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第三章 習作 

1. nS ： 1nR  上的極座標 1( , ,..., )nr    

(a)The Laplace operator  on nS  on functions : nf S R can be 

obtained from Euclidean Laplace operator 
0  on 1nR   via 
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極座標為 1( , ,..., )nr   ，F 是 f在 1nR  的平滑延拓，Laplace 為
0 則
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 (通常取 1 1( , ,..., ) ( ,..., )n nF r f    ) 

例 n=2 2
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取 ( , ) cosf     則 2
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(b)Let p be a homogeneous polynomial on 1nR  of degree k that is 

harmonic，i.e. 0 0p  。Then its restriction to nS  satisfies 

( 1)p k k n p    。In particular，such a p then is an 

eigenfunction of nS  for the eigenvalue k(k+n-1)。 

(That is the resaen why such polynomials are called 

spherical，the spectrum of nS  consists of the values k(k+n-1) 

for k=0,1,…) 

[Spec403-1]球諧函數 0nS
p   ( ) ( )kp tx t p x  (  ( , ) ( )k

kp r r f  ) 

   [Spec403-2] 

(c)Compute the Laplace operator of Sn  on p-forms (0 p n  )in the 

stereograpgic coordinates 1( ,..., )nx x   

在Sn 上 Laplace de Rham operator 的定義為 d d      

使用立體投影座標計算 p=2 的情形 
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(d)Let 1 2( )S  be a 1-form on 2S 。 

Suppose      for all (3)SO 。Show that 0    

Formulate and prove a general result for invariant 

differential forms on nS 。 

 
2. Tori： 

(a)The eigenvalues of the Laplacian on a circle of length L are 
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
    each with multiplicity 2。 

The eigenfunctions are obtained from the trigonometric 

functions sin( ),cos( )
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 
 on R。 

This follows from elementary Fourier analysis。 
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