§ 3.2 The Spectrum of the Laplace Operator [GA3.2]
§ Rellich Embedding Theorem
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The function space is the Sobolev H:=H"*(M)

L% -product (f,g):=jMf(x)g(x)@dxl...dx“ for f,geL,(M)
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And |[f]=(f,f)
(Ap,y) = (do,dy) = (0, Ay)

We define ﬂ'l = fegr}ff_o% ’

then A, >0 (from the Poincare inequality)
Af(X)=AF(X) forall xeQ

§ Theorem 3.2.1

Let M be a compact Riemannian manifold e

The eigenvalue problem Af = Af, f e H*® has countably many eigenvalues with



pairwise orthonormal vectors V,, °
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Except for the eigenvalue A, =0 realized for a constant as its eigenfunction » all

eigenvalues are positive and lim A, =
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The eigem’a_lues and eigenfunctions of the Laplace—Beltrami operator of a
Riemannian manifold M determine its Green function and heat kernel. We have
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The eigenvalues of the Laplace-Beltrami operator of a Riemannian manifold M encodes ite
geometric quantities * and sonversely * those eigenvalues can be estimated in terms of
geometric quantities °
1. Weyl estimate
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2. Cheeger estimate
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3. Federer formula

Theorem For every open S2 C M and every smooth function ¢ on S2, we have
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where Vol 41 indicates the (d — 1)-dimensional volume of a hypersurface. O



