§ The Bochner Method [GA4.5]
Lemma 4.5.1

{e.}2 M 9 local orthonormal frame field » {7'} ZE dual coframe field °

For a 1-form we have

~A(n.m)==2(8n.m)+2(V,7.V,1) = 2(m.1' n(e)R(e,.&))

§ The Bochner formula

(M, ) BRER » a & 1-form HlAa=V'Va+R(a)
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§ Theorem 4.5.1

{e}2 M 9 local orthonormal frame field » {7'} 2 E dual coframe field ©
For a 1-form we have —A(n,n)=-2(An,n)+2[V 77|2 +2Ric(n,7) --+(2)
where [V = <Vei77,vei77> and writing 7= fn' -

Ric(r,77) = Ric(fe, fe;) = f, f,Ric(e, ;)
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AR > Weitzenbock 24F, © A(du) = d (Au) + Ric(Vu,.)
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TEFHE 4.5.2 Lichnerowicz HUEETEE—H+EE A,

Let M be a compact n-dimensional Riemannian manifold with Ric>p for
some constant >0 > in the sense that for every tangent vector X

Ric(X, X) = p(X,X) > or equivalently > in lcal coordinates
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52 Area = L (V4" ~[Ric(v,v) +|A1¢*)d=
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B HER QEBEFOQHF > Reilly AL TLUTHHE ¢
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TEHE 4.5.3 (Bochner harmonic 1-form)
Let M be a compact Riemannian manifold with nonnegative Ricci curvature ©
Then every harmonic 1-form @ is parallel ° (i.e. Aw=0)

In particular * the first de Rham cohomology group satisfies dimH%, (M,R)<n
If M 13 a compact Riemannian manifold of positive Ricci curvature ° then M has no
nontrivial harmonic 1-form ° Thus Hy, (M, R) ={0}
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1. ZEEHE  #4 Killing vector field

2. FEEAF %A|X I =|AX|* = Ric(X, X) Hrh X £ Killing vector field
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EH 4.5.4 (Lichnerowicz harmonic spinor field)

Let M be a compact spin manifold e If M has nonnegative scalar
curvature ° then every harmonic spinor field 1s parallel o If the
scalar curvature 1s positive > then every harmonic spinor field
vanishes °

HE
1. WVv'is the formal adjoint of V » prove that V'V =—trv?
(1)Formal adjoint FNEFH

[ (VsT)=[ (s.V'T)sprsmim s SR T 45

BT =Vs > IM |Vs|2 =_[M <s,V*Vs>
(2) U E BB IEAC 1R 2R

HY—4H local orthonormal frame {&,....e}HI

Vs=3 (V,5)®¢€ , |vs] =S|V,

(3)51E divergence

BRI X, =(V,5.5)e HpgrgdvX =2 e (V,s.s)

Vs

V,s

6 (V,5.5)=(V,V,s,5)+

V.S

? LAV =Y (V. V. 5,8)+ )

(hHFE I {EA Stokes EEE

1F compact manifold J:IM divX =0

muhwﬁ=qdzmyﬁ§

(5)¥1 adjoint EFHELES
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Bi1( 1) e V*VS=—ZVeiVeiS=—tr(v2s)

TR A

sel'(E) is a section of vector bundle E> V. is the covariant
derivative » V{fEB operator (V()(Y)=V,s
1. v @&VH formal adjoint : IM<VS,a>dV=IM<S,V*a>dV
2. V*“=—Z(Vei“)(ei) is negative divergence for the orthonormal
frame {e}
3 trV23=ZV23(ei,ei)
4. (VA =V, (A ) - AV, Y)
5. VaXY)=(ViVIY) =V (Vi (V) =V (VY) =V (Vy8) -V s (BB 4 A

AV RA)

F(2)F > a HVsIRA V*V5=—Z(Vei (VS))(ei)=—ZV25(ei,ei)=—trvzs

FTLAV*V = —trv?



