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S" : R™ LAYMEEAE (1, 4',...,4")

(a)The Laplace operator A on S" on functions f:S"—>Rcan be

obtained from Euclidean Laplace operator A, on R™ via

2
Af =A,f + aF+aF
or or?
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(b)Let p be a homogeneous polynomial on R"™of degree k that is

ERIEERR (r,0,9) A=3

harmonic » i.e. A,p=0 °Then its restriction to S" satisfies

Ap=k(k+n-1)p - In particular > such a p then is an
eigenfunction of S" for the eigenvalue k(k+n-1) °
(That 1s the resaen why such polynomials are called

spherical » the spectrum of S" consists of the values k(k+n-1)
for k=0,1,---)

[Specd03-11EREMEL A,p=0 ptx)=t“p(x) ( p(r.0)=r"f (6))

[Specd403-2]
(c)Compute the Laplace operator of S" on p-forms (0<p<n)in the
stereograpgic coordinates (X,...,x")
1£S" F Laplace de Rham operator Y EZE HA=ds+4od
{(E LRSS R TR p=2 BV
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(d)Let we'(S?) be a 1-form on S? -
Suppose @’w=w for all ¢eSO(3) > Show that w=0
Formulate and prove a general result for invariant
differential forms on S" -
Tori: A torus T" := n(R") was obtained by taking linearly independent vectors
Wi, Wa, ..., w, € R" and considering 71.22 € R”" as equivalent if there are
mp,my, ..., m, € Z with

n

a1—2= Zm,-w;.

=1

The points of the form w = "' m;w; constitute a subgroup of the group of
translations of R”. Such a subgroup is called a lattice. Thus, a torus 7" can be
seen as a quotient R"/ T for some such lattice T".

The Laplacian on a torus 7" is directly obtained from that of R".

Tor1 -
(a)The eigenvalues of the Laplacian on a circle of length L are
47°K* .
A = T} ,k=0,1,2,... each with multiplicity 2

The eigenfunctions are obtained from the trigonometric
: . Lx Lx
functions sin(—),cos(—) on R~
27 27

This follows from elementary Fourier analysis °

(b)



(b) Consider a torus 7" = R"/T. Denote the elements of I" by w. The dual
lattice I'* then consists of those vectors w* € R” that satisfy

(ww*)yeZ forallweT, (3.5.25)
where (.. .) denotes the Euclidean scalar product. The functions
S (X) = expRi(w*, x)) forw* e T'* (3.5.26)

then are eigenfunctions on 7" with eigenvalues 47%|w*|>. (They are eigen-

functions on R” that are invariant under I" and therefore project to functions
on T". As in the case of S!, one shows with the help of elementary Fourier
analysis that these are all the eigenfunctions of 7".)

1. Give a detailed proof of the formula

2. Let M be a two-dimensional Riemannian manifold. Let the metric be given by
gii(x)dx" ® d¥ in local coordinates (x!. x?). Compute the Laplace operator on
|-forms in these coordinates. Discuss the case where

gi(x) = 22(x)5;

with a positive function A2(x).

3. Suppose that @ € Hi}“z (M) satisfies
(da,d*¢) + (da,dg) = (n,@) forall ¢ e QF(M),

with some given n € QP(M). Show o € €27(M), i.e. smoothness of «.



4. The considerations of the spectrum of the Laplace—Beltrami operator on func-
tions as given in Sect.3.2 can be extended to differential forms, as briefly
described and utilized in Sect.3.3. The present exercise leads you to the
systematic derivation of these results.

Thus, let M be a compact oriented Riemannian manifold, and let A be the
Laplace operator on Q7(M). A € R is called an eigenvalue if there exists some
ue QM) u# 0, with

Au = Au.

Such a u is called an eigenform or an eigenvector corresponding to A. The vector
space spanned by the eigenforms for A is denoted by V) and called the eigenspace
for A.

Show:

(a) All eigenvalues of A are nonnegative.

(b) All eigenspaces are finite dimensional.

(c) The eigenvalues have no finite accumulation point.
(d) Eigenvectors for different eigenvalues are orthogonal.

As in Sect. 3.2, the next results need a little more analysis (cf. e.g. [242]).

(e) There exist infinitely many eigenvalues
M<Ah<...<i, <...

(f) All eigenvectors of A are smooth.
¢) The eigenvectors of A constitute an L?-orthonormal basis for the space of
p-forms of class L2.

5. Here is another long exercise:
Let M be a compact oriented Riemannian manifold with boundary oM # @.
For x € dM.V € T M is called tangential if it is contained in T, dM C T.M and
W e T.M is called normal if

(V.W) =0 forall tangential V.

An arbitrary Z € T.M can then be decomposed into a tangential and a normal
component:

Z= Ztan + Znor-



Analogously, n € I'?(TM) can be decomposed into

3? = Ulan + nnor

where 7, Operates on tangential p-vectors and 1y On normal ones. For p-forms
w on M, we may impose the so-called absolute boundary conditions

Whan =0,
oM.,
(d*w)nor =0, on
or the relative boundary conditions
@nor = 0. on oM
(da))nor = 0. '

(These two boundary conditions are interchanged by the *-operator.)
Develop a Hodge theory under either set of boundary conditions.



