. The length of « is at most d. Integrating the gradient estimate (5.3) along this
segment with respect to arclength, we obtain

]Vu|ds Y du
d\/ A1 +a) > )\1+a/ds> — =
v VA \/1—u2 1 V1—u?

In view of Lemma 5.1 and known examples, Li and Yau conjectured that the sharp

estimate

7'('2

AlZﬁ

should hold for compact manifolds with nonnegative Ricci curvature. In fact, if the first
eigenspace has multiplicity greater than 1, this was verified in [L 2]. This conjecture was
finally proved by Zhong and Yang by applying the maximum principle to a judicious
choice of test function.

Lemma 5.2. The function

2N

<arcsin(u) +uy1— u2> —u

2(u) =

defined on [—1,1] satisfies

(5.4) su+3(1 —u?) +u = 0;
(5.5) 32— 225+ 3> 0;
(5.6) 22 — Zu+1>0;
and

(5.7) (1 —u?) > 2|z|.

Proof. Differentiating yields

Zzé\/l—uQ—l
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and
. —4u
P= —.

™1 —u?
Clearly (5.4) is satisfied.
To see (5.5), we have
32— 2254 5= 4 {é ( 1—wu? +uarcsin(u)> -1 —|—u2)} .
m™1l—u? |7

Since the right hand side is an even function, it suffices to check that

4
- < 1—wu? —|—uarcsin(u)> —(1+u*) >0
T

on [0, 1]. Computing its derivative

4
% {% < 1—u2+ uarcsin(u)) - (14 uz)} = arcsin(u) — 2u

which is nonpositive on [0, 1]. Hence

4
- < 1—u?+ uarcsin(u)) — (1 +u?)
T

- E ( 1—u?+ Uarcsin(u)> —(1+ UQ)}

=0.

u=1

Inequality (5.6) follows easily because

: 4 :
22— 2u+1= —arcsin(u) + 1 —u
m

which is obviously nonnegative.
To see (5.7), we will consider the cases —1 < u < 0 and 0 < u < 1 separately. It is
clearly that the inequality is valid at —1, 0, and 1. Let us set

flu) =1—u? - % (arcsin(u) +uy1— u2> + 2u.

Then

. 4
f=—2u—=(2V1—u2)+2,
T

V1 —u2’
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and
8

(1l —u?)s

f=
When —1 <u <0, f < 0. Hence f(u) > min{f(—1), f(0)} = 0. For the case 0 < u < 1,
f > 0. Hence
f < max{f(0), f(1)}
= max{2 — %, 0}
= 0.

Therefore f(u) > f(1) which proves (5.7).

Lemma 5.3. Suppose M is a compact manifold without boundary whose Ricci cur-
vature is nonnegative. Assume that a nontrivial eigenfunction ¢ corresponding to the
eigenvalue X\ is normalized so that for 0 < a <1, a4+ 1 =sup¢ and a — 1 = infy; ¢.
By setting u = ¢ — a, its gradient must satisfy the estimate

(5.8) IVul? < A(1 —u?) + 2arz(u)
where
(5.9) z(u) = % <arcsin(u) +uyv1— u2> — u.

Proof. We will first prove an estimate similar to (5.8) for u = €(¢ —a) where 0 < € < 1.
The lemma will follow by letting ¢ — 1. By the definition of u, we have

Au = —\(u+ €ea)
with —e < u <'e. By (5.3) we may assume a > 0. Consider the function
Q = |Vul]? — ¢(1 —u?) — 2arz(u),

where by (5.3) and (5.7) we can choose ¢ large enough so that sup,, @ = 0. The lemma
follows if ¢ < A, for a sequence of € — 1, hence we may assume that ¢ > \.

Let the maximizing point of @ be xy. We claim that |Vu(zg)| > 0 since otherwise
Vu(zg) = 0 and

0 = Q(o)
=—c(1— u2)(x0) — 2arz(xp)
< —(e—aN(1 - &)

by (5.7), which is a contradiction.
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Differentiating in the e; direction gives

1
(5.10) §Qi = U Umi + CUU; — ANZU;.

At z, we can rotate the frame so uj(zg) = |Vu(zg)| and using Q; = 0, we have
(5.11) Unnitims > 2] = (cu — add)?.
Differentiating again, using the commutation formula, Q(x¢) = 0, (5.7), (5.10), and
(5.11), we get
1
0 ZéAQ(xO)

= Ui Umi + U Umii + U3 + culdu — adiui — adiAu
=UpniUmi + U (AU + Rinpmtty + (¢ — ad2) uf + (cu — ad?) Au
> (cu — ar)” + (¢ — A — aX3) [c (1 —u?) + 2a)z]
—Aeu — aA?) (u+ €a)
=—acA{(1 —u?)E +ui+eu} +a® N {225 + 2* + €2}
+aXc =N {—uz+22+ 1} + (c— N)(c — a)).

However by (5.4), (5.5), and (5.6),we conclude that

0> acA(1 —€)u — a®X*(1 —€)2 + (c — N)(c — a))
> _aeA(1 — ) — a?A2(1 — e)(% C 1)+ (c— a)(c— a))
> —(c+MNA1L =€)+ (c— N>

This implies that

c< A

{Q—I-(l—e)-l— (1—6)(9—6)}'

2

Clearly, when € — 1 this yields the desired estimate.

Theorem 5.2. (Zhong-Yang [Z2-Y]) Suppose M is a compact manifold without bound-
ary whose Ricci curvature is nonnegative. Let a > 0 be the median of a normalized first
ergenfunction with a +1 = sup ¢ and a — 1 = inf ¢, and let d be the diameter. Then
the first nontrivial ergenvalue satisfies

6 4
A’y > 712+ = (g — 1> a’® > 7T2(1 + .02a2).
T

Proof. Arguing with u = ¢ — a as before, let v be the shortest geodesic from the
minimizing point of u to the maximizing point with length at most d. Integrating the
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gradient estimate (5.8) along this segment with respect to arclength and using oddness,

we have
/ ds
¥

|Vul|ds
v V1 —u?+2az(u)

1
/{ L, }d
u
o LV1—u2+2az V1—u2-2az

>/1 1 2+3a222 d
_— U
- 0 \/1—”2 1_U2

1
277+3a2( L)
1 —u?

[N

drz > \

v

v

This technique applies to manifolds with boundary. Let M™ be a compact manifold
with smooth boundary whose Ricci curvature is nonnegative. Suppose that the second
fundamental form of OM is nonnegative. Then the first nontrivial eigenvalue of the
Laplacian with Neumann boundary conditions also satisfies the inequality (5.8). The
proof runs the same as Lemma 5.3 except that the possibility of the maximum of the
test function ) at the boundary must be handled. In fact, the boundary convexity
assumption implies that the maximum of () cannot occur on the boundary.

The next theorem gives an estimate of the first eigenvalue for general compact
Riemannian manifold without boundary. The estimate depends on the lower bound of
the Ricci curvature, the upper bound of the diameter, and the dimension of M alone.

Theorem 5.3. (Li-Yau [L-Y]) Let M be a compact m-dimensional Riemannian man-
ifold without boundary. Suppose that the Ricci curvature of M is bounded from below

by
Rij Z —(m - 1)R

for some constant R > 0, and d denotes the diameter of M. Then there exists constants
Cy(m),Ca(m) > 0 depending on m alone, such that, the first nonzero eigenvalue of M
satisfies

A > %exp(—C’gd\/l_%).

Proof. Let u be a nonconstant eigenfunction satisfying

Au = —)\u.
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—/\/ u:/ Au =0,
M M

u must change sign. Hence we may normalize u to satisfy minu = —1 and maxu < 1.
Let us consider the function

By the fact that

v =log(a + u)

for some constant a > 1. The function v satisfies
2
Av = aA%—uu - (ﬁuqt)z

- e

Let us define Q(z) = |Vv|?(z). Differentiating @ in the e; direction gives
Qi = 2v5vj;.

Its Laplacian is given by
(5.12) AQ = 203, + 2v;v;i;

> 203, + 2(Vo, VAv) — 2(m — 1)R|Vo|*.

However, similar to the proof of Theorem 5.1, we have

Zﬂ_

(m )

1

m

1( 2\ >
> — .

m a-+u

(Vo, VAv) = — <w,v (Aaiu + Q)>

Also,

= _a~|—uQ —(Vu,VQ).
Hence (5.12) becomes
(5.13)
AQ +2(Vv,VQ) = %QQ - (% —2(m—1)R — —Q%JELC;A)

v

%Cf + (9 _o(m— 1R — AmE2a 2)“) Q.

m m(a —1)
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If zg € M is a point where () achieved its maximum, then
0> AQ(xo) + 2(Vv, VQ)(xo).
Hence, we have

0> %Qg(l‘o) + (% —2(m—1)R — %

) Q(IL’ 0)7
which implies that

Q) < Qo)
(20— mpm — 1R — e+ 2ad
< (- mtm -0 )

= (m + 2)ar +m(m—1)R

a—1

for all z € M. Integrating Q2 = |V log(a 4+ u)| along a minimal geodesic v joining the
points at which v = —1 and v = max u, we have

2l
(m + 2)aA
< —1
d\/ a—1 ( )R
for all @ > 1. Setting t = a;1’ we have

(m+ 2\ > ¢ (% (log %)2 ~m(m — 1)3)

for all 0 < t < 1. Maximizing the right hand side as a function of ¢ by setting t =
exp(—1 — /1 +m(m — 1)Rd?), we obtain the estimate

2
A>
= m+ 2)d2

C
> d_21 exp(—CadVR)

(1+ /1 +m(m—1)Rd?)exp(—1 — /1 +m(m — 1)Rd?)

as claimed.

We would like to point out that when M is a compact manifold with boundary, there
are corresponding estimates for the first Dirichlet eigenvalue and the first nonzero



42 PETER LI

Neumann eigenvalue using the maximum principle. In fact, Reilly [R] proved the
Lichnerowicz-Obata result for the Dirichlet eigenvalue on manifolds whose boundary
has nonnegative mean curvature with respect to the outward normal vector. Recently,
Escobar [E| established the Lichnerowicz-Obata result for the first nonzero Neumann
eigenvalue on manifolds whose boundary is convex with respect to the second fun-
damental form. There are analogous estimates to that of Theorem 5.3 for both the
Dirichlet and Neumann eigenvalues on manifolds with boundary. In general, the es-
timate for the Dirichlet eigenvalue [L-Y] will depend also on the lower bound of the
mean curvature of the boundary with respect to the outward normal, and the estimate
for the Neumann eigenvalue will depend also on the lower bound of the second fun-
damental form of the boundary and the e-ball condition (see [Cn]). However, when
the boundary is convex, the Neumann eigenvalue has an estimate similar to manifolds
without boundary.

Corollary 5.1. (Li-Yau [L-Y]) Let M be a compact m-dimensional Riemannian man-
ifold whose boundary is convex in the sense that the second fundamental form is non-
negative with respect to the outward pointing normal vector. Suppose that the Ricci
curvature of M is bounded from below by

Rij Z —(m — 1)R

for some constant R > 0, and d denotes the diameter of M. Then there exists con-
stants C1(m), Ca(m) > 0 depending on m alone, such that, the first nonzero Neumann
etgenvalue of M satisfies

)\1 > % eXp(—ng\/ﬁ).

