§ 4.2 Metric Connection and Yang-Mills functional
EF 4.2.1
E 254537 M _ERY vector bundle °

A connection D on E is called metric if d {z,V) =(Dg,V)+ (g, Dv)for all 4,v e T(E)

B8 Ve =0 1YERSE R » B2 connection B metric fHEHYEE -
AR RGERE

V is metric compatible : X(9(Y,2))=9(V,Y,2)+9(Y,V,Z) forallX,Y,Z -

Let C:1 &> M beasmooth curve » and let z(t) and v(t) be parallel along ¢ ° i.c.

D, t=0=D,V - xzé:% + X (1,v) = (D, 1,V + (11, D,v) =0

ED%W“)'V“» =0 > (RFETECRE) -

Lemma 4.2.1

The parallel transport induced by a metric connection on a vector bundle preserves the
bundle metric in tha senes that the parallel constitutes an isomerty of the corresponding
fibers °

A5 5 & 5% _EAY connection f& metric connection Gy /& Vg =0) >
d — e = g — ENNN 5 -
5 (HOVD) =0T AP T B I RS IR -
WL - AN EIELE R TS E e R -
FER S 4 fm[th > Levi-Civita connection j&ME— metric +torsion-free » (T8 —E
= [ERE -
2 E > M & vector bundle
H{—1 local trivialization(or equivalently a local fram ) {e,,....e.} » AT EE I o
A LLET RS = ) s'e
Hf Leibniz 7H Ds = ) (ds')e; + D s'De,
. De; /& bundle value 1-form > . De, = > Ae, EHtft A=(A;) £ connection 1-form
;

Ds =ds+ As



B —4EBRTE S* AEAEAERE R T Y Levi-Civita Bs& N BASEEC D =d+ AP
= o

s? [-» g=d@ +sin0dg#? - FicE{e, e _0,_ 1 0
£ P AT o 20" " Sino og

D & S? - Levi-Civita connection » A& X =o', +oe, Hi
l _ 1
DX=D do' N 0 cosddg \ o
o’ do? ) (cos@dg 0 o2

0 —cos 6’d¢] _

H
”‘Ep[cosed¢ 0

PRI —1 metric connection T] DLUE 43 -

Let D be a metric connection on the vector bundle with bundle metric <.,.> > w.r.t. a
metric chart we have D=d+A

Lemma 4.2.2
Let D be a metric connection on the vector bundle E with bundle metric {.,.) °
Assume that w.r.t. a metric bundle chart we have the decomposition D=d+A - then for any

XeTM > the matrix A(X) is skew symmetric > i.e. A(X)eo(n) (B A" =—-A) -

Hezm 4.2.1
Let D=d+A be a metric connection on E ©

Then the curvature F of D satisfies F € Q°(AdE)
1 0A

Let A= AdxJ then F = —+ A)dx' Adx! =
e en ( AA)IX A 2(8)(.

aA +[A, A])dx Adx!]
F:Q°(E) » Q*(E)
u—>R(., 1)

A=A > F=dA+An A_E(a—A,'——A +[A, A DX A dx) HEER),



EF 422
Let M be a compact > oriented Riemannian manifold * E a vector bundle with a bundle

metric over M » D a metric connection on E with curvature F, € Q°(AdE) -

The Yang-Mills functional applied to Dis YM (D) =(F,, F,) = .[M <k, Fy >*(1)
R T

FREIHEIUNEE) A = A+ta » H o BRUERZRENY 1P -
pRE(L  F,,, =F,+t-da+0(t?)

Fa =Fawe =d(A+ta) + (A+ta) A(A+ta)
=dA+tda+ AAAHA A a+a AA)+H (a A Q)
=F, +t(da +[A a]) + O(t?)

EiEsMEsy © dya=da+[A «]
= ¥ p-form o > g-formn,[o,n]=oArn—(-1)°’nArw L
[A, a]=A/\a—(—1)a/\A:A/\a+a/\A

%EEDE |t -0 FAx _d

Fa, =d(A+ta)+ (A+ta) A(A+ta)
Fo =0A+A AARI =dA+AAA+t(da+[A a])+o(t?)
=F, +td,a +0(t?)

