§ 4.2.2 The Yang-Mills functional
§01 EFH
Let M be a compact > oriented Riemannian manifold * E a vector bundle
with a bundle metric over M°* D a metric connection on E with

curvature R, e Q’(AdE) -

The Yang-Mills functional applied to D 1s

YM (D)= (F,, Fp) = [ < Fp, Fy >*()

A connection D on E is called metric if d {z,V) = (D, V)+ (g, Dv)for all 4,v e T(E)
F> € Q°(AdE) 7 B3 Fy EHUETE adjoint bundle £ 2-form «
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SR HAEA SUQ3) fiB+(gluon)

FR [

WERIMIZORYEE AL B, AVEITEE (R 2= REHy R o] LUg AT
BEE) TORFFAE > AEIRMBb A S AR AR T OREET) -
BHIARE R U(L) mEb st - 5570268 SU2) - 58732kH SU(3) -

$03 %f Yang-Mills functional fi54y
Yang-Mills 77 BRHY— P& 53« HEE S(A)HY— P& 53 1152 Euler-Lagrange J772



(1) ZEF Yang-Mills functional S(A)=§JM |F.| dv, = E-[M Tr(F, A*F,)

(2) HiREy
22 connection (V8543 A = A+ta » a e Q'(M,adP) 2 compact support 9 Lie
value 1-form > B[l—{@ test form °

Fo.=dA+AAA EHEF,

Fa =Fawe =d(A+ta) + (A+ta) A(A+ta)
=dA+tda+ AAAHA A a+a AA)+H (a A Q)
=F, +t(da +[A a]) +O(t?)

% da=da+[Aq]
2 ¥fpform o 0 g-form 17 > [o,n]=0oAn-(-D°’nAre il
[Aal=Ara—(-DarA=Ara+arnA

s
““Efﬁéahzo F, =d.a
F, =dA+A AAR

Fr, =d(A+ta)+ (A+ta) A (A+ta)
=dA+ AAA+t(da+[A a]) +o(t%)
—F, +td,a +0(t?)

d _hi FA+ta_FA —
el Fa =T = e

(3) FHE SS(A)

5S(A) =%|IO%IM<FA,FA>dVg =jM <% FA,FA>dVg

=jM (da, Fy )V, =jM (e, d;F, )V,
s dy 2 d, 19 adjoint operator » d) = (=1)" P xd *
FRIBSE Y HEE - 35 A SHESEL > QIS A IEE e » 0S(A)=0=d,F, =0
Bt Yang-Mills J5F2 o

EM B4 BRI - Fa® Yang-Mills HF2AV#Z » BlIFy instanton B anti-



instanton °
HET A [ (daf), =] (@ diB),

D is a critical point of the Yang-Mills functional i1f and only if

D'F, =0 - pt#% Df%% Yang-Mills connection °

TERIER( 0500 =6; T » Fp = Ry Add
_ . oF j
d*(Fi,-dx'Ade)——aX” d » DF, —(— ~[A. Fy DX’

D'F, O“& +[A F,1=0 or j=1,2,..,.,n

FESMAI AT eR > Yang-Mills &R T —fRE AR 2 B P HY 28 (454
SR =R IME—1% » [MEEESCRE SR F RS IME -

§04 gauge transformation

B E_—v¢—% B=VxA

Gauge transformation A— A+Vy,¢ — ¢—% Heb y(r,t) BEELERE -

icr(X)

Gauge grup=U(l) REY >y

G 1s the gauge group of the metric bundle °
D 1s the metric connection °

geG » g'(D):=g " °Dog
For D=d+A then §'(A)=g 'dg+g"Ag

JREA— g7 Ag+gTdg - S, > g FLg

Vector bundle E—>M Lffgsection s {CEYFE > HERECHITE o(x)IE
FAteEdEm EY 5% S —0-S -