Proof. In view of the proof of Theorem 5.3, it suffices to show that the maximum value
for the functional @) does not occur on the boundary of M. Supposing the contrary
that the maximum point for @ is o € OM. Let us denote the outward pointing unit
normal vector by e,,, and assume that {ej,..., e, _1} are orthonormal tangent vectors
to OM. Since @ satisfies the differential inequality (5.13), the strong maximum principle
implies that

em(Q)(xg) > 0.

However,
m

em(Q) =2 Z(eiv)(emeiv).

=1

Using the Neumann boundary condition on u, we conclude that e,,v = 0. Moreover,
since the second covariant derivative of v is defined by

vj; = (eiej — Ve,e5) v,
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we have
m—1
em(Q) =2 ) (eav)(Vam + Ve, €av)
a=1
m—1
=2 (ea¥) (Vma + Ve,, €a0)
a=1
m—1
=2 (eaV) (€qemv — Ve emv + Ve, eq0).
a=1

Using e,,v = 0 again, the fact that the second fundamental form is defined by

haﬁ = <Vea €m; €ﬁ>,

we conclude that

[ary

m—1

em(Q) = =2 D (eav)haplesv) +2 D (ea)(Ve,, eaep)(esv)
e

a,f=1 a,f=1

m—

m—

<2 3 (cat) (Ve are5)(esv).
a,B=1

On the other hand, since
<vemea7 e/8> = _<Ve'me/87 €a>’

we conclude that

m—1 m—1
2 Z (eqv)(Ve,, €a,€ep)(egv) = =2 Z (eqv)(Ve,, €8, €q)(€av).
a,B=1 a,B=1
Hence
em(Q) <0,

which is a contradiction.

When M is a complete manifold, it is often useful to have a lower bound of the first
eigenvalue for the Dirichlet Laplacian on a geodesic ball. This is provided by the next
theorem.

Theorem 5.4. (Li-Schoen [L-S]) Let M be a complete manifold of dimension m. Let
p € M be a fized point such that B,(2p) N OM = 0 for 2p < d. Assume that the Ricci
curvature on By(2p) satisfies

Rij Z —(m — 1)R
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for some constant R > 0. For any « > 1, there exists constants Ci(«a), Cy(m, ) > 0,
such that for any compactly supported function f on By(p)

[V G ep(-Calt + V) / s
By (p) B

»(P)

In particular, the first Dirichlet eigenvalue of B, (p) satisfies

p1 > Cip~? exp(—Ca(1 + pVR)).

Proof. Let g € 0B,(2p). By the triangle inequality B,(p) C (B4(3p) \ B4(p)). Theorem
4.1 implies that
Ar < (m — 1)V Rcoth(rVR)
< (m-1)r"'+VR)

for r(x) = r(q,z). For k > m — 2, we have
ArF = —kr T Ar 4 R (k 4 1)r R
> —k(m—1)r (7 4 VR) + k(k + 1)r~F2
=kr " Y ((k+2—m)r ' — (m —1)VR)
> k(3p) " (k+2—-m)(3p) ! = (m - 1)VR)

\%

on B,(p). Choosing k = m — 1 + 3(m — 1)pv/R this becomes
(5.14) Ar~F > Ek(3p)7F2

on By(p).
Let f be a nonnegative function supported on By (p). Multiplying (5.14) with f and

integrating over B)(p) yields

CC Rl R I
By (p) By(p)
—— [ wrerh
BP(P)
<k / IV flr* !
By(p)

<k [ vl
BP(P)



LECTURE NOTES ON GEOMETRIC ANALYSIS 45

Hence

/ VII > Cup~texp(—Ca(l + pVR)) / /.
BP(P)

By (p)

This shows the case when a = 1 by simply applying the above inequality to |f|.
For oo > 1, we set f = |g|*. Then we have

a(/ |v9|“) (/ |g|a) > a / g1* 1V
By (p) Bp(p) By, (p)
— / Vg
Bp(ﬂ)

> Cyp~texp(—Ca(1 + p\/l_%))/ 9%,
BP(P)

Q~

which implies the desired inequality.

66 GRADIENT ESTIMATE AND HARNACK INEQUALITY

In this section we will derive a gradient estimate and Harnack inequality of Yau [Y 1]
for positive harmonic functions on a complete Riemannian manifold. As consequences,
Liouville type theorems can be proved for complete manifolds with nonnegative Ricci
curvature.

Theorem 6.1. (Yau [Y 1]) Let M be a complete Riemannian manifold of dimension
m. Assume that the geodesic ball By(2p) N OM = 0. Suppose the Ricci curvature on
B,(2p) is bounded from below by

Rij Z —(m — 1)R

for some constant R > 0. If u is a positive harmonic function on B,(2p), then there
exists a constant C(m) > 0 depending only on m such that

sup |Vlogul> < C(R+ p~2).
BP(P)

In particular,

sup u < ( inf u> exp(C(1 + pVR)).

B, (p) By (p)

Proof. If we set the function v = log u, then

(6.1) Av = —|Vo|2



46 PETER LI

Let us define a cut-off function ¢(r(x)) given by a function of r(x) = r(p, x) alone, such

that
1, forr<p
o(r) = {0, for r > 2p
with ¢ > 0,0 < (¢)2¢~! < Cp~2, and |¢""| < Cp~2 for some constant C' > 0.
Consider the function @ = ¢|Vv|?* which is supported on B,(2p). Let zo € B,(2p)
be a point at which @) achieves its maximum. Since the distant function is not smooth
in general, we observe that @) is only smooth when z is not in the cut-locus of p. Let

us first assume this is the case. Computing the Laplacian using the Ricci identity and
the lower bound of the Ricci curvature, we have

AQ = (Ag)|V]* 4+ 2(V¢, V|Vu|*) + ¢(A|Vv]?)
= ¢ (AP)Q + 20 (V, (VQ — Vo|Vul?)) + ¢(207; + 2v;0;4)
> (671 (AP) — 2072|Ve|2)Q + 2071 (V, VQ) + 2003,
—2(m —1)RQ + 2¢(Vv, VAv).

However (6.1) and the inequality

implies that

AQ 2 (671(A0) — 2072 |VoP — 2(m — DR)Q +267 V6, VQ)
2970 2(V0, Q) + 267Q(0, V)

Hence, evaluating at the maximum point ¢ and using VQ(z¢) = 0 and AQ(xg) < 0,
we conclude that

1
02 Q4 m (58607 VOR = (m— DR) +m(V6. Vo).
unless Q(z¢) = 0 and the theorem follows. However,

1 2
MV, Vo)l < 5Q + o7 [V

implies that
Q <m(2(m— )R+ (2+m)¢~'|Vg[* — Ag).
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On the other hand, the assumption on ¢ and the Laplacian comparison theorem assert
that

o~ Vol =97 (¢')

<Cp?
and
A¢ = ¢'(Ar) +¢"
>¢'(m—1)(r~" + VR) +¢"
> —Cp*(1+ pVR).
Hence

C(p™* + R) > Q(xo)

> sup ¢|Vol®
By (2p)

> sup |V logul?.
By (p)

When z( is a cut-point to p, we consider a minimizing geodesic vy joining p to zg
with v(0) = p and y(r(zg)) = xo. Let ¢ = y(¢) for sufficiently small € > 0. Clearly, z
is not a cut-point to ¢. Let us define the function

b(x) = @(rq(z) +€) 2 0
Since ¢ is a non-increasing function, and because

rq(%0) + € = rp(0)

and
rq(x) + € =rq(z) +15(q)
< rp(2),
we have
¢(x) > Y(x)
with

P(0) = (o).
Therefore xq is also a maximum point for the function |Vv|? which is now smooth.
The theorem now follows by performing the above computation on v|Vv|? and letting
e — 0.

To prove the Harnack inequality, one simply consider the minimal geodesic «y joining
any 2 points in B, (p). We observe that by the triangle inequality, the length of v must
be at most 2p. The Harnack inequality now follows by integrating the upper bound of
|V log u| along ~.
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Corollary 6.1. Let M be an m-dimensional complete noncompact Riemannian man-

ifold without boundary. Suppose the Ricci curvature of M is nonnegative. Then any
positive harmonic function on M must be constant.

Proof. By Theorem (6.1) and the curvature assumption, we have

sup |Vlogu|* < Cp~2
By (p)

for any p > 0. Taking the limit as p — oo yields

sup |[Vlogul? <0
M

which implies log u = constant.

Corollary 6.2. (Cheng) Let M be a m-dimensional complete noncompact Riemannian
manifold without boundary. Suppose the Ricci curvature of M is nonnegative. Let u be
a sublinear growth harmonic function on M, ie.

u(x)| = o(rp(z))

with respect to some fized point p € M. Then u must be identically constant.

Proof. For any p > 0, the function u +supp_ (9 |u| is a positive harmonic function on
B,(2p). Hence Theorem (6.1) implies that

sup |Vlog(u + sup |ul)]* < Cp~ 2.
By(p) Byp(2p)

In particular,

sup |Vul> < Cp~2 sup (u+ sup |u])?

Bp(P) Bp(p) BP(QP)
<4Cp~? sup ]u|2
Bp(QP)

which tends to 0 as p — oo by the assumption on u. Hence u must be identically
constant.

§7 MEAN VALUE INEQUALITY

We will prove a version of mean value inequality which is adopted to the theory of
subharmonic functions on a Riemannian manifold. Let us first prove a theorem of Yau.
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Lemma 7.1. (Yau [2]) Let M be a complete Riemannian manifold. Suppose p €
M is a point such that the geodesic ball B,(2p) centered at p of radius 2p satisfies
B,(2p) NOM = 0. Let f be a nonnegative subharmonic function defined on By(2p).
Then for any constant o > 1, there exists a constant C(a) > 0 depending only on «

such that
[ vrzor g
By (p) By (2p)

In particular, if M has no boundary, then there does not exist any nonconstant, non-
negative, L* subharmonic function.

Proof. Let ¢(r(z)) be a cut-off function given by a function of r(z) = r(p,z) alone.
We may take ¢ to satisfy
1, forr<p
o ={

0, forr>2p

with ¢ > 0, and 0 < (¢')2¢~! < Cp~2 for some constant C' > 0. Let us now consider
the integral

0 20¢71A

S/Bp(Qp)qbf f
— —(a—1 2pa=21g 12 — 2 =LV, V).
(a >/Bp(2p)¢f i /Bp@p)sbf (Y6, V)

However, an algebraic inequality implies that

a—1

2

2

<

/ oINS,V ) / G PRV 2 Vo2
By (2p) By (2p)

a—1Jp,@2p)
Hence, we have

a—1 oa—1

el A T
By (p) By (2p)
2
<= [ veps
@ By (2p)

< ¢ / fo
T pHa—1) Jp,20"

If M has no boundary, we simply take p — oo. The fact that f is L™ implies that
the integral

/ Fo2V R =0,
M

which implies that |V f| = 0. Hence f must be a constant function.
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Theorem 7.1. (Li-Schoen [L-S]) Let M be a complete Riemannian manifold of di-
mension m. Let p € M be a fizred point such that the geodesic ball B,(4p) centered
at p of radius 4p satisfy By(4p) N OM = 0. Suppose f is a nonnegative subharmonic
function defined on B, (4p). Assume that the Ricci curvature on By,(4p) is bounded by
Rij > —(m—1)R for some constant R > 0. Then there ezists constants Cs, Cy(m) > 0
with Cy depending only on m such that

sup f2f;ca<1—Fexp(cupvﬁﬁnxz<4py-1/; o
p\ZP

z€Bp(p)

Proof. Let h be a harmonic function on B,(2p) obtained by the solving the Dirichlet
boundary problem
Ah =0 on By(2p),

and
h=f ondB,(2p).