d _ FA+ta_FA _
el P SR S

Euler-Lagrange J7FZHE2E

§S(A)=%|t0%j< F, )dV, j< F, F>dV
= [ (daa,Fy)dV, = [ (a,d;F, )V,

¥ d; 2 d, (1 adjoint operator » d = (=1)"< P xd *
tepE T d e [ (dap), =] (@d8),

RIS sy R > 35 A REEFUE: » AU ATE IR« - 6S(A)=0=d,F, =0



Bt Yang-Mills J7F2 o

D is a critical point of the Yang-Mills functional iff D"Fy =0 °

EF 423
A metric connection 2 on the vector bundle £ with a bundle metric over the oriented

Riemannian manifold A/is called a Yang-Mills connection if D*F, =0 -

T AR SR LY
X G5 > WAEH FEsk—(HHE A (FEVE PR RAESS) - HifR

Fo (TEVIERHTE Fyd558 ) -

SRR © 2e o] ERyE iR B EY R ERYTT -
REEHIEHE © YM(AEEYHE ASEEENERHE -

JER RIS B IEA
ZTHIEMA FAHIRE KRR T
BhE ) U(l) J¢:F(photon)
55X G AEA SUQ) W Bl 7 B+
SR HAEH SUQ) B+ (gluon)
EFe 4.24

A gauge transformation 1s a section of Aut(E) °
The group G of gauge transformations 1s called the gauge group of the metric bundle E -

Bl SUQH w(X) = g(X)w(X) @ e)BL=FTEE Aut( E)AVERHE °
By TRV E R ETE A T RN BFIVES AR - il AR

A, -

Y SUQ) > HEEEEHUAR Lie algebra suQHIHESY; - A, = Ao, » Hfio, &
Pauli matrices

ER T TR - HERS K T T A, > 0A07 +(0,9)9™

seG #Ei#EiEfE = s"(D) :=s "o Dos{EFHFE metric connection D F - i.e.

s'(D)u=s"D(su) for uel(E)



(Se¥85 (section p)iEfT—{ s 884 » R connection D M#E{THYSY » ER{E A s
P [E]FARAAESS -
For D=d+A » s"(A)=s"'ds+s"As

T SUQH » szl 2x 20T 2 TEAE# » 57 As (RRIRAETEEBERR NAVIE
i8> s7ds R R R AR A AR Y R REIE -

IEEIAREIR T F. =sTFs
Lemma 4.2.3

Let D be a connection on the vector bundle E over M = For any X, € M - there exists a
gauge transformation s defined on some neighborhood of X, such that the gauge

transformed connection $*(D) satisfies s(D)=d at X,

Of course, the gauge transformation can always be chosen to be compatible with any
structure preserved by D, 1n particular a metric ©

D=d+A » s*(D)=d +s"(A) s'(D)u=s"D(sw)

Jeat B D(sw)
D(su) = (d + A)(sp) =d(sp) + Asp = (ds) e +s(d p) + As

s (D(sp)) =s"((ds)u+s(dps) + Aspr) =7 (ds) pr+d pu+ (s As)
FE=(d+s"(A)u > WEHEdu

ALl s (A)=s"ds+s'As

YM(D):= (Fy, Fo) = [ < Fo By > ()

(s"F,s'F)=(F,F)#t/& YM functional FERIRISEN W8 -
(F,F)=[ Tr(FA*F) > sF=s"Fs

(s7'Fs) A*(s'Fs) =s'Fs AS T (*F)s = s (F A*F)s

Tr(s'F A*(s"F) =Tr(s*(F A*F)s =Tr(F A *F)



FRLL(sF,s'F)=(F,F)

§ AR
SGRE G HYTE% ¢ (RRVERIE Es > g-s -

B S A T - BEEIRATE - A g(A)=g7dg+gAg
I F, > 9 Fyg

SehtEsR R EUEET - d(g™) =g (dg)g
g-g°=1d(g-97)=(dg)-g"+g-d(g7)=d(1)=0

g-d(g™)=—(dg)-g™* EreLd(g™)=—-g7(dg)g™

S A'=9Ag+gdg weE Fo=0"F0

dA'=d(g*Ag +g'dg) =d(g*Ag)+d(g 'dg)
= (dg™Ag+9g'dAg—g*Andg)+(dg Adg +gd’g)

d(@An)=(do) An+(=)™"w A (dn)

/& 0,072 O-form + A & I-form
d(gAg)=d(g7) A Ag+(-1)"g"d(Ag) d(Ag)=dA-g—Andg
Fiild(g™Ag)=d(g™) A Ag+g(dA)g-g"Andg
dA'=—gdgg " A Ag+gdAg—g"AAdg —g'dgg T A dg
AAA'= ..