R TatEEE L > BMesk 7 REEE (1) D - FfIm S ESREE (R
HSEIR) 1% o BT RGERIRAIR R A AN
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D'(gs)=g(Ds) » BID'=goDog™

(97(D))s =(g7'Dg)s = g 'D(gs) = g ~*((d + A)(gs))
=g (d(gs)+ A(gs)) = g ((dg)s + g(ds) + A(gs))
=g (dg)s+ds+gAgs=d +g"(A)

ARl g (A)=g7'dg+g~Ag

TEHE 4.2.1 (BT EE)

The Yang-Mills functional is invariant under the operator of the gauge group G °

Hence also the the set of critical points of YM - 1.e. the set of Yang-Mills connections ’ is
invariant ° Thus » if Dis a Yang-Mills connection > sois s'D for S€G -

YM JZ A (FE G R 2 SV AERE E B0 F =) e EREERUE R T2 R &Y -
W D 5& YM connection(YM J32HYf#) A 1% 0 s"D 7,2 YM connection ©
§05 selfdual (H¥HE)

F 4.2.5 (B H{HE4E © BET)
A connection 2 on a vector bundle over an oriented four dimensional
Riemannian manifold 1s called (anti)selfdual or an (anti)instanton

if its curvature Fy is an (anti)selfdual 2-form -

Hodge star BT * f8—(@ k- form BLEFAY n-k form > n=4 BF » ¥H—{& 2- form

*A?(M) > A*(M) (@ linear transformation > {F 4 47

# = (-1 =1 ZEE « ) eigenvalue= 1 PHIE > 2-form (Y[ B3 A 55
flf O A A -2 P I LA

AN(M)=A"®A"

A (selfdual) @ BHERFRUE R+l HOZERT -



A (anti-selfdual) @ BHEREE -1 AYZER] -

# curvature 2-form F e

*F, = F AIIf# 5y self-dual (JEEEAY connect ion 8 AT~ )

R4 Bianchi 5= » {748 connect ion By 2 d,Fy =0
;'E"*FA = FAEIJ dA(*FA) :dAFA =0 FA% YM FTREH R -

*F, =—F, Af8 % anti-selfdual °

RILEEEH 4.2.2
Each (anti)selfdual metric connection is a solution of Yang-Mills
equation °

§06 invarient polynomial
fit s € G (gauge group) SF=s'oFos : F,=¢ F0.

FHEEHEE L R EARNEHEZ o B p M EIBEEERE @ BT
fEZF~ (Adjoint representation ) HYE A - 2 BRZE R F AE ] IEFEEHE
FEEE End(E) (ZXEC(E AAE)) Ay—(E#mE -

BEIRHER F A& TR A& - HEARBIESHEEREAYER (Ale)
MEXE o By TISEIRBRZZRIAE (FREER:) AVEHE » Tk E P -
(FrF i m P o B AR A - d N AVEE SR AN IR A

48— 8 mxm HEREREZE I M, —(E%ER P e P(B) = Pe 'Bo) HIFE A

RG] - TR P& K IR SIER -
HBMHE TR F ) AEETESIER PO > W5 F SRS

F, = Ad(p)F, » MiAELIENIELFDY T 0% PORRRRE M E—

[ 2IBE RV . A EAER B ALY EEHY -

S FEREEE0E (Characteristic Classes ) AV ES -

BN - & P HURERKE (Trace) Bf 75103 (Determinant) HYREFHTENF » ek
REfF R - MR (Hi%) BAEE (AEE) B -



§ Chern-Weil theory :

G M= - nEEFRE -

Pin— C 2 k TR - % P(Ad X) = P(gXg ™) = P(X) HfTHHY

9 €G, X en#EkIr » AIlfE P B ASEZIER -

EHRUE—(E L5 4G E — (A o REMFRPAQE > Q B—(EHERY

Y 2- T o FFIRTDURRE S THA P AEARQ
() PQ)E—EEZAFTIT M LY 2k- T =
(2) d(P(Q)) =0 (fR#% Bianchi fA=F3\) » Bl P(Q) & closed form ©