Since f is nonnegative, by the maximum principle h is positive on the ball B,(p).
Moreover,

f<h on B,(p).
The Harnack inequality (Theorem 6.1) implies that

sup h < ( inf h) exp(C(1 4 pVR)).

B, (p) By (p)

Hence, in particular, we have.

(7.1) sup f% < sup h?
By (p) Bp(p)
< exp2C(L+ VRV (o) [
By(p)

We will now estimate the L?-norm of h in terms of the L?-norm of f. By triangle
inequality, we observe that

72 /Bp(p) e /Bp(p)(h - f)2 . /Bp(p) f2

32/ (h—f)2+2/ 7.
BP(QP) Bp(4p)

However, since the functions h — f vanishes on 0B,(2p), the Poincaré inequality (The-
orem 5.4) implies that

@3 ke prsosen@roVR) [ V0

B, (20)
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for some constants C7 > 0 and Cy(m) > 0. By triangle inequality again, we have

[ owe-pp<z [ gwnrez[ e
By (2p) By (2p) By (2p)

The fact that a harmonic function minimizes Dirichlet integral among functions with
the same boundary data asserts that

[ owe-pp<af use
B, (2p) By (2p)

Now the argument in Lemma (7.1) implies that

[ owsrsepr [ g
Bp(2p) Bp(4p)

for some constant C' > 0. Hence together with (7.1), (7.2), (7.3), and the volume
comparison (Corollary 2.3), the theorem follows.

Let us point out that the fact that the constant in the mean value inequality depends
only on the lower bound of the Ricci curvature and the radius of the ball is essential in
some of the geometric application. In fact, it is well known that one can prove another
version of the mean value inequality by using an iteration method of Moser. However,
the constant in this case will depends on the Sobolev constant which, unlike the first
eigenvalue, cannot be estimated by the Ricci curvature and the radius alone.

We will now give an application of this mean value inequality to study the space
of harmonic functions on a certain class of manifolds. This result can be viewed as a
generalization of Yau’s Liouville theorem. Let us first prove a lemma.

Lemma 7.2. (Li [L 1]) Let H be a finite dimensional space of L? functions defined
over a set D. If V(D) denotes the volume of the set D, then there exists a function fy
i H such that

dimH/ f&<V(D)sup f5.
D D

Proof. Let fi,...,fr be an orthonormal basis for H with respect to the L? inner
product. Let us consider the function

which is well-defined under orthonormal change of basis. Clearly

dimH:/DF(a:).
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Now let us consider the subspace H, of ‘H which consists of functions f vanishing at
p € D. The space is clearly of at most codimension 1. Otherwise, there are f; and
f2 in the compliment of H, which are linearly independent. This implies that both
fi(p) # 0 and fa(p) # 0. However, clearly the linearly combination

fi(0) fo = fa(p) f1

is a function in H,, which is a contradiction. This implies that by a change of orthonor-
mal basic, there exist fy in the orthogonal compliment of H, and has unit L?-norm,
such that

F(p) = f§(p).

Hence, in particular, if we choose p € D such that F' achieves its maximum then

This proves that lemma.

Theorem 7.2. (Li-Tam [L-T|) Let M be an m-dimensional complete noncompact
Riemannian manifold without boundary. Suppose that the Ricci curvature of M is
nonnegative on M \ By(1) for some unit geodesic ball centered at p € M. Let us
assume that the lower bound of the Ricci curvature on By(1) is given by

Rij Z —(m — 1)R

for some constant R > 0. If we denote H'(M) to be the space of functions spanned
by the set of harmonic functions f which has the property that when restricted to each
unbounded component of M \ D is either bounded from above or from below for some
compact subset D C M, then H'(M) is of finite dimensional. Moreover, there erists a
constant C(m, R) > 0 depending only on m and R, such that, the dimension of H'(M)
is bounded from above by C(m, R).

Proof. By the definition of H'(M), there exists Ry > 1 such that

m
f = Z/Ui)
1=1

where each v; is bounded on one side of each end of M \ B,(Ry). Let E be an end of
M\ B,(Rp). If v is a harmonic function defined on M which is positive on E and if x

is a point in E with r(p,z) > 2Ry, then by applying Theorem 6.1 to the ball Bl,(r(g’))
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and using the curvature assumption, there is a constant C' > 0 independent of v, such
that

(7.4) Vol (z) < Cr(p, x)v().
Since all the v}s are bounded on one side on FE, there are constants aq,--- ,a,, and
€; = 1 such that the harmonic functions u; = a; + €;v; are positive on E. Hence, by
applying (7.4) to uy,- -+ ,u;,, we can estimate the gradient of f by
(7.5) VA<D Vol

i=1

i=1
<Crl(pz) ) ui(x).
i=1

This implies that for any given 6 > 0, using the fact that |V f| is a subharmonic function
on M \ Bp(1), the maximum principle implies that

IV Fl(x) - (Saug(lvfl)) <Cs (Z ui(z) + 1)
i=1
for all x € F. Letting 6 — 0, we conclude that
sup(|V f]) < sup(|Vf]).
E OF

Since E is an arbitrary end of M \ B,(Ry), we have

(7.6) sup  ([Vf]) < sup ([VF])
M\By (Ro) 9B, (Ro)

In fact, we claim that
sup |[Vf| < sup |Vf].
M\B,(1) 9Bp(1)

This follows from applying the maximum principle to the subharmonic function |V f|
on the set M \ B,(1) and (7.6). In particular, this implies that

(7.7) sup |V f| < sup |Vf].
M Bp(1)

Let us now consider the codimension-1 subspace H;,(M) of H'(M) defined by

H, (M) = {f € H'(M)|f(p) = 0}.
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Clearly H;,(M) = H'(M)\ constant. For any f € H}, (M), the fundamental theorem of
calculus implies that

sup f2 <4 sup |[Vf|%

Byp(4) Byp(4)

Together with (7.7), we have

sup f? <4 sup |Vf|>.
B, (4) B, (1)

Applying the gradient estimate (Theorem 6.1) to the function f +supg (o) |f| yields

sup f? <4 sup |Vf|2
By (4) By (1)

2
< 4C sup <f+ sup |f|>

B, (1) B, (2)
< 16C sup f2.
By (2)

However, this together with the mean value inequality (Theorem 7.1) when applied to
the nonnegative subharmonic function | f| asserts that there exists constants C3, Cy(n) >}
0 such that

(7.8) V,(4) sup f* < Cs exp(C’4\/E)/B " f2.

By(4)

On the other hand Lemma 7.2 implies that for any finite dimensional subspace H of
H,, (M), there exists a function fy such that

dimH/ f3 < Vp(4) sup f5.
By (4) B, (4)

Hence applying (7.8) to fy yields the estimate
dim H < C3 exp(C4VR).
Since this estimate holds for any finite dimensional subspace H, this implies that
dim H, (M) < C3 exp(CsVk).

Therefore,
dim H' (M) < Csexp(CyVE) + 1

as to be proven.
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Let us remark that if M has nonnegative Ricci curvature, then (7.7) can be written
as

sup [V f| < |V fl(p).
M

However, since |V f| is a subharmonic function on M, the maximum principle implies
that |V f| must be identically constant. If f is not a constant function, we can apply
the Bochner formula to |V f| again, and conclude that V f is a parallel vector field.
This implies that M must split and that f is a linear growth harmonic function. In
particular, f cannot be a positive harmonic function. Hence f must be identically
constant, which recovers Yau’s theorem.

§8 REILLY’S FORMULA AND APPLICATIONS

We will discuss a few applications of the integral version of Bochner’s formula de-
rived by Reilly [R]. In particular, this formula is useful in the studying of embedded
minimal surfaces and surfaces with constant mean curvature. Let us first point out
some standard formulas about submanifolds in R™*! and S™*1!.

Lemma 8.1. Let {x1,...,T,41} be rectangular coordinates of R™T1 and let us de-
note the position vector by X = (x1,... ,ome1). If M is a submanifold of R™*1 with
—)

the induced metric and zfl_f and H denotes the second fundamental form and the mean
curvature vector of M, then

Hy(X) = —1I1

and
ﬁ
AyX =—-H,

where Hp (X)) and Ay (X) are the Hessian of X and the Laplacian of X computed on
M.

Proof. Let H(X) be the Euclidean Hessian of X, then we have
H(X)=0

since the x;’s are coordinate functions. On the other hand, if e; and e; are tangential
to M, then
H(X)ZJ = (eiej — Veiej)X
— HM(X)z] - <veiej7 6V>XIJ
= Hy(X)yj + (T35, v)v
é
= Hy(X)ij + 1155

Hence, the lemma follows.
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Corollary 8.1. A submanifold M of R™T1 is minimal if and only if the coordinate
functions are harmonic. In particular, there are no compact minimal submanifolds in
R™+Y other than points.

Lemma 8.2. Let N be an n-dimensional submanifold of the standard unit sphere
S™, then N is minimal if and only if all the coordinate functions of S™ C R™+! qgre
eigenfunctions of N satisfying

ANX = —nX.

Proof. By Lemma 8.1, and using the fact that the position vector X is also the unit
normal vector on S, we have

ﬂ
Hgm(X)ij = —11;;
= —(Sin.
Applying the formula that
H
Hgm (X)a@ = HN(X)ag + IIN(X)

for tangent vectors e, and eg which are tangential to N, and by taking the trace, we
have

ﬂ
—nX = ANX -+ HN(X)
H
=AnNX+ Hy.
This proves the lemma.

The following integral formula was proved by Reilly in his work of reproving Alek-
sandrov’s theorem.

Theorem 8.1. (Reilly)Let D be a manifold of dimension m + 1 with boundary given
by a smooth m-dimensional manifold M. Suppose f is function defined on D satisfying

Af=g on D

and

then

m+1/9 >/ H(f.) +2/ fVAMu+/ Z hﬁuau5+/7€”fzfj

a,f=1

where H and hog denote the mean curvature and the second fundamental form of M
with respect to the outward unit normal v, Ay is the Laplacian on M, and R;; is the
Ricci curvature of D. Moreover, equality holds if and only if

o g5ij
f”_m—i—l
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on D.

Proof. Let us consider the Bochner formula

%A|Vf|2 = fi2j + fifijj
=[5+ [i(Af)i + Rij fif;
=[5+ (VI V) + Rijfif;.