F.=dA+AAA'=..=g"'Fg

TEH 4.2.1 BARAEEM)

The Yang-Mills functional 1s invariant under the operator of the gauge group G °

© YM(g'A) =YM(A) - L > #5 A & Yang-Mills connection > HIi g"AH7E -



EEME MR DE—E Yang-Mills i (RIYEEEHT—4HAHRE) - AR EES
HEFEHAR G RN s"D (273 FEL D B 2 ErY -

SRR © RIS EEE (Noether's Theorem ) » 42 e B A8 A - 36 e 22 HLAE ST IR
faf (AN EE R B EE )

a5 [T —{E R s AV E Rk

BEZR D B s"D Y3 FARE] - FeffIui A gz o it el -

R GRFTERY Yang-Mills HimEESERAERE G HITEM - 15 5HYRH 22 IR
EstEZ2 ] (Moduli Space ) e

EEZEE MR (BINEAER - PREEWE ) 12 %4 il & EEE m it
FEHIRZL » 8 Atiyah-Singer FEIEE S T H S EHEEN & -

Yang-Mills & Hodge R EmAVHEE
1. (4RI EAR MR HE R
14881 Hodge Hm T » FRREEAYE Abelian gauge group » 40 U(L) » A

connection A EARMERY - HAIR F =dA -

Hodge BHERIYFZ o2 F4%, harmonic forms ©
Yang-Mills # 5w RIHEEME 23 2] non-Abelian gauge group » #1401 SUQ) » [t

) 1
HF connection A EFE4RIERY » EARF, = dA+E[A, Al

Yang-Mills /5% d, * F, = 0 IEEFEAIP ZUTRREI RS M2 5t THYE REAIE

N B5A second Bianchi identity dF=0 » FfLL F is harmonic iff D /& Yang-Mills
connection (d"F =0) -
2. Tz RS IMERY R
Hodge FilZf : 76— de Rham cohomology class # » harmonic form #%5: L g
N 2 N = —_—
EIZHE(0) = | |of dV EEIR/NTE -
Yang-Mills Bz © 1F connection FYZEfE 1 » Yang-Mills connection s&{#15 YM

functional YM (A) = j y |F.|" dV EEEEE SR connection °

Hesm 4.2.3
The space of Yang-Mills connections on a given metric vector bundleE of rank =2 1s
infinite dimensional * unless empty °©



EFE 4.2.5
A connection D on a vector bundle over an oriented four-dimensional Riemannian

manifold is called (anti)selfdual or an (anti)instanton if its curvature F, is an
(anti)selfdual 2-form °

§ B¥HEMEBRE T (W4T

Hodge star B+ = f—(i& k-form BLETEE n-k form > n=4 BF » ¥ —({& 2-form
*A%(M) > A*(M) 2—{# linear transformation » {F 4 4&7iF F # =(-1)"*? =1
im R 1Y eigenvalue= 1 5 [HIFE 0 2-form HY A 85 0] 458 By W {22 Y
HIEAT : AY(M)=A" @A™

A" (selfdual) © $HERFEUE Fo+1 fY2ZER0 - *F, = F,

A” (anti-selfdual) : $fEEFE(E B-1 Y25 - *F, =-F,

#R4% Bianchi %=t » {1 connection FYHfIRERHE d,Fy =0
ok, =R A1, (+F) =d,F, =0 - B2 YM J5ARIfE -

#Fy = —F, JIITE 2 anti-selfdual * 2 *F, = £F, A4S TR Rl - -

EH 422

Each (anti)selfdual metric connection is a solution of Yang-Mills equation °

The Yang-Mills equation is D'F =0 (equivalentto D*F =0)

§ FEHIR

£ Lie algebra FAYZIER P> e P(gXg ) = P(X) st AR mE, -

B0 Tr(X) > Det(X) e
FEEHTH L

Connection @ curvature QI F
F— gFg ' flieRfidtiiss i - PEARE - Frll PEERMESEN -
Chern-Weil ={EM4E -

(1) ZE P(F)e®™ (M



(2 FAtE  dPE)=0

(3) Bl connection fERH(H{¢#E bundle) [P(F)]e H*(M)

Chern class HAC

RS IR P(X) =det(l +-0X) + BRI =1+, b B—TARIZG,(E) ¢
LA

qwrﬂéguﬂndﬁuMR)