(3) P(Q) {1 de Rham FREFHE[P(Q)]e He (M) Edifias Q fryseuigy -

w RABIT
FER&MI AT > B TER T R B2 BRI AT A ZUAH R R A S 2 I

(1) Chern classes © T ATz P(X) = det(l + i X) o R I
4 PRSI -
(2) Pontryagin classes : $FH¥E = > I P(X) =det(l —ZL X)) ER %S
T

I

(3) Pfaffian : ¥ FHEAERITY E 7 &= F5 (20 SO(2n)) » Pfaffian & —{EFEFRATA 2
21 S EN I RMESEED B JCHIZE (Buler class) » i2/2EE% Gauss-Bonnet
EHAIRZ O

EETERRSHHTE TAYEE (Spectral Geometry ) ECEFZEFEIZEEE (Index
Theorem ) B > FAFI4EH T ZAE/DEBEAR Nat M= -

ANEZIEORE T ¢ EEIMTE R RIS al RERR AR - (HRRASET R
g (AL HEE - o rER) £2fH LE ARy EERD -

piran > fEER S 24 oh > AR HRAE _E e B R A A B YA 82

o

il

Bl UQHIAR 2T
PEst QIR ST - B FRAESRESRTE uQ) RIS HA R P - (573
HIRFTH 9 cU@FIX <u(2) - i P(OXg™) = P(X) -



R EEE - UnAYAE S HABRE RS AR (BT A e -

X eu(2) o mi FN—8HEARRE LI EBTTED (Trace) HHEARYZIA
=

—psmr - B(X)=Tr(X) ZRsgmeot © LX) =Tr(X?) (SEER deX))

BIAZERE UQ) » ERRE uQHFTE 2x 21 skew-Hermitian matrices 4Hf¥, °
Bl Chern class AYRFES ¢

£ Chern-Weil #5h + Heffil % 5 8 4B — 1bl? J@fifﬁﬁﬁ%ﬁﬁ%ﬁ

&A= X B UQIVHBIRS EE 3 ¢ Oel(] + A) =16 (A)+C(A)
B4 T LSS B R B S TR

~@%@ﬁ:qarﬂmix)

55 BB ER © €,(X) = det( X) = (1Y det(X)

4. BEADAPNER
ERERMNRER  S—(EERE% ENERNHE U(2)  EEMEZRATSRIRARES

(Hermitian metric) °
o ¢ (B)  RRTZENTHREE det(E) B93RiE

o o(F) : ER—EEFENEY - HIREW Yang-Mills g o 85t S ER SU(2) % -
BEY (e WEED) EETHEFH (nstanton number) °

§07
The Chern classes of E are defined as Cj(E)=[Pj(2LF)]€H2j(M) ’
T

where P! is the j-th elementary symmetric polynomial > and F is the
curvature of an arbitrary connection on E °

wiran ¢ (E) (E—po)

FR4E Chern-Weil Bz o ¢ (E) = [Zi—ﬂTr(Q)]e HZ(M,R)



2. 175X # (Determinant Line Bundle) BIRA{ZE
c1(E) 9— Bz E 2 bigfEA—E**#E43% (Complex Line Bundle) **fIRRE o

SMEMENEE F  RMELEEHTIRE det(E) = A\"E (B2 E WBBRIME » A—
{BiRE) - —(ERIREIEHE -

c1(E) = ci(det(E))

b

EERE - IABHREERNF—FRE  FE LMEEMREREEGENRERE -

§ TH4.2.3
Let E be an SU(m) vector bundle over the compact oriented 4-

i

dimensional manifold M Then an SU(m) connection D on E yields an
absolute minimum for YM if F 1s antiselfdual or selfdual > 1.e.1f it

satisfies the first order equation F==x*F -

YM(D)=[ [FFav =[ (F[ +[F])av

S . 1
FaEEST (topological charge)kzj.Mcz(E):§thr(F/\F)
HrpC,(E) &% = Chern class °
F+

