§ Levi-Civita connection [GA4.3]
EH 4.3.1
FER S RIPAFERE——1& Levi-Civita connsction V

(1) f&2—{& metric connection : X (Y,Z)=(V,Y,Z)+(Y,V,Z)
(2) Torsion free © V,Y =V, X =[X,Y] for all vector fields X > Y °

EF (VY. Z)=FFMEZEMEF Koszul formula » 87 Eimaaid B FHEE Q)
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(1) d&' +\ A0 =0 (¥E torsion free )

Q) oy+o; =0 Hfi o = gika);( (HEE EHEE)
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T R e A e (local chart) V5,0, =T56, » Hi1 o, =57 °

HV,dx! = —Tj xR e F:} =3 g (95 + 955 — i)
§ Riemannian curvature tensor

R(X,Y)Z =V, V,Z~V,V,Z -V, Z

0 0,0 0

FHAEZF R(—, —) — =R —

FEREABATR( 5= 7) 7 =Ry —
: m 0 0,0 O
R =9y AR <R(5757)557>

Lemma 4.3.1
HEERES X Y 27

(D) RX,Y)Z=-R(Y,X)Z Ell Rklij :_Rklji
(2) REYVZAR(Y,2)X+RZX)Y=0 ElIR; + Ry + Ry =0 (first Bianchi identity)
3) (R(X,Y)ZW)=—(R(X,Y)W,Z) BElIRy; =-Ry

@ (R(X,Y)ZW)=(R(Z,W)X,Y) BIRy =Ry
Lemma 4.3.2 Bianchi 58 [ 25+

Vo Raii + Vo Ry + V5 R =0
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|X AY

K(X AY)=(R(X,Y)Y,X)
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R(u,v,v,u)

G5 P < T,M 2R —(E SRR » K(P)= — o)
Jull* vl = {u.v)

)

fEH
1. EhigEs
(1) Rauch comparison theorem
(2) Toponogov comparison theorem
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#| Ricci = : Ric(v,v):ZK(v,ei) Hb{v,e,...e FEIFHEE -
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4. Schur EH
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§ EEX=¢ QGTXM JFEAEY Ricci curvature
0, 0

Ric(X, X) =g’ <R(>< 5 ,x>
Ricci tensor Ry = g"Ry; and scalar curvature R=g"R,
Definition 4.3.4 The Riemannian manifold M is called a space of constant sectional
curvature, or a space form if K(X A'Y) = K = const. for all linearly independent
X,Y € TiyM and all x € M. A space form i1s called spherical, flat, or hyperbolic,

depending on whether K > 0, =0, < 0.
M is called an Einstein manifold if

Rix = cgix, ¢ = const.

(note that ¢ does not depend on the choice of local coordinates).

TEHH 4.3.2 Schur theorem
Let d=dimM >3 - If the sectional curvature of M is constant at each point ° i.e.

K(X AY)=1f(x) for X,Y €eT,M then f(x)=const and M is a space form °

A space form 1s called spherical » flat » or hyperbolic * depending on whether K >0 >
=0 <0



Likewise - if the Ricci curvature is constant at each point > i.e. Ry =c(X)g; then c(x) =

const and M 1s Einstein °

Schu theorem says that the isotropy(# [H][E] %) of a Riemannian manifold > i.e. the
property that at each point all directions are geometrically indistinguishable * implies the
homogeneity > 1.e. that all points are geometrically indistinguishable ° In particular * a
pointwise property implies a global one °

T 4.3.3 Weitzenbock formula

Theorem 4.3.3 (Weitzenbock Formula) Ler e;. ..., €4 (d = dimM) be a local

orthonormal frame field as in Lemma 4.3.4, with the dual coframe field n'. ... n?.
Then the Laplace—Beltrami operator acting on p-forms (p = 0,1,.... d) is given
by

A=-=V2, —n Aue)R(eie)). (4.3.47)

TEZs Hessian of a differential function

(M,g) is a Riemannian manifold ° f :M — R is a differentiable function
The Hessian of fis Vdf

df :%dx‘ then Vdf :(af;‘;j —%Fﬁ)dx‘dxj
o't o°f
Hessian 7§ 55 B ZEHHIE £ R® » H(X,y) = SZ(: szafy
oyox oy’

1. (Hessf)(X,Y)=9(V, (gradf),Y)

(Hessf)(X,Y) = (V, df )Y = X (Y (£)) = (V. Y)f

T o
z=f(X,y)=x>+xy+y’ OX — (X, y) =(0,0)
T o
oy
2 1
"= (1 2} detH>0 H f,, =2>0 Ll fx, ) AEO,0) A f/ME
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T 4.3.4 Garding-Korn R E R,

Let M be a compact Riemannian manifold with metric tensor g °

There exists a constant ¢ (depending on the geometry of M) such that for any (smooth)
vector field X on M

. 2 2
[ IVX] dvol + [|divx | dvol <c(| [X [ dVol +] L, g] dvol)

Where L, g isthe Lie derivative of g in the direction of X °
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Corollary 4.3.3 Let M be a compact Riemannian manifold. Then the vector space
of Killing fields (cf. Definition 2.3.7) on M is finite dimensional.



