§ Connections for Spin Structures and Dirac Operator [GA4.4]
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Lemma 4.4.1
For smooth section g,v of Cl(P) or CI°(P) (Clifford bundle)we have
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Definition 2.6.3 Letey..... e, be a positive orthonormal basis of V. The chirality
operator 1s
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Example We consider the case of R? with coordinates x, y. Recalling the discussion
in §2.6, the spinor space then is C2, and the vectors e; and e, act on spinors via

ren=(2) ver=(Tg):
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Writing a spinor field o : R* — C? in components as ( 2), we then have
o
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o = (—1 0) (&) + (1‘ 0) (a_r;‘* =2 _a (4.4.8)
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Thus, in this case, the Dirac operator is simply the Cauchy—Riemann operator.

Definition 4.4.1

(i) Let P — M be a spin structure on the oriented Riemannian manifold M. with
Levi-Civita connection V as explained above. The Dirac operator ¢ operates
on sections & of the spinor bundle 8, via

Jo(x) = e;Ve,(0)(x) (4.4.7)

where ¢;. i = 1,....n, is an orthonormal basis of T.M (x € M). The product
on the right-hand side of (4.4.7) is given by Clifford multiplication.

(ii) LetP° — M bea spin® structure on M, and let A represent a unitary connection
on the associated determinant line bundle L. The Dirac operator @, operating
on §, is given by

dao(x) = V4, (0)(x).
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Let M be a spin manifold with a local orthonormal frame field
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V, is a spin® connection ’ then D;=-V3 +ZR+§FA
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Theorem 4.4.2 Let M be a spin® manifold with a local orthonormal frame field
ei.....e,and a spin® connection V4. The Dirac operator @, satisfies

1
3,“1 = _vj:.t’r'fr' + 4R+ EFA’ (4.4.21)

where F4, an imaginary valued two-form, is the curvature of A. (F acts on spinors
by Clifford multiplication; in our frame field, Z Fa jjei nej becomes % Z Fajjeiej as
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§ twistor spinor(JHENEE)
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The spinor o is called a twistor spinor i1f VVO'+EV-DO'=0 for any

vector field on S? e
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