§ The Laplace Operator on Forms
Hodge star operator
Lemma 3.3.1
wx=(-1)P " AP (V) > AP (V)
Lemma 3.3.2 For v,weAP(V)

(V, W) = #(W A #V) = *(V A W)

d
Definition 3.3.1 J™ is the operator which is (formally) adjoint to d on & QP(M)

p=0
w.r.t. (-, +). This means that for o € Q?’_l(M).ﬂ e QP (M)
(da, B) = (a, d*B); (3.3.11)
d* therefore maps Q7 (M) to QP 1(M).
Lemma 3.3.4
d*:Q°(M) > Q" (M) satisfies d*=(=1)"P*"xd=

Definition 3.3.2 The Laplace(—Beltrami) operator on Q7 (M) is
A=dd" +d*d:Q"(M) — QF(M).
w € QP(M) is called harmonic if
Aw = 0.

A
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A is(formally)selfadjoint i.e. (Aea,fB)=(a,AB) for a,BeQ’(M)
Lemma 3.3.5
(Ac.a) = (dd*a.a) + (dTda.a) = (dTa.d* o) + (do, do) > 0. (3.3.13)
In particular, A is nonnegative, and
Ao = 0iffde = 0and d*a = 0. (3.3.14)

Corollary 3.3.2 On a compact Riemannian manifold, every harmonic function is
constant. g

Lemma 3.3.6 *A = Ax.



Theorem 3.3.1

o (Ap\{0} = o(D,_)\{0} U o(D,)\{0}. (3.3.26)
O

Corollary 3.3.3 When we know the spectra of A,_y and A, .y, then we also know
the one of Ap, except for the multiplicity of the eigenvalue 0, that is, the number of
linearly independent harmonic forms. O
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f£R*d > Hodge star operator :
0-form f *f = fdxAdyadz

1-form =*dx=dyadz =*dy=dzadx =*dz=dxAdy
2-form *(dy Adz) =dx
3-form =*(dxAdyadz)=1

i1

SMERI 1-form HENBEWEE - o= Zgoidxi Hijd"p = —Z% = —dive
Bt 0= Adx+ Ady+ Adz
Fell *@ x0 = A (dy Adz)+ A (dz Adx)+ A (dx A dy)

0
AN d * o d*a):%dX/\dy/\dz+%dy/\dz/\dx+%d2/\dXAdy
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=(6A‘ + A +8AZ)dX/\dY/\dZ
OX 0z
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B *d * @ *d*w:aA‘+aAy+aAZ:V-A
ox oy oz

FER® » %8 1-form k=1 » dw=(-1) *d*w=-V-A
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{Eti 7 = B,dy Adz+B,dz A dx+B,dx A dy
*n =B, dx+ B,dy + B,dz
oB, 0B
d(*n) = (= -—D)dyAdz+...
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g =dé&* +sin® 6d¢°
0-form #1=sin@d@And¢ (volume form)

1-form =*d@=sinfdd¢ *d¢=—id9

sin@
1
2-form *(dOAdg)=——
sing
Bl a=A0,¢)d0+B(0,4)d¢
5a=—*d*a=—(%+cot6?A+ 12 B
06 sin“ @ o¢

§ 03 Hodge-Laplacian

3.1 EF%

o=do+0od (Hodge-Laplacian or Laplace-de Rham operator)
e ow=0fdifferential form#f%% harmonic form °

3.2 Pl

B f(xy,2)=x*+y*+2* 2—({# 0-form 5f =0



of =(do+0d)f

df =2xdx+ 2ydy + 2zdz

5(df) :_(a(2x) +a(2y) +8(22)) _ 5
OX oy oz

Frllof =—6

o= (y+z)dx+(x+2z)dy+(x+y)dz

5 — (_1)n(k+1)+1 % d %

s :-(%h.) -0

da=d(y+z)Adx+d(x+z)Ady+d(X+y)Adz=...=0
oo =0f7LL a &—# harmonic form °

] S? F g=d@*+sin’0dg’> e =do,e* =sinfdg
0- form =*1=sinf@dOAdg
1- form =*d@=sinfdg *d¢:—_id9
sing

1
2- form =*(dOAdg)=——

sind
a=A0,$)d0+B(0,4)d¢

1 a8
sin2 0 a¢

oo = —(% +CotOA+
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[Ex] w=sin@d¢,sinfdO 47 HK dw
3.3 —{EEER

EHEE V,We AP (V) B (V, W) = (WA V) =*(V A W)

bk

SO EHEE AF = 0 (UEE4RIE R

f:M >R is a smooth function
The enrggy functional 1s

1 1¢ ;i of of
Ef)==| <df,df >dV == g"——./gdx’...dx"
031, SRR



Where /g =./det(g;)

It %E(f+t77)|t—0:0 for all 7:M —R with compact support

Prove that Af =0

Consider the variation f =f+ty then

1 ,6(f+tn)a(f+t77) ' i Of on,, of on 1 un
E(f)==|g" dx...dx" = N(—+t=—=)(—+t—>)/gdx"...dx
(f) 2£ ~ Jo ng (o DG+t

1 of on , on o 5 of on .
7 E(0)o= j [ax o o —Wgdd..ax" = | gl6 " —L Jgdx"..dx
.18f on

gan

=<Vf,Vp>

—E(ft)|t:0:IM<Vf,Vn>dV =0 for all 7

By integration by parts
On a Riemannian manifold > div(uX)=udiv(X)+<Vu, X >
Where X 1s a vector field and u is a function ’ then

j div(uX)dV=I udideV+I <vu, X >dV
M M M

IM div(uX)dV=jaM<uX,n>dS=O (by divergence theorem: U

aMZO )
Let u=p,X =Vf then [ <Vf,Vyp>dV ==[ ndiv(Vf)dV =] nafdv

IMnAde=O for all function 7 with compact support > this implies
Af =0