B

\

ma=§%m¢f4ﬂ#m

U

Lie algebra u(2)=skew-Hermitian matrices

RELIERERITTEAR FitE TrX) » Tr(X?) GEER det(X))
¥ Chern class & A= é F HI4&p50%8E c(E) = det(l + A)

R ¢, =Tr(A),c, = det(A)
TEZ A0 A

1. Spectral geometry : heat kernel ERH & I Tr(F?) - scalar curvature ZbE &

1=}

E
2. Index theorem : Chern charater » Todd class #33K H Chern-Weil ©

3. Yang-Mills : action ||F|" AEth &M FEE -

Hem 4.2.4
For an invariant polynomial of degree k » we hve dP(F)=0 °

Consequently » P(F) defines a cohomology class [P(F)]€ H*(M) > and this class does
not depend on the chosen connection °
FBELTEAAIES -

% nehf G Y Lie algebra © —ff k FERELIEA P inxyx.xn >C 2 — (% &
RIEETRBLE - HAEFERESR R (adjoint representation) i A EHY o

Kk
BMERE X, enBlAen > JEE Y P(X,, . [A X],... X,) =0
i=1
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FEF Eh = 2-form F BFEC(E P(E)=P(, -+, F)=0 -
1 Leibniz /2RI » dP(F,...,F):Zk:P(F,...,dF,...,F):kP(dF,F,...,F)

fRIEES — Bianchi §% 2 DF =dF +[0w,F]1=0 dF =—[o,F]
dP(F)=kP(-[@,F],F,....F)

FFN AT A e i (Lie algebra)
k
ZP(F,---,[A, Fl,..F)=0 £ A=0  HRATERAMICEEHEENF - _Liltdd
FfEI A k- P([w, F1,F,...F)=0
Rt dP(F) = —k - P([@, F],F,...,F) =0
TS TEEEHH B RS B Chern-Weil FHERAVELRES (74 -
EF 426

The Chern classes of E are defined as ¢;(E) = [P (2L F)]e H*'(M) > where P’isthe
T

j™ elementary symmetric polynomial » and F is the curvature of an arbitrary connection

onkE e

YM(D)=[ [FFav =[ (F[ +[F])av

iz hs . 1
FaEETT (topological charge) k = jM c,(E) = WJ.M tr(F A F)
Hrf1 C,(E) 255 Chern class
F+

FIF Hodge BET - (004 T - [ Tr(FAF)=[ (F'[ -|F[)av

sz*k=[ (F[ -|F[)av

YM(D) =87k +2[ |F [ dv 28%k « % ko0 » BERAY FIRM kA + F- =0 (H]

F = #F )i sl F 57 -

§ EH 423

Let E be an SU(m) vector bundle over the compact oriented four -dimensional manifold
M ° Then an SU(m) connection D on E yields an absolute minimum for YM if F 1s
antiselfdual or selfdual (depending on the sign C,(E)[M]) - i.e. if it satisfies the first
order equation F==x*F -
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TEFE 4.2.3 FEH - PR Ry Yang-Mills fEH 2326t 7 —(E R P AEEHIh S
FEFTRER TRER IR, -

mE F=txF a5 (AT ) ERILRSanE) A B i S i miR e &
{BACE -

%1 DPST W1~

EVULEB A S22 (H S ) HF Yang-Mills HF2MYEE—{EFEE LA Hfig (o
H 4.2.3 H topological charge k=1 FYEBI) » 1975 VUM &RIGH Y EHES 52 Frag TR
[y

E7Y SUQ)#HEIEE - DPST W F-AVIR4E GRETZE @ o fy

X2

x>+ p’

A, (x) = Im( 970,9)

HEELE - (SRR LA TP S g (R RS

(1) —f&HY D > G s BAE—5 > BERF O] RE/E & -

(2) Yang-Mills f# : G2 AR R RS -

(3) BEMER - BN EUGRIES - BRI (FhE) FrRGIER R E -
W T e E4a EFRIERT § > REERBEHIREE -

B EHERTE 4 R L YM UZ AR -

EF 4.2.7

e . . 2
1F 3 452 Chern-Simons functional of A @ CS(A) = J.M tr(A~dA+ 3 AAAAA)

ANdAEL Abelian 15700 N AVIEHERE (helicity) ZE{ML » fHHILES4RAT4ELE -
BRI
FH(G 4-dim W » OW =M » 41RAE W _EEFE—{E curvature form F =dA+AAA