Using the inequality

2
m-+1
m-+1 (E ie1 “>

2
2 >
Z Jij = m+1
1,7=1
m+1’
we have
LAVIP > 9 (V) + Ry,
2 “m+1 y VG YREPNE
Integrating this over D yields
(8.1) 3 [tz S [ [ 9090+ [ Ross,
) 2 ) _m+1Dg 5 y Vg DZ]ZJ'

Integrating by parts, the second term on the right hand side becomes

[ wiva==[ ¢+ [ at.

where v is the outward unit normal to M. Hence (8.1) becomes

1 m
8.2 — | AIVf]?> ——— 2 / y /R
(82 s [avirz -t [ @ [ ans [ Ryt
On the other hand, if we pick orthonormal frame {ej,... e, 11} near the boundary
of D such that {ej,...,e,} are tangential to M, and v = e,,41 is the outward unit

normal vector, then divergence theorem implies that

m—+1

5 [ awre= [ > empicsf).
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Using the boundary data of f, and choosing V., . e,+1 = 0 at a point, we conclude
that

(8.3)
m—+1

Y (eif)emireif) = (msrf)(emiremirf) + Y (caf)(emircaf)
a=1

=1
= (em—i—lf (Af Z faoz) + Z eaf em+1eaf)

:fu(g_va_AMu eaf 6m+1eaf)

||M§

where Ajs is the Laplacian on M and H is the mean curvature of M with respect to
the unit normal v. However,

(8.4) emt1€af = €ami1f + Vem+1€af = Ve,lmirf

m m
= eatmi1f + Y (Ven1€ar€8)fs— O (Ve,emi1,es)fs,
=1 B=1
because
<v€m+1ea7 em+1> = —<€a, v€m+1em+1>
=0
and
1
(Ve lmt1sme1) = 2€a|em+1|
=0.

Using (8.3), (8.4), and the fact that

<vea €m—+1, eﬂ> = _<em—|—1> vea €ﬁ>
= hoz,B;

we can write

(8.5) %LAWW
:/ gfu—/ H(f,,)z_/ f,,AMU—F/ i(eaf)(eaem+1f)
+a§: /M em+1€ar €8 faf,B—/ Z haptaug.

1 a,f=1
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On the other hand,

/ S (Veseanen) fufs = - / S (o Ve ore) fuls

a,B=1 aﬁl

/ Z (Verir€arep) fafp

a,B=1

implies that it must be identically 0. Also integrating by parts yields

/| Zeaf cocmii) == [ F B

Combining this with (8.2) and (8.5), we have

/ H(f,) —2/ quMU_/M Z haguaus > — Til g +/ Rijfifi

o,B=1
which was to be proved. Equality case is clear from the above argument.

Theorem 8.2. (Aleksandrov-Reilly) Any compact embedded hypersurface of constant
mean curvature in R™T! is a standard sphere.

Proof. Let M™ be compact embedded hypersurface in R”™*! with constant mean cur-
vature H. By compactness, it is clear that H > 0. After scaling, we may assume that
H = m. The assumption that M is embedded implies that M must enclose a bounded
domain D in R™*!. Let us now consider the solution f of the boundary value problem

Af=-1 onD

and
f=0 on M =0D.

Applying Theorem 8.1 to f, we have

V(D) >
. _— > .
(3.6) e
Schwarz inequality now implies that
Ay [ g2 </ %%
M

_V2
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where A(M) is the area of M. Therefore, together with (8.6), we obtain the inequality
(8.7) A(M) > (m+1)V(D).

On the other hand, if X = (z1,...,%,,41) are the coordinate functions of R™*+!
then one checks that their Euclidean Hessian is identically zero. Hence, in particular,

0= Zm: Xaa
a=1

=AyX+HX,
=AyX+muv.

Now, let us consider

= —(m+1)V(D) + S |Var X |2
mJm
= —(m+1)V(D) + AM),

where we have used the fact that |[VX|? =m + 1 and |V X |2 = m.
Hence, the inequalities which were used to derive (8.7) are all equalities. In partic-
ular,

———— on D.
m-+1

(8.8) fij =
and
fm+1 = constant on M.

Computing the difference between the Hessian of f on M and the Hessian of f on D,
and using the fact that f = 0 on M, we have

fozﬂ = haﬁfm—i—l

for all 1 < a, 8 < m, where hqp is the second fundamental form of M. Applying (8.8),
we conclude that
_ Oap
m+1

== hozﬁfm—i—l-



LECTURE NOTES ON GEOMETRIC ANALYSIS 61

Using that the mean curvature of M is m, we obtain
1
Fo1 = =5
and
haﬁ = 5,15.
The Gauss curvature equations implies that M has constant sectional curvature 1. In
particular, by Lichnerowicz theorem, the first non-zero eigenvalue of M satisfies

(8.9) A (M) > m.
Now, let us consider the embedding function X. We compute that
(8.10) Ay X = —mXpmq
= —Mem+1,

where we have used the fact that the Euclidean Hessian of X is 0 and the mean
curvature of M is m. On the other hand, we have

(8.11) mAM) = [ |VuX|?

=m </M \X\2>% A(M).

Without loss of generality, we may choose the origin to be the center of gravity of M,
so that [ s X = 0. Under this assumption, the Poincaré inequality assets that

/vaX\ > A\ (M /\X\Q

Applying this and (8.9) to (8.11), we have

A < — [ 9P
< A(M).
Hence, all the inequalities becomes equalities. In particular,
M (M) =m,

which implies that M is isometric to the unit m-sphere. Moreover, X satisfies the
equation Aps X = —mX. Hence together with (8.10), we conclude that X = e, 1.
This implies that | X| =1 on M, and M is the unit sphere.
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Theorem 8.3. (Choi-Wang [C-W]) Let M™ be a compact embedded oriented minimal
hypersurface in a compact oriented Riemannian manifold N™tt. Suppose that the Ricci
curvature of N is bounded from below by

Rij 2 mR
for some positive constant R. Then the first non-zero eigenvalue of M has a lower

bound given by

M) > T

Proof. The assumption that N has positive Ricci curvature implies that its first ho-
mology group H!'(N,R) is trivial. By an exact sequence argument, we conclude that
M divides N into 2 connected components Ny and Ny with ON7 = M = ON>. Let us
denote D to be one of the component to be chosen later. If u is the first nonconstant
eigenfunction on M, satisfying

AMU = —)\1 (M)U,

then let f be the solution of
Af=0, onD,

with boundary condition
f=u, on M.

Applying Theorem 8.1, we have
0> —2>\1(M)/ uf,,+/ haﬁuauﬁ+m3/ IV £|2.
M M D

On the other hand
2 / uf, =2 / ff
M M
~ [ aw)
D
—2 [ [vsP.
D
Hence, we have

(8.12) (2)\1(M)—mR)/D]Vf]2 Z/M hagtiatg.

Let us observe that the right hand side is independent of the extended function f. If
we choose a different component of N \ M to perform this computation, the second
fundamental form will differ by a sign, hence we may choose a component, say Ny, so

that
/ haguauﬁ Z 0.
M

Hence together with (8).12, we conclude that either Ay (M) > E or Vf =0 on N;.

However, the latter is impossible because f has boundary value u which is nonconstant.
This proves the estimate.
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§9 ISOPERIMETRIC INEQUALITIES AND SOBOLEV INEQUALITIES

In this section, we will show that a class of isoperimetric inequalities which occur in
geometry are in fact equivalent to a class of Sobolev type inequalities. The relationship
between these inequalities were exploited in the study of eigenvalues of the Laplacian
as early as the 1920’s by Faber [F] and Krahn [K]. The equivalence was first formally
established by Federer-Fleming [F-F] (also see [Bm]) in 1960. In 1970, Cheeger [C]
observed that the same argument can apply to estimating the first eigenvalue of the
Laplacian.

We will first define the isoperimetric and Sobolev constants on a manifold. Let us
assume that M is a compact Riemannian manifold with or without boundary oM.

Definition 9.1. If OM # ¢, we define the Dirichlet a-isoperimetric constant of M by

ID,(M)= inf A(‘mﬁ
oanori—o V()2

where the infimum is taken over all subdomains 0 C M with the properties that OS2 is
a hypersurface not intersecting OM .

Similarly, we define the Neumann a-isoperimetric constant of M.
Definition 9.2. The Neumann a-isoperimetric constant of M is defined by
in A(S)
o0 =5=005 min{V(Qy),V(Q)}=

M=Q1USUQy

IN, (M) =

where infimum s taken over all hypersurfaces S dividing M into 2 parts denoted by €2y
and . Note that in this case, there is no assumption on whether M has boundary or
not.

Definition 9.3. If OM # 0, we define the Dirichlet a-Sobolev constant of M by

_ Ju V1]
SDa(M) = _inf Ujlfla)é

Fflan=0

where infimum is taken over all functions f in the first Sobolev space with Dirichlet
boundary condition.

We also define the Neumann a-Sobolev constant of M.
Definition 9.4. The Neumann a-Sobolev constant of M is defined by
Jar IV £

SN, (M) = in - 1
fEH 1 (M) (mfkeR fM |f - k|a)a

where the first infimum is taken over all functions f in the first Sobolev space, and the
second infimum is taken over all real numbers k. Again, there is no assumption on
whether M has boundary or not.
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Theorem 9.1. For any a > 0, we have ID,(M) = SD,(M).

Proof. To see that ID,(M) < SD,(M), it suffices to show that for any Lipschitz
function f defined on M with boundary condition f|gys = 0, we have

[ sz maon ([ 197)"

Without loss of generality, we may assume f > 0. Let us define My = {x € M|f(z) >
t}. By the co-area formula,

(9.1) /M V| = /OOO A(OM,)dt
> ID, (M) /OO V(M) = dt.
0

We now claim that for any s > 0, we have the inequality

(/0 V(Mt)%dt)a > a/os 11V (My)dt.

This is obvious for the case s = 0. Differentiating both sides as functions of s, we have

(9-2) d% (/Os V(Mt)édty =« (/OS V(M,g)iolt)a1 V(M)
and
(9.3) % (a /Osta—lv(Mt)dt) = as* LV (M,).

Observing that [ V(M,;)=dt > sV(M,)=, because M, C M, for t < s, we conclude
that (9.2) is greater than or equal to (9.3). Integrating from 0 to s yields the inequality
as claimed.

Applying this inequality to (9.1) yields

/M IVf| > ID(M) (a /OO to‘_1V(Mt)dt) : .

0

However, the co-area formula implies that

© © d(t®) [ dA,
a V(M dt:/ —/ / dsdt
/o (M) 0 dt Ji  Jom. IVf]
o0 dA,
= o / dt
| il

L
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This proves 1D, (M) < SD,(M).
We will now prove that ID,(M) > SD,(M). Let £ be a subdomain of M with
smooth boundary 02 such that 92N IOM = ¢. We define

N, ={z € Q|d(x,00) < €}.
Note that for e > 0 sufficiently small, d(x, 92) is a smooth function. Define
0, on M\Q

1
fe(x) =< =d(x,09), on N,
€
1, on O\ N

Clearly f. is a Lipschitz function defined on M with Dirichlet boundary condition.
Moreover,

‘1
/M IV fel = /0 —A(ON; \ 0Q)dt.

