§ Levi-Civita connection

EFE (VY. Z)=
Metric compatible © X (Y,Z)=(V,Y,Z)+(Y,V,Z)

and torsion free : V,Y =V, X =[X,Y] for all vector fields X > Y ©
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R(X,Y)Z = —R(Y,X)Z. i.e Rwij = —Ruji, (4.3.9)
RX.Y)Z+ R(Y.Z) X +R(Z,X)Y =0, ie Rieij + Rigje + Rijei = 0,
(4.3.10)
(RX,Y)Z, W) = —(R(X,Y)W.,Z), ie Ruj=—Ri. (4.3.11)
(RX,Y)Z,W) = (R(Z,W)X,Y), i.e Ri = Rije. (4.3.12)
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K (X AY):=(R(X,Y)Y,X)W



Ricci tensor R = g"Ry, and scalar curvature R =g"R,

Definition 4.3.4 The Riemannian manifold M is called a space of constant sectional
curvature, or a space form if K(X A'Y) = K = const. for all linearly independent
X,Y € TiyM and all x € M. A space form i1s called spherical, flat, or hyperbolic,
depending on whether K > 0, =0, < 0.

M is called an Einstein manifold if

Rijx = cgix, ¢ = const.

(note that ¢ does not depend on the choice of local coordinates).

Schur theorem

Let d=dimM >3

If the sectional curvature of M is constant at each point * i.e. K(X AY) = f(X) for
X,Y eT,M then f(x)=const and M is a space form °

A space form 18 called spherical * flat » or hyperbolic * depending on whether K >0 >
=0 <0

Likewise - if the Ricci curvature is constant at each point » i.e. Ry =c(X)g; then ¢(x) =

const and M 1s Einstein ©

Schu theorem says that the isotropy(#% [E[E] %) of a Riemannian manifold > i.. the
property that at each point all directions are geometrically indistinguishable > implies the
homogeneity > 1.e. that all points are geometrically indistinguishable © In particular * a

pointwise property implies a global one °



