§ Metric Connection [GA4.2.1]

§ 4.2.1 metric connection 'y
Let E be a vector bundle on the differentiable manifold M with bundle metric <., ) °
A connection D on E is called metric if d {z,V) = (D, V)+ (g, Dv)for all 4,v e T(E)

Let X€TM itmeans that X {z,V)=(Dys,V)+ (s, DyV)

Let C:1 &>M beasmooth curve » and let z(t) and v(t) be parallel along ¢ ° i.e.

Dy1=0=Dy » then (@), v()) =0

Lemma 4.2.1

The parallel transport induced by a metric connection on a vector bundle preserves the
bundle metric in the sense that parallel transport constitutes an 1sometry of the
corresponding fibers °

d .
a( u(t), v(t)) =0 means that the scalar product is preserved under parallel transport °
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Lemma 4.2.2

Let D be a metric connection on the vector bundle E with bundle metric (.,.)

Assume that w.r.t. a metric bundle chart we have the decomposition D=d+A - then for any
X €TM > the matrix A(X) is skew symmetric * i.e. A(X)eo(n) (B A" =—A) «
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B g = ( j (j AR (V) =x-1+e™-y-0=x Frlld(uv)=dx B
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(D, V) = (1, y)G( j 11+ y-0=1> (4,0, v)=0
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E : tangent bundle TS? » ds® =d&” +sin? 6dg” > J11(8,,0,) =1,(8,,0,) =sin’ 0
S pu=0,v=0, B d(u,v)=(Du,V)+(u, Dv)

225 d (u,v)=d(d,,0,) = d(sin* 0) = 2sin cos 0

D,,0¢=T 5,0, +I'5,0,=cot®,

izt 350,771 (D,,0,,0,)+(8,.D,0,)=2¢cot0(d,,0,)=2sinOcos o
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§ HHEl4E 2 metric connection
1 L
Vi =X@)+ 32 0,(Xy'ry
i

§ FH bundle metric #EEH A EZE - E—> M E—{# complex vector bundle

—{[& Hermitian fiber metric h, :E,xE, -C



For two spin fields =_Zn:l//i§i,¢=zn‘,¢ﬁ.§i,h(w,¢) = iv?sﬁi =y'¢
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§ curvature F
Let D=d+A be a metric connection on E © Then the curvature F of D satisfies
F e Q*(AdE)
EX #HHF=D*=dA+AAA (FE p35)
1 OA

i oA - i OA -
Let A=Adx’ then F=(§:+AAj)dx Adxlzz(a;—%wL[A,A,—])dx Adx]

F:Q°E) — Q*(E)
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e A= Adx > F:dA+AAA:%(a—X;—%+[A,Aj1)dx'Ade;c&ﬂR;jk