On the other hand, we have

[ wsizsoaan ([ |fe|a)é

> SDo(M)V(Q2\ No)=.

Hence

Q=

l/EA(aNt\aﬂ)dt > SDo(M)V(Q\ N,)#.
€Jo

Letting € — 0 yields
A(0Q) > SDo(M)V(Q)=.

Since € is arbitrary, this proves ID,(M) > SD,(M).

Theorem 9.2. For any o > 0, we have
min{1,2'" %} INo(M) < SN, (M)

and

SNa(M) < max{1,2'~=} IN,(M).
Proof. Let f be a Lipschitz function defined on M. Let k € R be chosen such that
M, ={xze M|f(x)—k >0}

and

M_={xe M|f(x) —k <0}
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satisfy the conditions that V(M) < 2V(M) and V(M_) <
SN, (M) > min{1,2'~%} IN,(M), it suffices to show that

QAJVMZJA%wﬂ<[;WW)é

for u = f — k. Note that if

V(M). To show that

N~

M; = {x € M|u(z) > t}

then for t > 0, we have
1
V(M) < V(M) < SV (M),

This implies that
min{V (M), V(M \ My))} = V(M,).

Hence, A(OM,;) > IN,(M)V (M;)=. Therefore by the same proof of Theorem 9.1, we

have .
/ WMZMMM%/ wﬂ -

The same argument also gives

/ NmzmuM%AIwﬂ

Q-

Hence

/M Vu| > IN (M) (/M+ ‘u,a> g N (/M yu\a) 2

> min{1,2'" %} IN, (M) (/M IUI“>

Q=

This proves SN, (M) > min{1,2'~ 5} IN,(M).

To prove that max{1,2'~ = }I N, (M) > SN, (M), we consider any hypersurface S
dividing M into two parts denoted by €; and 5. Let us assume that V(Q2) < V(£24).
For € > 0 sufficiently small, let us define

Ne={z € Qa|d(z,5) < €}
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and the function
1, on

fe(x) =49 1—=d(x,5), on N,
0, on QQ_NG,

Let k. be chosen such that

[ g =t [ 1=

Clear, 0 < k. < 1. By using a similar argument to the proof of Theorem 9.1, we have

(9.4) [ wr= ] 195

Q=

> SN, (M)((1 = k) V() + KV (Q \ NL))
> SNa(M)((1 = k) + k)T V(Q \ No)E.

We now observe that, (1 — k)* + k% > 21=> for all 0 < k < 1 and o > 1, also
(1—k)*+k*>1forall0 <k <1and a < 1. Hence by taking ¢ — 0, the left hand
side of (9.4) tends to A(S) while the right hand side of (9.4) is bounded from below by
SNy (M) min{1, 2% }V (€)= . This establishes the inequality max{1,2'~a }J N, (M) ZI
SN, (M).

Let us point out that when the dimension of M is m and o > ™+, then by the fact
that the volume of geodesic balls of radius r» behaves like

Vir) ~ Oén?;l—1 r’™

and the area of the their boundary is asymptotic to
A(r) ~ appqr™ 1,

it is clear that both ID,(M) = 0 = IN,(M). Hence it is only interesting to consider

those a < Ll
—
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Corollary 9.1. (Cheeger [C]) Let M be a compact Riemannian manifold. If OM # (),
let us denote i (M) to be the first Dirichlet eigenvalue on M and A1 (M) to be its first
nonzero Neumann eigenvalue for the Laplacian. When OM = (), we will denote the
first nonzero eigenvalue of M by A\ (M) also. Then

(o) > L2100

and )
S IN{ (M) ‘

A (M) > 1

Proof. By Theorem 9.1, to see that
I1Dy(M )2
4 )
it suffices to show that for any Lipschitz function f with Dirichlet boundary condition,

it must satisfy
SDy(M)?
[ v S
M M

Applying the definition of SD; (M) to the function f2, we have
(9 [ vsrzsoan [ g
M M

On the other hand,
[vri=z [ is1vs
M M

() (/)

Hence, the desired inequality follows from this and (9.5).
For the Neumann eigenvalue, we simply observe that if u is the first eigenfunction
satisfying

pa (M) >

Au = A\ (M)u,
then u must change sign. If we denote M, = {x € M|u(z) > 0} and M_ = {z €
Mlu(z) < 0}, then
(M) = M(M) = pa (M-).
Let us assume that V(M;) < V(M_). In particular, this implies that IDq(My) >
IN;(M). Hence by our previous argument,
A (M) = pa (M)
_ IDy(M,)?
- 4
INy(M)?
TR

Y]

This proves the corollary.
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Corollary 9.2. Let M be a compact Riemannian manifold with boundary. For any
function f € Hy2(M) and flopm =0, we have

[rese= (25 maon) ([ |f|2"’—“a)2?7a .

Proof. By applying Theorem (9.1) and the definition of SD, (M) to the function | f| 7,

we obtain
/ V1|75 | > IDu(M) (/ \f|22——“a)
M M

On the other hand, Schwarz’s inequality implies that

2 2 o
| vzl = 5= [ 1sim= v

1

o ([, 1r#) (/M,vﬂz)g

§10 LOWER BOUNDS OF ISOPERIMETRIC INEQUALITIES

Q=

IA

This proves the corollary.

The purpose of this section is to give lower bounds of the isoperimetric inequalities
in terms of the diameter, the volume, and the lower bound of the Ricci curvature of
the manifold. The estimate was proved by Croke [Cr| with the aid of Berger-Kazdan’s
lemma [Bs|, Santalé’s formula [S], and the notion of visibility angle first considered by
Yau [Y 3]. Let us first explain the lemma of Berger-Kazdan.

Let v : [0,7] — M be a normal geodesic on M with length 7. Assume that there are
no conjugate points on . Let {ej,ea,...,e,} be a parallel orthonormal frame field
defined on v with e; = 4’. The Jacobi equation along 7(s) is given by

(10.1) Ve,Ve,V—TRever =0.
In particular, if V; is solution of (10.1) with initial conditions
Vi(0) =0

and
V/ (0) = €;

(2

for all 2 <1i < m, then one deduces that (e1,V;) = 0 for all s. Hence, we can express

‘/z‘ = Zm: bijej
j=2
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and (10.1) becomes

m m
} : " 2 :
bikek - bikRelekel =0.
k=2 k=2

Taking the dot product with e;, this implies that the matrix-valued function B = (b;;)
satisfies
B”" +BR =0

with
R = (sz) = (<R61€k€j761>)'

Moreover, B satisfies the initial conditions
B(0)=0, and B'(0)=1.

Note that R is symmetric and B is invertible by the assumption that v has no conjugate
points. Let A be the transpose of B. Clearly, by the symmetry of R, A satisfies

(10.2) A"+ RA=0
with initial conditions
(10.3) A(0) =0and A'(0) = 1.

Moreover, the solutions V; is given by V; = Ae;.

Lemma 10.1. (Berger-Kazdan [Bs]) Let Ai(s) be a (n X n)-matriz valued function
defined on [0,7]. Suppose A; satisfies (10.2) with initial conditions A:(t) = 0 and
Al(t) = I. Assume that R is symmetric on [0,7], and Ao(s) is invertible for all s €
[0,7]. If p(s) > 0 is a continuous function defined on [0, x| satisfying p(m — s) = p(s),
then

/Oﬂ/tﬂp(s—t)detAt(s)dsdtZ/Oﬂ/tﬂp(s_wsinn(s_t)dsdt.

Equality holds if and only if R(s) =1 on [0, 7] and Ai(s) = sin(s —t)I.

Proof. Let us denote A = Ap, and A* to be its adjoint. Taking the adjoint of (10.2),
we have (A*)” + A*R* = 0 Since R = R*, we have (4*)" + A*R = 0. In particular,
this implies that

((A*)/A _ A*AI)/ — (A*)//A - A*A//
=0.

Hence, together with the initial conditions of A we conclude that

(10.4) (A*) A= A*A'.
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We now claim that A;(s) is given by

(10.5) Ay(s) = A(s) ( /t S(A*A)—l(T)dT) A (1),

Indeed, A:(t) =0 and
4505 = 46) [ () 0)ar ) 470 + A (470
( )

AT (1) + (A7) (s) A" (1),

On the other hand, differentiating the identity A*(A*)~! = I yields
(A*)/(A*)—l 4 A*((A*)—l)/ —0.
Hence applying (10.4), we conclude that
((A)™H = —(A") 1A (Aa) ™!
— _(A*)—lA*A/A—l(A*)—l
— —AIA_l(A*)_l.

This established (10.5).
Let us denote ¢ = (det A)%. Applying Jensen’s inequality, we have

(10.6)

71
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Hence

det A;(s) = det A(s) det (/S(A*A)l(T)dT) det A(t)

> ¢"(s)6" (1) ( / i ¢—2<r>df>n,

e (det ) * 2 osp000 ([ o721 ).

On the other hand, Holder inequality implies that

(10.7)
< /0 /t p(s—t)detAt(s)dsdt) ( /0 /t p(s—t)sin"(s—t)dsdt)
> /0 ' /t " (s — £)(det Ay(2)) * sin™ (s — t)dsdt.
Therefore,
(10.8

)
/07r /t WP(S — t)det Ay(s)ds dt
; (/OF /t” ps = )¢ (s)d(t) sin" " (s — 1) /t ¢~2(r) dr ds dt>n

X (/OW /: ps —t)sin™(s — t)ds dt)l_n .

Clearly, equality holds if and only if equality holds on both (10.6) and (10.7). Equality
holds on (10.6) if and only if Ag = (A*A)~1¢? is a constant matrix on [0, 7]. Differen-
tiating Ay " and using (10.4), we have
0 — (A*)/A¢_2 _|_A*Al¢—2 —QA*A¢_3¢/
:2A*AI¢_2 _2A*A¢—3¢/
2477 (Ap7LY.

This implies that A¢~! = A; is a constant matrix. Taking the determinant of A = ¢A;,
we conclude that det A; = 1. Using the initial condition (10.3), we conclude that

= 4'(0) = ¢'(0) A,

hence Ay = I and A = ¢I. On the other hand, equality on (10.7) implies that
det A;(s) = sin"(s — t). In particular, this implies that A(s) = sin(s)I.
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In view of (10.8), to prove the lemma, it suffices to show that the functional defined

by o
:/0 /t p(s —t)p(s)p(t) sin™ (s — t) / ¢ 2(7)dr ds dt

satisfies the property that
G(¢) > G(sin),

/ts sin™?(7)dr = —Si,n<8 — t).

sin ssint

because of the identity

Observe that the definition of ¢, the assumption that A is invertible on (0,7), and
the fact that A satisfies (10.2) implies that ¢ has at most zeros of order 1 at 0 and
7. Hence, we may write ¢(s) = (sins)(expu(s)), where u(s) is bounded from below
and blows up at most at the order of log at 0 and 7. Hence we may apply Jensen’s
inequality and conclude that

= [ [ sts = trets)oosin s—t/¢> r) dr ds dt

_ /0 i /t ’ / " o(s — ) exp(u(s) + u(t) —ZU(T))sin”_l(s—t)Sin_S—QSint dr ds dt

S1n- 7
zm)exp{ /// (s — ) (us) + u(t) — 2u(r)
xsmn—us_t)wmdt}
ST T

with Q = {(7,s,0)[t <7 <s,t <s<7m,0<t <7} and

t
/ / / (s —t)sin” (S_t)smstm dr dsdt.
sin“ 7

Hence, we have reduced to showing that

/ / / (s — &) (u(s) + u(t) — 2u(r)) sin"~ (S—t)&smtah'dsdtzo.

