§ The Laplace Operator and Harmonic Differential Forms
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§ 3.1 The Laplace operator on functions
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(:M — N 15 a smooth map then push a vector field and pull back a 1-form
X = pxo NEFHET) -

For a compact supported 1-form ¢ > we have _[ divpdx" A...A dx" =0 (Stokes theorem)

In Riemannian geometry

(1) For a vctor field X » div(X) =V X*

(2) For a one-form o - divo=V*w,=9"V o,

Hodge star operator in R’
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§ Laplace operator A
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The Laplace-Beltrami operator Af :=—divgradf = ———(\/_ g”
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A smooth critical point f of the energy integral E in the sense that
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5 E(f +t) |t:0: 0 forall n:M — R with compact support in M is harmonic > i.e.

Af =0
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§ 3.2 The spectrum of the Laplace operator

What a a Sobolev space ?

Let Q< R"beanopenset ° 1< p<oo,keN

The Sobolev space WP (Q) consists of all locally integrable functions u € L°(Q) such

that for every multi-index & with |a|<k - the weak derivative DU exists and

belong to L°(QQ) -
The norm on W*?(Q)is given by :
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And for p=00 * [Juf s, =max|Du
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HrHY(Q) =W™(Q) 7 Laplace equation F/REETE -

Sobolev space H :=H(M)

An eigenfunction f of A isafunction feH,f #0 - that satisfies
Af (X) =AT(X) forall xeQ

All eigenvalues A are nonnegative °
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1. Integration by parts (or Green Identity) IM <Vu,Vv>dV + IM uAvdV = LM u %ds

2. div(fAf) =VFeVf + fdiv(Af)
A = —div(grad) = div(Vf ) = —Af
div(f Af) = VF oV + fdiv(Af) = VF «VF — f Af

j div(fAf)dv = LM (f Af)endS =0 (Stokes theorem and M is compact > no boundary)
w |, (VI = fAf)dv =0
j f AfdV =1j f2dv
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[ fAfV =[ <VEVE>dV =] [VE['dV > wehave 4] faV =] [VF[ dv
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L. Ufunction : |[f], =(] [fO[)**du(x) <o
X is a measure space (often R"with Lebesque measure)

|f], isthe L*—norm of f

L* functions form a Hilbert space with the inner product
<f,g>= f0)g0)du(x)
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f(x)=
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() f(x)= X3 wth a weak singularity but still A2
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then f el?(R) and g(X):% on (0,1) gel?(0,1)
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@ f(x)=e” on(0,1) ¢L?(0,1)
2. Sobolev space
3. Energy functional

E(U)=% IM V[ dV, is the Dirichlet energy v, =.Jg(Vu,Vu)

E(f):%jM<df,df > Jgdx.dx" » f:M - R asmooth function

4.
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f:M —> R is a smooth function
The enrggy functional is E(f) = %jM <df,df >dV = %KE o o \/7 dx*...dx"

Where /g = [det(g;)

It %E(f +117)|,o=0 forall #:M — R with compact support

Prove that Af =0
Consider the variation f, = f +tn then

B =5 [ o ot +tn) a(f”n)fd L =] g”( ag)(%ﬂ%)\/gdxl._dx”
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By integration by parts
On a Riemannian manifold > div(uX) =udiv(X)+<Vu, X >
Where X 1s a vector field and u 1s a function > then

[ divux)adv = udivxaV +[ <vu,X >dv
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jM div(uX)dV =
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Let u=7n X =Vf then jM<Vf,v;;>dv=—qudiv(Vf)dV=—jMnAfdv

.[M nAfdV =0 for all function 7 with compact support > this implies Af =0