FIF Hodge BFLT- - EU4EbsR T » [ Tr(FAF) =] (F[ -|[Fav

sz*k=[ (F[ -|F[)av

YM(D) =87k +2[ [F7[ dv >87% - & k>0 » BEB TR k 5 > F~ =0 (E)

F=*F )i EaisE N5t -

EH 4.2.3 5 PREEET R Yang-Mills (EA SR T —(E BRI ETihEE
GEREFTRER TREE TR, -

de F=2+Fmys (AR BRI m0e) ) 2 B 0% SR EmIR TR
BICE -

{5 DPST M1~

EVUAEE A S22 R (B S ) T Yang-Mills HA2AVEE—(EIE MLAK i fig
(TEHE 4.2.3 91 topological charge k=1 HYEW) » 1975 VU fREFY HHES
RS ERAY



5L SU(2) BR#EEEE » DPST Wi T HYMES (R EEES) 5 R M

2

X _
A, (X)= |m(m g laﬂg)

HBUTEE © A (EH R ORAY LI th sk i (AT

(1) —f&HY D> BB EAE—HG > Bl e REE TF -

(2)Yang-Mills fif © GUEIITHYEE RS -

(3) BEMEAE - EA BIIBEE - EE G (FER) AR I RS -
BT BAESG EYREERT [ - RER R ARG -

BB EHEURE 4 48P > YWIZ AR -

. N . . 2
WEELE 3 4R 2R Chern-Simons 72 B4 CS(A) :IM tr(AA dA+§A/\ AnA)

Hrr WM& 34 mE e -

AACAEL Abelian B0 THVIEHER (helicity ) BRI > FAIUS4RAVEESE -
G 4-dim W> OW =M > QIRFE W FEFHE—E curvature form
F=dA+AAA

FII(fR4Z Chern-Weil theory) [ tr(F AF)=| CS(A)

Bl Chern-Simons functional BJ AE/EERHECH (U158 ZFE ) 18 AR 4ER
I o

Chern-Simons functional Y Euler-Lagrange 752 (B8 EEEL) (54 E
F=0 - 18 BREZZ R FLEEE FE A R _ B IERES > B RaEPREE Ry R
PR B ) -

§ 08 Yang-Mills 5f2 d,F, =0

& principal bundle FAYLie group i SU(3)
connection l-form A
curvature 2-form F=dA+AAA

F2 =0, A —0,A +gf " ADA Hrp o el iy - T2 Rasien g -

. 1 v
Lagrange /% Ly =——F,F*

4
BT1E

SEYVEER > Yang-Mills J5#2 % D"F), =0,D =0 + gf **A™
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Yang-Mills mass gap fEARfAEEE ©
EEFE SRV IEE S

(1)R.Schoen Yau A minimal surface
. . . o 1
(Q)E.Witten FH spin geometry+Dirac operator D?*=V V+ZR
ADM mass HUFEHEETR = Witten 3580 = Lichnerowicz formula= Yamabe
problem® scalar curvature rigidity

§ 09 Yang-Mills functional 7£ critical point Y _[&& sy

2 A = A+ta RS2SR —(Er4 - Hha e QY(M, adP) 285455 75 [ (Bl—(E
PEFERSEAY 1-form) » %5 A 2 Yang-Mills /572 DF, = 0ffi# - HEE 8853 (B
Hess1an)Tfo%BZ = |t OYM(A+ta)=jM<sA(a),a>dv
Hep 3, () =D,Da++*F,, *a] % f5 Yang-Mills Hessian BF o

. 0 .
Yang-Mills flow a—’?:—dAFA

WEE—( Yang-Mills connection fY Hessian HERHHE » HICEREEN
Eom e (i s EE (EIRAE » BT FRAE EAVIREE (B4 instanton)