S100

Let us define 7(s) = p(s)sin™ ' (s). Clearly, n(s) = n(m —s). Let us rewrite the integral

/// (s —t)( +u()—2u(7))md7dsdt
S T
/// (s — t)u SmSSlnthdsdt
SlnT
/// (s — t)u Smssmtdrdsdt
SlnT
—2/// (s — t)u Smssmthdsdt.
SlnT
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The first term on the right hand side can be written as

t ™ ™
/ / / s—1t)u smssm ————drdsdt = / u(s) / n(s —t)sin(s — t)ds dt.
sin? 7 0 t

By changing the order of integration, the second term on the right can be written as

t
/ / / (s —t)u smssm —————drdsdt = / / (s — t)u(t)sin(s — t)ds dt
sin? 7

:/0 u(t)/o n(s — t)sin(s — t)d¢ ds.

Also the third term can be written as

—2/// (s — t)u Smssmthdsdt
SlnT
/ // s—tsmssmtdtdsdr
SlnT

Hence

/// (s =) +u(t)_2u(7'))sm.s—2smtd7dsdt

—/ u(t) sin=2(t) f(t)dt

0

where

t

f(s) = sin’(t) /t7r n(s — t)sin(s — t)ds + sin®(t) /0 n(t — s)sin(t — s)ds
- 2/757r /Otn(s — 7)sinssinTdr ds.

We now claim that f is identically 0 on [0,7]. Clearly, f(0) = 0. Computing its
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derivative,

9 (n(s —t)sin(s — t))ds

) = QSintcost/ n(s —t)sin(s — t)ds + sin2t/ 5
t t

t t
0
+251ntcost/ n(t — s) sin(t—s)ds+sin2t/ %(U(t—@ sin(t — s))ds
0 0
t ™
+2/ n(t—T)sintsianT—Q/ n(s —t)sinssintds
0 t

:2sint/ n(s —t)(cost sin(s — t) — sin s)ds
Ty
¢ 83

t

—sin?t n(s —t)sin(s —t))ds

+ 2sint

o\

n(t — s)(cost sin(t — s) + sin s)ds

—sin?t n(t — s)sin(t — s))ds

ﬁ
*%I@

— —2sin? t/t n(s —t) cos(s — t)ds — sin® ¢ (n(m — t) sin(m — ¢))

+ 2sin? t/o n(t — s) cos(t — s)ds + sin” t(n(t) sin(t)).

Using the fact that n(t) = n(m —t) and sin(¢) = sin(7 — 1), we conclude that

sin™2t f'(t) = —2 /t7r n(s —t)cos(s — t)ds + 2/0 n(t — s) cos(t — s)ds.

If we set F(t) = sin~2t f'(t), we observe that F(0) = 2 [, n(s)cossds. Using the
symmetry of 7 and the fact that cost = — cos(m —t), we have F'(0) = 0. Differentiating
F with respect to t, we obtain

F'(t) = —Q/tW%(n(s—t) cos(s —t)) ds+2/0 %(n(zﬁ—s) cos(t — s)) ds + 4n(0)
:—2/;%(n(s—t)cos(s—t))ds—?/o %

= 2n(m —t) cos(m —t) + 2n(t) cost

(n(t — s) cos(t — s)) ds + 4n(0)

This implies that F'(¢) = 0 for all ¢ € [0, 7], and hence f(¢) = 0 on [0, 7]. This proves
the lemma.

We are now ready to give an estimate on the isoperimetric inequality IN_m_ (M)
for compact manifolds without boundary. Let us first set up the following notation.
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Let M be a manifold with boundary OM. The unit tangent bundle of M is denoted
by SM, and 7 : SM — M is the projection map. Given any unit vector v € SM,

we denote 7,(s) to be the normal geodesic with initial conditions 7,(0) = 7(v) and
7:(0) = v. The geodesic flow ' : SM — SM on SM is given by

¢'(v) =7, ().

Let us define £(v) to be the smallest value of ¢ such that 7, (t) € OM. Clearly, if the
geodesic v, is confined in the interior of M, then ¢(v) = co. The map ¢ t(v) is obviously
defined for all ¢t < ¢(v). We also define

{(v) = sup{t|y, minimizes up to t and ¢t < £(v)}.

Observe that £(v) < oo because M is compact, and £(v) < £(v). The set of unit tangent
vectors v € SM such that the geodesic v_, minimizes up to the boundary is given by

UM = {v e SM|{(—v) =l(-v)}.

Let us denote U, = 7~ ! yar(p) to be the preimage set of m when restricted to UM. If
Sp is the unit tangent sphere at the point p, then the relative measure of U, is denoted
N m(U,)
P
wp( ) m(Sp) .
Definition 10.1. The visibility angle of M with respect to its boundary OM is defined
by w(M) = inf,epr wp(M).

Let p € OM be a point on the boundary, we denote v, to be the inward pointing
unit normal vector to OM at p. Define

STOM = {v e SM|r(v) € OM and (v,vy(,)) > 0}

to be the set of inward pointing tangent bundle over M. The volume of the standard
unit m-sphere is denoted by «,,. It is clear that, the volume of the set STOM is given
by

Ap—1

V(STOM) = V(OM).

The following integral formula was proved by Santalé [S].

Proposition 10.1. (Santald) Let f be an integrable function defined on U.M. Then

£(u)
UM Jw)dv = /S+8M/o F(C"(u)(u, Vr(u))dr du.

In particular, by setting f = 1, we have

V(UM) = /S+8M £(u) (U, Vr(u))du.
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Theorem 10.1. Let M™ be a complete manifold with boundary, OM. Then

A™(OM) > Crw™ M (M)V™ (M),

where C1 = 2™ 1a™  al=™. FEquality holds if and only if w(M) = 1 and M is

isometric to a hemisphere of the standard sphere.

Proof. Let J(v,t) be the area element of 0B (,)(t), the boundary of the geodesic ball
centered at 7(v) with radius ¢, at the point (u,t) in terms of normal polar coordinate

at m(v). For any p € M, we have
/ / J(v,t)dt dv.

Integrating over all points p € M, this implies that

£(v)
(10.9) V(M) = / / / J(v,t)dt dv dp
M JS, Jo
£(v)
:/ / J(v,t)dt dv
SM JO
£(v)
2/ / J(v,t)dt dv
UM JO

L(u)  pe(C"(u))
[ I @, dt e du
Stom Jo 0

by Proposition (10.1). We now observe that £(¢"(u)) > ¢(u) — r, hence by (10.9), we
have

L(u) pl(u)—r
(10.10) V2M > /s+aM/ / ), ) dt (u, pir () dr du.

Let us now observe that by rescaling the metric by e(ﬂ_u)’ and setting
det A,.(t) = J(C"(u),t —r)

along the geodesic v,, Lemma 10.1 implies that

£(u) (u)—r
/ / ), 8) dt dr = Cs ™ (),

= 7T_(m+1)/ / sin™ "t — s)dtds

’ITL

where

=27 a7
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Hence (10.10) becomes

(10.11) V(M) > 03/ 0" (W) (U, Vi ()) du
S+oM

On the other hand, Holder inequality implies that

(10.12) -~
(/s+aM 0 (u) (u, Vﬂ(u))du) (/g+aM<u,yﬂ(u)>du>

> ( /S e, Vw(u)>du) "
= V" (UM)

> (1 w(M)V (M)
Evaluating the integral

| twvhda =22 @)
S+oM 2

and applying (10.12) to (10.11), the desired estimate follows. It is clear that equality
holds if and only if w(M) = 1, £¢(u) is identically constant for u € STOM, and equality
holds for Lemma 10.1. This is equivalent to M being a hemisphere of the standard
sphere.

With the aid of Theorem 10.1, we are ready to estimate the isoperimetric inequality
for some cases in terms of the lower of the Ricci curvature, the upper bound of the
diameter, and the lower bound of the volume. The following argument for estimating
the visibility angle was first proved by Yau in [Y 3].

Corollary 10.1. Let M™ be a compact Riemannian manifold without boundary. Sup-
pose the Ricci curvature of M is bounded from below by R;; > (m — 1)K, for some
constant K. Let d = d(M) and V(M) be the diameter and the volume of M, respec-

tively. Then
m-+1
V(M)\
Nz (M) 2 4(V<d>)

where V(d) denotes the volume of a geodesic ball of radius d in the simply connected

1—m

. _z2
space form of constant K sectional curvature, and Cy = 27 m Q1™ .

Proof. Let S be a hypersurface dividing M into two components M; and M;. Let us
assume that V(M) > V(Mz), hence 2V (M;) > V(M ). By Theorem 10.1, we have

A™(5) _AT(S)

min{V (M), V(My)}m—t  Vm=1(M;)
2 Clwm+1(M2).
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On the other hand, for any point p € My, if v is a minimizing geodesic joining p
to a point & € M; then 4/(0) must be in U,. Hence if we write the metric in terms of
normal polar coordinates at p, we can estimate the volume of M; by

V(M) < /od/Up J(v,r)dvdr

d
Sm(Up)/O J(r)dr

= wp(Ma) V(d).

The corollary follows by using the assumption that 2V (M;) > V(M) and the definition

Corollary 10.2. Let M™ be a complete Riemannian manifold. Let us assume that
the geodesic ball of radius R centered at a point p € M satisfies that B,(R) NOM = ().
Suppose the Ricci curvature is bounded below by R;; > (m — 1)K on By(R) for some
constant K. Then for any 0 < r < R, we have

mﬁﬂymzﬁﬁngﬁﬁﬁ)T

where V(r + R) denotes the volume of a geodesic ball of radius r + R in the simply
connected space form of constant K sectional curvature.

Proof. By the definition of ID_m_(B,(r)) and Theorem 10.1, it suffices to estimate

w(D) for any proper subdomain of B,(r). However, it is clear that w(D) > w(By(r))
because D C B,(r). Hence

m—+41

ID_w (B,(r)) > O w™

m—1

(Bp(r))-

Following the same argument as in the proof of Corollary 10.1, for any « € B,(r), we
have

WR—%WSIMA;WﬂMW

r+R
< m(U,) /0 J(r)dr

< W;v(Bp(r»V(r + R).

Hence the corollary follows.



