§ The curvature of submanifolds [GAS5.2]
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§ EH5.2.1 Gauss equations (theorema egregium HY = 4EHERE)
FRIE M BHE B 22 (amblient manifold) 2 [EIAYEE % -

m=dimM * n=dimN > k=m-n > X& M,V,,...,V, are orthonormal basis for (T, M)"
o BTN, R B A (R MAE N than{rEh)
S, :shape operator = (1)S,(X)=—(V,V)" (S, =171l GEMEEF )

M, 2NN TR » X,Y,Z,W eT(TM) HI]
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(R"(X,Y)Z,W)—(R"(X,Y)Z,W) :Z(Ia(Y,Z)Ia(X,W)—Ia(X,Z)Ia(Y,W))
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Proof Since everything is tensorial, we extend X, Y, Z, W, vy, ..., v to vector fields
in TM and TM*, resp., with the v, always being orthonormal.
VVZ = (VY2)T + (V¥Z)t = VIZ + (v0, VY Z) v,

since the v, form an orthonormal basis of TM—.
Hence

VEVIZ = VEVYZ 4+ X((ve, VY Z))ve + (Ve VY Z) Vi Ve,

(V¥VYZ)T = VIVIZ + (v VY Z) (V{va) T

(5.2.3)
= VH¥VIZ —0,(Y,Z)Se(X) by (5.1.5).
Analogously
(VIVYZ)T = VIVYZ — 1,(X.Z)S,(Y). (5.2.4)
Moreover,
(Viy? ' =VinZ by Theorem4.7.1. (5.2.5)

(5.2.1) follows from (5.2.3)—(5.2.5). and (5.2.2) follows from (5.2.1). O
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The Jacobian of dv(x):T,M —T,M then becomes the Jacobian of the Gauss map °



