§ de Rham cohomology [GA3.4]
aeQ’(M) is closed p-form if da=0 (ackerd): if 3BeQ"(M)

such that a=df then ais an exact p-form (aelmd)
a,fekerd > if a—pfelmd then a~pf

HdpR(M)::% (f8 /5 p-th de Rham cohomology group(space)) °

Theorem 4.17 (Poincaré duality). Let M be a C* compact oriented man-
ifold of dimension m. Then the natural pairing

HY (M) @ HP(M) — HI(M) =R :  (w,1) ]M WA,
is a perfect pairing. In particular,
HYL (M) = H P (M)*.
Poincare lemma °

R,p=0

If M is contractible then HdpR(M);{O,le

de Rham cohomology theorem :
HSEERE M HS(M)=kerd/Imd = H (M, R)

L2 deRham E[FIFHEREFRIHVE HEET 2 (singular) E[FFHEE -

7EFH 3.4.1 Hodge theorem

M & closed(compact+boundaryless) a5 > {ERTE
differential form Y Hodge-Laplace B+ A=do+0od E—{E47 M —FEiEE
I PDE HE1- -

1. F££H#H de Rham E[FEFEE[w]e HE (M, R) b » FF(FE—F) harmonic form «
(Aa=0) > E#Z LFEFEFsEER/ NIRRT -
2. Harmonic form space HP(M)={weQ’(M)|Aw = O} ZHR4EAT -

3. Q°(M)=H"(M)®dQ (M) ® &P (M)
MEEIE AR AME

() IERTE(regularity)  FAu=f H f SLFRT uEF -
(2)Garding NEAELFEE LT

(3)Rellich-Kondrachov ix AEHH



EAR EH=fE8E -

1. 85375(p.144)

2. BEFOME(Fredholm BEmE)
3. Heat flow method

7t Sobolev EEPERAEEZ RAH/ME - 2

=l Dirichlet [RI£ - 59
eaE irichlet [T - 558 B8 Laplacian HRRERTEN -

WREEF e 12 Bt — oo BUIBIRTA - Wil

7 TR - % EETER
ML R - 2 HEIER SRR -

EEE A 55 Hilbert FRILMARGHEF
B ¥ ( Fredholm E35&i% ) TREIET - BMIET - Fredholm &7 (ZBEEE ) - FIFAHE Fredholm HEHER

PR IR -
oo _ -Aa
g ot iEf A=do+0od & Hodge-Laplace B+ » a(t) EEIFEHEL
a(0)=¢,

fydifferential form- fEE a(t)=e" -, > e “FfE 5 heat kernel operator °
1F compact manifold | » ARYEZEEREL HIEEHY
0=4 <A <Ah<..

o, e R o =icn¢n (BT Fs eigenform)EUa(t)=icne_”¢n

EA>0 e 50 as to>w

Mk

A =0 -

FRULE t — ool » a(t) U#iE o, 75 harmonic space H*(M)AYIEAZ#E |
lima(t) = H(a,)

X s N A dA=Ad

%(da) = d(ga) =d(-Aa) =-A(da)

WFRYNGENE da, = O HIEIATE ¢ > da(t) =0 » Bl#E—H 3500 a(t) — o fERL(E L

AEAR P HAE [E] — {8 B [E s AT

{5 S',g=d6",0<[0,27) /5 HhEEAE



EFEEEHY(SYR)
1. 1-form o= f(0) -~S*E 1-dim ..do=0 FFANY 1-form #F'E closed
2. Exact form: FHw=dg=9'0)do0 o E exact

B TE#E9O)ES EFE > 9(0)=9g(2x)

[Lo=["g(6)d0=g(@n)-g(0)=0

Fill o /& exact@jslwzo

#ilansingdd =d(—cosd) &1 exact form
dO ELdO+sin 0O E1E[E]—1E class H o
FIE [w]HHRE—{f a = f(0)dO[FE1F Aa =0
2
TR T Ag=0 mg‘;ﬁ@ge‘; —0 f()=af+b (B f EEHHE
LA f(@)=const °
St FE—{E—P% FEFE R E—AY harmonic form & constant ad@

{5l T*=S"xS" FEfE(x,y) xyel[01) - g=dx*+dy?
—P% FEEE HY(T®, R) harmonic 1-form A adx+bdy
TP EEEE H(T?,R) harmonic 2-form Adx Ady

Definition 3.4.1 The p-th homology group H,(M.R) of a compact, differentiable
manifold M is defined to be (HgR(M. R))*. The p-th Betti number of M is b,(M) :=
dimH” (M. R).

n SEBETIE k (8 betti B4 (T") =(Ej » BRI " 4EIBIE T? > Hodge 7258 ¢
dimH(T?) = B,(T?) =2

H*(T?) ={adx+bdy|a,be R} Frll dim=2

TEH 3.4.2
Let M be a compact,oriented,differentiable manifold of dimension n °

The bilinear form (w,n)—>IMwAn 18 nondegenerate * and hence

H&(M,R) is isomorphic to (Hg"(M,R))" -



Corollary 3.4.4 Let M be a compact, oriented, differentiable manifold of dimen-
sion d. Then

Hip(M.R) = R (3.4.23)
and

bp(M) = ba_p(M) for 0<p<d. (3.4.24)

Theorem 4.13 (Hodge decomposition theorem). Let H = HF :=
{a € AP(M) | A a = 0} be the space of harmonic p-forms.

(1) dimH < oo, and

(2) AP = Hea+ AAP. Thatis, Im A = HL.

il

“ZJE (i compact ZRE A  Fla—{EEiE=2 FVEPARSMHE Y » %24 1-form

JitE

(OHIrEEE 5« 2%y g, =29=4

(2) Hodge TH @ F4F 4 [H4RMEEILHY harmonic 1-form @,...@, B2E form
[EFf e do=0,00=0 - HILE(T2E Laplace J7E Ao =0HJf#E -

(3)PDE : 45 (L EIEANT 1-form o (£FE—{f de Rham FEZEE) » 0/ LB

M—rfEa=w+d¢ > @ & harmonic form> d¢ /& closed form-e

§ Hodge EHEAIIEH

1. STREEEREEIEE A& (betti number)

2. &Y Hodge 47fi#

3. Bochner method #1344 =
Bl WR—{EZER SR EA EN RS > AZRE LA FEIEENH
M 1-Fa e

4. YRR gauge Mam
fEEZ=H - Y EEMSAE RS2 LR 2-12 50 - AR
522 B IR AR EE (BIAF EERE0E R ) > Hodge MRS T Bt EH
ZE SR IATAENE

TN