80 PETER LI

§11 HARNACK INEQUALITY AND REGULARITY
THEORY OF DE GIORGI-NASH-MOSER

In the section, we will present Moser’s version of the De Giorgi-Nash-Moser’s reg-
ularity theory, which was first discovered independently by De Giorgi and Nash. The
iteration procedure of Moser was particularly useful in the theory of geometric anal-
ysis. We will attempt to cover this in most generality and keep explicit account on
the dependency of various geometric and analytic constants. In applying this type of
argument in the study of geometric PDE, often the explicit geometric dependency is
crucial. As a result of these estimates, one derives a mean value inequality for non-
negative subsolutions and a Harnack inequality for positive solutions of a fairly general
class of elliptic operators. In particular, it gives a C'“ estimate for solutions of any sec-
ond order elliptic operators of divergence form with only measurable coefficients. This
regularity result was the original motivation for the development of this theory. We
shall point out that the mean value inequality and the Harnack inequality derived from
this argument applies to a slightly more general class of equation, while the ones given
in earlier sections has less geometric dependency but requiring more smoothness on the
operator. Both approaches are important in the theory of geometric analysis, while
each is more suitable for different type of situation. The following account of Moser’s
argument which has been adopted to a more geometrically setting is a modification of
the lecture notes of Schoen in [Sc].

In terms of notations, let us define the average value of a function f defined on a
geodesic ball B,(R) by

7£ fdv = VP(R)—l/ fdv.
By (R) By (R)

When the point p is fixed, the average L?-norm of f over B,(R) is defined by

fFllon = (7[3 e dV>

and the regular L?-norm is defined by

R = </ fe dV) .
By (R)

Lemma 11.1. Let M be a complete manifold of dimension m. Let us assume that the
geodesic ball B,(R) centered at p with radius R satisfies B,(R) N OM = (). Suppose
that w € Hy o(B,(R)) is a nonnegative function defined on By(R) such that

If

Au > —fu.
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Let us defined the value v = 75 for m > 2, and 1 < v < oo be arbitrary for m = 2.
Assume that the function f is nonnegative on By(R) and its LY norm is finite for some

v < q < oo, with
A=A fllon = (7[ fq)
B, (R)

A= |[flloc,r = sup f
R)

P

forv < g < oo and

for q = oco. If p 1s the conjugate of v such that %4—% =1, then let Cs > 0 be a constant
such that the Sobolev inequality takes the form

C m
veP > & 75 AN
7[BP<R>‘ | RQ( B,(R)

for all compactly supported function defined on B,(R) which is Hy 2(B,(R)). Given a
0 <1, let us assume that

Vp(R)
Viom < Cv

then for any k > 0, there exists constant Cs > 0 depending only on k,v,q,Cs, and C,
such that

lulloo.on < Cs ((AR)T7 + (1= 0)72) " fulls,n.

Proof. By rescaling, without loss of generality, we may assume that V,,(R) = 1. For
any arbitrary constanta > 1, the assumption of u implies that

[z - [oueia,

for any compactly supported Lipschitz function on B,(R). Integrating by parts, the
right hand side yields

—/¢2u2“_1Au: 2/¢u2a—1<v¢, Vu) + (2a — 1)/gb2u2a_2|Vu|2
> 2/¢u2“_1<v¢, Vu) +a/¢2u2a_2]Vu\2.

However, using the identity

/ V()| = / Vo2u2 + 2a / o> (V, Vu) + o / P2 (Va2
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we have

(11.1) /¢ fu2a+/|V<;5|2 20 > /|V du®)
zﬁ(/(eﬁ 2aym )E

Let us choose ¢(r) to be the Lipschitz cut-off function depending only on the distance
to p, given by

0 on  By(R)\Bylp+0)
¢ = % on By(p+0)\ By(p)
1 on By, (p).

When ¢ = oo, (11.1) implies that there is a constant C; > 0 depending only on Cj

and C), such that
(/ u2au>p (/(¢2 2a) >F
By (p)

2
<G (oam+ B[
g By (p+o)

Hence,

R2
(11.2) (01 (aAR2 )) ldllzapto > [ellsap.

When % < g < oo, by the Holder inequality, we have

(11.3) a/¢2fu2“ <aA (/(¢2 )T ) q

n(g—1)—gq

con( [ o) 5 (fuamr) ™

However, applying the inequality

— 1
7€ < 0T 1 4 JeT< (— - 1)

€

n(g—1)—gq
q(p—1)

r = (aA) D ( / ¢>2u2a) ( / (¢2u2“)“)_ :

by setting € = and

==
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we have

—q a—n(g—1

)
(11.4) aA (/¢2 2“) s (/(¢2u2“)“) e

<o @t ([oe) (@) |

Multiplying through by

and choosing § so that

(11.3) and (11.4) becomes

a C u(q:}li)fq a
/qbqu <C<R2> ( u(ql)q(/¢22) 2_

1

8

R2

o 1
4 GeTe (——1

€

(fiosr)

)
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for some constant Cy > 0 depending only on u,q and C,. Hence together with (11.1),

we have

g(p—1) R2 2a
(11.5) (Cs<aAR2>—u<q—”-q + F) ltllzapto > lullzarep-

In any event, (11.2) and (11.5) imply that we have the inequality

2

(1L6) (Catad B + 55 ) Nl = Nl

q(p—1)

o00=2""1-0)R, o,=2"2(1-0)R, -, o;=2"0+)(

and

p-1=R, po=R-—-09, p1=R—o0¢—01,

B E ku . kit
2

:R—

Let us now choose the sequences of a;, p;, and o;, such that

—O)R, -,

1
> 9
7=0
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Observe that lim; .. p; = OR. Applying (11.6) to a = a;,p = p;, and o = 0;, and
iterating the inequality, we conclude that

i R2 ﬁ
ol < TT (Cotaia ) + 25 ) ™ o
j=0 i

On the other hand, we have the inequality

—1 ) —1
lim V(0R)>+ ||u||2ai+17pz' > lim V(6R)>* i+ ||u||2ai+179R
1— 00 =0

= l[ullo0r-
Therefore, letting i — oo, we conclude that

> FARZ 0\ 841\
follar < T (€2 (M454) + 295) "

J=0

The product can be estimated by using the fact that

ﬁ Bt ' = Bitt
1=0

and the fact that Y ;- iu~" is finite. Hence we have

fie (42 24)°
(6 () )

1 Moy 1 kp=1)
§C3 (AR) +m )

where C3 > 0 depends only on k, i, g and Cy alone. This proves the desired inequality
for k£ > 2.

For those values of k£ < 2, we begin with the case k = 2. In that case, the inequality
takes the form

(11.7)

1 D) .
il < Ca (AR + =z ) Hula Vy(0R)

1 2(HH— 1
2\ 2 2 —3
<o (@R + s ) iR
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for any R < p < R, and 1 < 1. Let us choose the sequences of p; and n; to be

po=0R, p1=0R+27'(1-0)R, -, p;=0R+(1-60)RY 277, .-,

j=1
and

NiPi = Pi—1-
Applying (11.7) to the pair p; and 7; and iterating the inequality yields
(11.8)

(1-%)!
ulloc,or < llulls g

. _kyi—1
X ]1:[1 Cy ((AR ) + m) ”qu,RVP(eR) 3 .
Letting ¢ — oo, the term
_kyi
el =1,

and

(1-%) 1
kR 2 = ||U||k,R'

> k
| R

b
=1

Hence, (11.8) implies that

W

1 k(p—1) 1

o < A 2\ - %,

fullon < Ca (AR 4 g ) luliaVo(om)
Substituting the values of o and the fact that 4 = =5, the desired inequality follows.

Lemma 11.2. Let M be a complete manifold. Suppose that the geodesic ball By(R)
centered at p with radius R satisfies By(R) N OM = 0. Let uw > 0 be a function in
H, 2(B,(R)), satisfying the inequality

Au < Au
in the weak sense for some constant A > 0 on By(R). Let us denote v = g form > 2,

and 1 < v < oo be arbitrary when m = 2. If u is the conjugate of v such that %—I—% =1,
then let Cy be the Sobolev constant such that

C
vyl > & 7[ A
7[BP<R>’ | R2< By(R)

==



86 PETER LI

for all compactly supported Hi o(By(R)) functions. Let us assume that the first non-
zero Neumann eigenvalues A1 (£) and A1 (£) of the balls By(£) and B,(£) satisfy the

estimate ) )
R R R R
1 — — - — >
mln{16)\1<4),4)\1(2>}_0p

for some constant Cp, > 0. Also, let us denote the upper of the ratio of the volumes of
balls by
Vo(R)

Vo(35)

< Cy.

Then for k > 0 sufficiently small, there exists constant C > 0 depending only on the
quantities k,v,C,, Cp, Cs, and (AR? + 1) such that

Hqu r < 020 inf .
e By ({§)

Proof. The function u~! satisfies

Au~t = —uT2Au + 2u73| Va2
> — Ayl

By applying Lemma 11.1 to u~!, we have

~1
(11.9) ( inf u> = sup u !

By(16) By ({§)

< Cs5(AR? + 1) fut |y, x.
Clearly, the lemma follows if we can estimate the product
—1
Bz -l 2

from above for some value of £ > 0.
To achieve this, let us consider the function

w= [+ logu
where 3= — [ By (R) log u. The function w satisfies
A 2
w24 VY
U u
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hence
(11.10) Vw|? < A — Aw.

Let 1(r) be a cut-off function defined by

0 on M\ B,(R)
b2 e BB
1 on Bp(g).

Multiplying (11.10) by ? and integrating, we have

[wrvup < [vra- [va
_ / BPA 42 / (Y, Vo)
< /¢2A+2/\Vw\2+%/¢2ww\2.

We deduce that
(11.11) / |Vw|? < /waVwF
Bp(5)

<24 [+ [ (vup

16V, (R
< 2Avp(R)+R+2().

However, the Poincaré inequality and the choice of # implies that

4
% w? S/ |Vw|?.
R Jp,z) By(%)

Hence, we have
(11.12) / w? < CsV,(R)
By(%)

where Cg > 0 is a constant depending only on C,, and (AR%+1). Applying the Schwarz
inequality, we also have

(11.13) / w| < C2V,(R).
B, (%)
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On the other hand, let ¢(r) to be the Lipschitz cut-off function depending only on
the distance to p, given by

0 o B(0)\Bylp+o)
PEIEEIED o Byp+0)\Bylo)
1 on By (p).

Then multiplying ¢?|w|?*~2 to (11.10) for a > 2, and integrating by parts yields

(11.14)
/¢2|w|2a—2’vw|2 SA/¢2|w|2a—2_/¢2|w|2a—2Aw

<4 / 62|22 + 2 / o[> (V 6, Vaw)
+(2a—2) / 9% ]3| V2.

Using (11.11) and the inequalities,

/¢2|w|2a2 S/ |w|2a72’
By (p+o)

| N

2 [ ofuPe?(Vo.vw) < 1 [ VPl 44 [ Vol

a— 4 a—
/ Vw2 / w2,
U Bp(P"'U)

| /\

and
(24— 2) / &[>3V ?

