§ Geodesics and Jacobi fields
6.1 INRHEHEBNFE—  FE 85
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Theorem 6.1.1 Let ¢ : [a.b] — M be geodesic. Then

b b
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¢ ‘ (6.1.6)

and with ¢+ = ¢/ — (ﬂgﬂ c’)ﬂ%” (the component of ¢ orthogonal to ¢),
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EH 6.1.2 Synge
Any compact oriented even-dimensional Riemannian manifold with
positive sectional curvature 1s simply connected °

§ ET# Index form of the geodesic
b . . a
I(X’Y)::L (<VTX’VTY>_<R(CIX)Y|C>)dt where Tza

2
B I(X, X)—d—E(O) 1f X(a)=0=X(b)

EH6.2.1

Let ¢:[0,T]>M be a geodesic °

Let c(t,s) be a variation of c(t)

c(t,s):[0, T]x(-&,&) > M - for which all curves c(t,s) are geodesics

0 . D
too ° Then >(G)k=EgC(LS)L:O is a Jacobi field along c(t) °

s
Every Killing field K on M 1s a Jacobi field along any geodesic ¢ in
M o



6.2.2 43 3% c(0)=v

Let ¢:[0,T]>M be a geodesic > p=c(0) > i.e.c(t)=exp,(tv)

For weT,M - the Jacobi field X along ¢ with X(0)=0 > X(0)=w then
is given by X(t)=(Dexp,)(tV))(tw) (EEEH D,exp,(w))

(The derivative of the exponential map exp,:T,M —>M - evaluated at
the point tveT /M and applied to twe)
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(2) EF—IRMIHER c(s,t) =exp, (t-v(s)) =exp,, (t(v +sw))
(3) Jacobi 3 X)W ERE

X (t) = ﬁ| o0 €XP, (t(v +sw))
0s
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(Dexp,)y > TERRYIZERFRTEFE v - X(t) =(Dexp,), (tw)
R REESRTE - y(S) =t(v+sw)
ShefE exp, i T,M > M NE y(s):R—>T,M

X (t) = (Dexp), o, (7'(0)
y(0)=t(v+0-w)=tv > 7'(5):%(tv+tsw):tw v 7'(0)=tw
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R(X,6)¢ = <c,c> X —<x,c':>é SETL w SIS TR - LI
firERE ) FIETEIEE © R(X,c)c=X(t) A Jacobi JFH2EF

X(0)+X(@A)=0 H X(0)=0 X(0)=w FFLLX ()= (sint)w

SRAE RS (E R B TP AU ¢ X (1) =(Dexp,), (tw)

sint

(Dexp,) 2 =1 ¢ (Dexp,) (RFE ¢ 91 Rt) > 8 B sin() IR

HESH Gauss lemma

Corollary 6.2.3 Let p € M,v € T,M,c(t) := exp, v the geodesic with ¢(0) =

p.c(0) = v (t € [0.1]), assuming that v is contained in the domain of definition of
exp, - Then for any w € T,M

{(v,w) = {(Dy exp,)v. (Dy exp,)w). (6.2.10)

where Dy exp,. the derivative of exp,, at the point v, is applied to the vectors v and
w considered as vectors tangent to T,M at the point v.