§ Chern-Simons forms
Qi1 (A) 2 dQ,, =Tr(F")
il

% Chern-Simons form
The Chern-Simons functional of A is defined as

Q,(A) :tr(A/\A+§A/\ AnA)EIAQ, =Tr(F AF)

R CERER Tr(F°)

Qu(A) =Tr(ANGANdA+S A AdA+2 ) CRITRE TR -

. REAEME © dQyy (A) EH —(ERFEIEMNEA R » AT Qu o RS R 2N - B
3E F¥=0



11

. JEmE—ME ¢ N A R A 9T Ag +97idg > AIdQ, , (A) e —(ERI

7 o BEEHAE (Chern-Simons {FFE) FEAREESEHR N ais — (a5 8%
(#1 winding number HREd) °

. YEEEMEE ¢ Chern-Simons PRIIREy (FEEE RALBGEFR R T ) GHIFREAR
S5 > g0 Chern-Simons HEEmTPAVHEIZ(EEL knot invariants (%1 Jones %
IHF) AHEE -

Chern 282 Tr(F*) 89 LE3H4E - M Chern-Simons ERAIEZEHERE N5

o B— RS o fEMEEE HPARP L 0 Chern-Simons PR AG A EE
oEFRHY (BRIERTEMRAFERIL) - [HEMEMREE A NHYER B B kR
(2P SE S PEEIEAER -

§ SU(2)FE Yang-Mills s [LieGroupl03SU(2)]

— FREEETE B R R R

(1)Gauge potential : connection A F[LAEIRK A, =AJ, » J, == > 0, /&
Pauli %E[H -
(2)Field strengh: F,=0,A —0,A —ig[A  ATFIF[I, I ]=le,d. > T EIF

Sgp A a a b aAcC
fﬁ%ﬂz Fyv _a,uA/ _avA,u +ggabcAyA/

WK (S
FERLFYBE AT > 5558 0 F e —E SUQ)F 3 s o
=. B EREEEE
LM B AT A FE AR  SUQR)TE Yang-Mills B g ch A R B EAVLER -
(1) Chern-Simons forms
(2) Instantons
(3) FaEEfE
d. B EHE TR B e o A

EVUERR SR I SUQ2)Yang-Mills 7F FH &0/ MEBEHIRAE 5 58 (Self-
dual) B¢ HiEEHME (Anti-self-dual) FR2AVAE @ F=2*F S F5la T
Donaldson Bz o A SUQ)E#EEAVEZER] (Moduli Space ) » #E2R 15 LIE
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SYILE TR IO G © 18 TERYIEE HIAE s h B (R e TS
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§ Perspectives

1. B2 2 EIF = (ntersection form) : TH*(M)xH*(M) >R
2. Donaldson &

= M e H e s EE  AEEENEET  HZEE AL
FH BE A 4B P AR FTR »

A TREENIRS] © #E38 M. Freedman HYBFSE » fEAE— LB BV PREEDU4E
HIE » EXXEIE R IEEE 45 » Donaldson AYEEIEEHH T iR P i AK
BT 45 0 FE T UEZE ) TR PR A B A R B A . -

3. REHHEVRZ O T A ¢ fEZZRE(Moduli space)
4. HRALEEELIL R

(1)53A7 28 © Donaldson FUESEAMHEN Taubes BEIY H EHE AN
W5% - LUK Uhlenbeck BARY (P1) HEMEEBESATIEER TAE -

(2)Donaldson A5 * Donaldson 1% %8 FI F 75 Lot 22 iy 28 B 2 1
¥rRs & (Donaldson Polynomials) » Fi A I &T%ﬁ@zﬁﬁlﬁﬁﬁ/ﬂ’\]
g -

() EERIR « BER I T — R AR 77A (BIE 11 S s s)
207 ERS N I e T S B e R S AR 0 P U1 Be) E R R
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