< 4/¢| |2a 2’vw|2 2a 3/¢ |Vw\2
< = /¢2|w]2“_2]Vw|2 + (8a — 12)2a_3/ |Vw|?,
4 By (p+0)
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(11.14) becomes

(11.15)
[ Supriup

8
< (zA + —2> / [[2972 4+ 2(8a — 12)2a—3/ Vw2
g By (p+o) By(p+0)

< <2A+ %)/ w202
g By (pto)

o 8
+ 4(8a — 12)2*73 (A + §> V,(R).
By setting a = 2, p = %, and o = %, and combining with (11.12) we have

/ w2 [Vl? < CrR™>V,(R)
Bp(£)

for some constant C7 > 0 depending only on C,, and (AR? + 1). On the other hand,

/ w? |Vw|?
Bp(§)

4

2
1. (R R\~
> -\ (—) / sgn(w) w? — V, (—) / sgn(w) w?
4\ I 4 B, (%)
—1
2L e (F) ( [ st wQ)
4 R
Bp (%) Bp(3)
e R\~
> o5 / \w|4—Vp<—> </ w2>
B, (%) 4 B, (%)
Hence combining with (11.12), we have

(11.16) / lw|* < CsV,(R)
Bp(§)

for some constant Cs > 0 depending on C), (AR?+1) and C,,. Using Schwarz inequality,
we also conclude that

(11.17) /B " lw|? < CS%V,,(R).
AN
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For general a > 2, the Schwarz inequality implies that
V(¢ |w]")[* < 2]V |w]** + 2a%¢*|w|** 2| Vw|?.

Combining this with (11.15), we conclude that

2 4
/’V (¢ ’w|a) ‘2 < _2/ ’w|2a + 4a2 (A+ _2) / ]w[2a_2
7 I Bylete) 7] JBy(pto)

+ 8(8a — 12)2*~ 1 <A + %) V,(R).

Using the inequality
|w’2a—2 S |w’2a T 1,

we have

1
[ v P < co? (A i P) [
B:D(P+0)

B 1 1
+ C1o(8a — 12)2¢71 (A + 73 + E) V,(R)

for some universal constants Cg, C1g > 0. Hence, applying the Sobolev inequality

C, 1 . e 1 Y
ﬁmR)v(/B NG ) < vt ( [euey)
< [Iv@lum P,

we conclude that

B RZ 2a
Holla < CFFa¥ (4R + 55) " fulanyio

1 R2 ﬁ
+ OF5 (8a) (AR2 +1+ §>

where C11,Ci2 > 0 are constants depending only on C's and C,. Consider the sequences
of a;, p; and o; given by

a0:27 a’1:2/~L7 Tty ai:2M7 )

og = 2_4R, o1 = 2_5R, ceey o; = 2—(4+Z)R’
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and .
R R R
pOZZ_Um [)1:1—00—01, B Pizz—jz_:o"j,

If we adopt the convention that p_; =
o;, we have

%, then applying the inequality to a;, p; and

1

L Adi P o Att 7
H’lUH4ui+17pi < (2#2)%1 2 2pt 1435 H’U)H4Mz‘7pi_1 + 16p" 220 Cféf .

where C13,C14 > 0 are constants depending only on Cy, C,, and (AR? + 1). Iterating
this by running ¢ =0, --- , ¢ gives

L

fowllapens p, < [T20) 57 255 O ol
=0

-1 a1 ! o ay L
+ > 16ut 2w oyt ] ((M)ww Cly )
i=0 j=i+1
I
+16p 2207 O

Using the equality > ;° p~" = 2, and the fact that >~ (3 + ¢)u~" is finite, we
conclude that

¢ e
(11.18) ffwllagues p, < Cos [ Hwllyz +> (M 2)
=0
< Cug (flly 5 +4n")

1

where the constants Cy5,C16 > 0 depend only on m, Cy, C,, and (AR? +1).
For each integer j > 4, let £ be such that 4 < j < 4p**!. Using the fact that
pe > %, Holder inequality and the estimate (11.18) implies that

7[ ’wlj < <7£ ’w’4ul+1> T
B,(£) By (&)

< Cls(ffwly, = +7).

Hence together with (11.12), (11.13), (11.16), and (11.17), we have

oo

klw] — (5! —1pJ J
M= S
7[313(%) Z Bp (%)

Jj=0
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where C17,C1g > 0 are constants depending only on C,, C,,, and (AR? + 1). However,
using Stirling’s inequality j7 < jle’/, we conclude that

7[ 6k|w| S 017 + Z(Clgke)j.
Bp(%) j=5

Therefore, by choosing k < (Cige)™ !, the infinite series converges and we obtain the
estimate

(11.19) / eflvl < Cyg
B,(£)

where C19 > 0 is a constant depending on m, C,, C, Cs, and (AR? +1).
Let us now observe that

FBYF — pkw

< eklwl
and
o~ kBy—k — p—hw
< eklwl
imply that

2
Fa 1 o ullt g < f ol
b Es By (%)

The lemma now follows by applying (11.9) and (11.19).

By combining Lemma 11.1 and Lemma 11.2, we obtain the following Harnack in-
equality.

Theorem 11.1. Let M be a complete manifold of dimension m. Let us assume that
the geodesic ball B,(R) centered at p with radius R satisfies B,(R) N OM = (). Suppose
that uw € Hy 2(Bp(R)) is a nonnegative function defined on B,(R) such that

|Au| < Au.

Then there exists a constant Cy1 > 0 depending on the quantities (AR2 + 1), m, Cp,
Cs, and C,, such that

sup u < Cy inf wu.
B, (%) By (%)
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Corollary 11.1. Let M be a manifold of dimension m. Suppose that ds? is a complete
metric on M such that there is a point p € M and for all R, the quantities C,,,Cs,
and C, are all bounded independent of R. Then for any ds®> metric on M which is
equivalent to ds3, there does not exist any nonconstant positive harmonic functions for
the Laplacian with respect to ds®. In particular, any manifold which is quasi-isometric
to Fuclidean space endowed with the standard flat metric has no non-constant positive
harmonic functions.

Proof. To see this, we first observe the properties that C,, Cs, and C, are uniformly
bounded is a quasi-isometric invariant. Hence one Theorem 11.1 implies that any
positive harmonic function u defined on M must satisfies the Harnack inequality

sup u < (s inf .
B,(16R) Bp(16R)

On the other hand, since u is positive, by translation, we may assume that infy; u = 0.
Hence, by taking R — oo, we conclude that

supu < Cyyinfu = 0.
M M

Therefore, u must be identically 0.

Corollary 11.2. Let M, ds3, and ds? satisfy the hypothesis of Corollary 11.1. Suppose
u € Hy 2(Bp(1)) satisfies the differential inequality

|Au| < A

in the weak sense for some constant A > 0. Then u must be Holder continuous at the
point p.

Proof. Let us denote s(R) = supp gy v and i(R) = infp, (r) u. Applying Theorem 11.1
to the functions s(R) —u and u — i(R), we have

s(R) — z(l—}Z) < Cx (8(R) - 5(1_]2))

and S(TRG) _i{R) < Cn (i(ﬁ) —i(R)).

Adding the two inequalities yield

w(R) —I—w(l—lz) < Oy (w(R) —W(%))

where w(R) = s(R) — i(R) denotes the oscillation of u on B,(R). This implies that

w(45) < (B

< 1. Iterating this inequality gives
w(167F) < ~Fw(1).

Setting r = 16 7%, we see that u is Holder continuous with Holder exponent —

_ Co1—1
for v = o

logy
log 16~




94

[Bs]
[B-C]

[B]
[Bm]

PETER LI

REFERENCES

L. A. Besse, Manifolds all of whose geodesics are closed, Ergenbnisse der Mathematik no 93,
Springer-Verlag, Berlin-New York-London, 1978.

R. Bishop and R. Crittenden, Geometry of Manifolds, Academic Press, New York and London,
1964.

S. Bochner, Vector fields and Ricci curvature, AMS Bull. 52 (1946), 776-797.

E. Bombieri, Theory of minimal surfaces and a counterexample to the Bernstein conjecture
in high dimensions, Lecture notes (1970).

J. Cheeger, A lower bound for the smallest eigenvalue of the Laplacian, Problems in analysis,
a symposium in honor of S. Bochner, Princeton U. Press, Princeton, 1970.

J. Cheeger and D. Gromoll, The splitting theorem for manifolds of nonnegative Ricci curva-
ture, J. Diff. Geom. 6 (1971), 119-128.

R. Chen, Neumann eigenvalue estimate on a compact Riemannian manifold, to appear in,
Proc. Amer. Math. Soc. (1989).

S. Y. Cheng, Eigenvalue Comparison theorems and its Geometric Application, Math. Z. 143
(1975), 289-297.

H. I. Choi and A. N. Wang, A first eigenvalue estimate for minimal hypersurfaces, J. Diff.
Geom. 18 (1983), 559-562.

C. Croke, Some isoperimetric inequalities and consequences, Ann. Scient. Ec. Norm. Sup. 4,
T 13 (1980), 419-435.

J. Escobar, Uniqueness theorems on conformal deformation of metrics, Sobolev inequalities
and an eigenvalue estimate, preprint.

C. Faber, Beweiss, dass unter allen homogenen Membrane von gleicher Fldche und gleicher
Spannung die kreisformige die tiefsten Grundton gibt, Sitzungsber.-Bayer. Akad. Wiss, Math.-
Phys. Miinchen (1923), 169-172.

H. Federer and W. Fleming, Normal and integral currents, Ann. Math. 72 (1960), 458-520.
E. Krahn, Uber eine von Rayleigh formulierte Minimaleigenschaft des Kreises, Math. Ann.
94 (1925), 97-100.

P. Li, On the Sobolev constant and the p-spectrum of a compact Riemannian manifold, Ann.
Scient. Ec. Norm. Sup. 4, T 13 (1980), 451-469.

P. Li, Poincaré inequalities on Riemannian manifolds, Seminar on Differential Geometry,
Annals of math. studies. Edited by S. T. Yau, vol. 102, Princeton U. Press, Princeton, pp. 73—
83.

P. Li and R. Schoen, LP and mean value properties of subharmonic functions on Riemannian
manifolds, Acta Math. 153 (1984), 279-301.

P. Li and L. F. Tam, Harmonic functions and the structure of complete manifolds, J. Diff.
Geom. 35 (1992), 359-383.

P. Liand S. T. Yau, Eigenvalues of a compact Riemannian manifold., AMS Proc. Symp. Pure
Math. 36 (1980), 205—239.

A. Lichnerowicz, Géometrie des groupes de transformations, Dunod, Paris, 1958.

M. Obata, Certain conditions for a Riemannian manifold to be isometric to the sphere, J.
Math. Soc. Japan 14 (1962), 333-340.

R. Reilly, Applications of the Hessian operator in a Riemannian manifold, Indiana U. Math.
J. 26 (1977), 459-472.

L. A. Santald, Integral Geometry and Geometric Probability, Addison-Wesley, London-Amsterdam,|]
1976.

R. Schoen, Berkeley lecture notes.

S. T. Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl. Math.
28 (1975), 201-228.

S. T. Yau, Some function-theoretic properties of complete Riemannian manifolds and their
applications to geometry, Indiana Math. J. 25 (1976), 659-670.



LECTURE NOTES ON GEOMETRIC ANALYSIS 95

[Y 3] S.T.Yau, Isoperimetric constants and the first eigenvalue of a compact Riemannian manifold,
Ann. Scient. Ec. Norm. Sup. 4 (1985), 487-507.

[Z-Y] J. Q. Zhong and H. C. Yang, On the estimate of first eigenvalue of a compact Riemannian
manifold, Sci. Sinica Ser. A 27 (1984), 1265-1273..