RIJ(FR45: Chern-Weil theory) jw tr(F AF) = IM CS(A)
bige 5TL08E

B[ Chern-Simons functional 7] ABAE ERHEERAIEE BB T8 R IVF 4R -
Chern-Simons functional #5 Euler-Lagrange 512 (B850 EE R EL) 1542 F=0 -

BRRE T IR SRR TE S R AU HERAS » BURGEFEE T AV R
7INam EL PR o

B © SUQ)FEIEEET Donaldson Hz
SUQ)558 77 fid
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Donaldson 1& P B2 P04 77 7%

FEVUEE BT SU2) BEr522fE (Moduli Space ) » RIFEZE G THEERYZE

ZledEm -

(1) zeE =  EEEENNGERTP A IR e i AP T B b R
firJEpE -

() B © forn TVUSEZER > ShEEESBEA R SR L RV E R R (AL A
BRI T OB -

§ 08 THEAISIEEL AL e
Yang-Mills & = A5 R ¢
A am iy S = R

(1) R.Schoen Yau A minimal surface
. . . o 1
(2) E.Witten FH spin geometry+Dirac operator D? =V'V +Z R

ADM mass HYFEHEE = = Witten 555 = Lichnerowicz formula = Yamabe
problem > scalar curvature rigidity

b 5%

§1 Yang-Mills /52 d F, =0

& principal bundle _FHY Lie group 1 SUQ)
connection 1-form A
curvature 2-form F=dA+AAA

Fo=0,A —0,A+of AN Hrf o AR T Rashigy -
1 amv
Lagrange %[ Ly, =——F L
S5 7HE © SEYYEERS o Yang-Mills J5#2 B D“F), =0,D% =0~ + gf ** A

§2 SULE Yang-Mills Bz [LieGroupl03SU(2)]

—. MEIE TR B RR E
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(1) Gauge potential : connection A FJDLERK A, =AM, > J, = % ' 0; & Pauli 42
fefi o
(2) Field strengh : F,, =0,A —=0,A, —ig[A,,A] FIF[J,,J,]=le4d. » DB

S Fly =0, —0 M+ Qeu A

—L5SRAAEH
FERL YRR A op - 5558 4 {F 2 — T8 SUQ)F HH 5
=. W B EEEE
A BB A EACE » SUQ)TE Yang-Mills B30 175 i B SEAY4ERE -
(1) Chern-Simons forms
(2) Instantons
(3) PREETT
Vd. B EHE TR AR A

FEVUERR SR > SUQ2) Yang-Mills 1 A S8R/ MEBEHIRAE Self-dual 2,
anti-self-dual JFFEAYME © F=1*F > SF8E2 F5[8 T Donaldson i o )
Fi SUQ)Hs&aviEZE ] (Moduli Space ) #EEZG-LUE 73 PULE SR IZ A A [FI 68
TréETE o B IR YR ERYR RS s R AR R AR s R -

§ Perspectives

H*(M)xH?*(M)—>R
1. RS - AP (intersection form) (a0, B) = J‘M anp

2. Donaldson ¥

4

M B H H R E I 2R IE E (definite) > HIFE H? (M) By & HYELE
» S EIE AT T BAR + B4R AR T T

-

PR PREERYIR ] © #R#E M. Freedman HYBHST - f7AE— L B Hm A IR EEDU4ER
1 Bt AR SR A

Donaldson HY#EIR=EA T B8 e Ak o 4568 » 8o~ T VUdEZE Rt dh
PEEAT T aEE B 2 A -
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. EEHAMRZ O T B - fEZE[E (Moduli space) of instantons on a vector bundle over M
with struture group SU(2) and with topological charge 8__12le tr(FAF)=1 forthe
JT

curvature F of a SU(2)-connection ©

. HERFEESILR G

(1) 53HrREHE - Donaldson FUEEBHAEEY Taubes BES H BHEE B FAE AT
%% » LUK Uhlenbeck BEFY (P1) B EHMBEBESHTHEN TIE -

(2) Donaldson Z¥E=; : Donaldson & 4&F F 72 Lot 22 R 54 (ol ESR A E R T
¥~ & (Donaldson Polynomials ) » f MG HE T EFVULERL P HVEL
fig o

(3) FEEREAR « BE1RSEIR T —ME RN A (A5 11 EFETEmIINE)
2077 ERS N e S S B e A PR S IR - P U(DP H R
Ei o



