§ Laplace Operator [GA3.1]
§ 01 Laplace EF1EFHINEREL
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For a vector field Z:ZZi - div(Z) = Zﬁz
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For a compact supported 1-form ¢ > we have _[diV(pdxl/\.../\dx”:O
(Stokes theorem)
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1.3 Laplace-Beltrami &+
FRERIE L » The Laplace- Beltrami operator EFEFy
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For a smooth compactly supported function f jAfdxl...dx”:O



1.4 Dirichlet ge=EEzRMIKEL
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Where +/g =./det(g;)
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f:M—>R is a smooth function

The enrggy functional 1s

E(f)_—j < df o|f>o|v_—jg“a T J(dx dx"

Where /g =.[det(g;)
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If aE(f+t77)|t:0:O for all »:M >R with compact support

Prove that Af =0

Consider the variation f =f+tp then
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aE(fl)|t:O=J.M<Vf,V77>dV =0 for all 7

By integration by parts
On a Riemannian manifold > div(uX)=udiv(X)+<Vu, X >

Where X is a vector field and u is a function ® then

[ divux)adv = udivxaV +[ <vu,X >dv
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Let u=n,X=Vf then jM<Vf,vn>dv:—jMndiv(Vf)dvz—jMnAfdv

_[MnAdeZO for all function n with compact support > this implies



Af =0
1.5 #%EHA Sobolev Z2[H]

Sobolev space H:=H"?(M)

An eigenfunction f of A is a function feH,f =0 - that satisfies
Af(X)=AF(x) for all xeQ

All eigenvalues A are nonnegative °

1. Integration by parts (or Green Identity)

IM <Vu,Vv>dV +J'M uAvdV :LM u%ds

2. div(fAf) = Vf«VF + fdiv(Af)
A =—div(grad) = div(Vf ) = —Af
div(f Af ) = VF oV + fdiv(Af ) = VF -V — f Af

jM div(fAf)dV:LM(fAf)-ndSZO (Stokes theorem and M is compact > no

boundary)
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[ fAfV =[ <VfVE>dv =] [VE['dV - we have Af f2dv =] |vifav
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Let Q< R"be an open set » 1< p<oo,keN

The Sobolev space W*P(Q)consists of all locally integrable
functions uel’(Q) such that for every multi-index a with |a|<k -
the weak derivative D”U exists and belong to L°(QQ) -

The norm on W*?(Q)is given by :
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HAFHY Q) =W"*(Q) 1F Laplace equation F/REZ -
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2.2 RcPHyHIT
1ER*th > Hodge star operator :
0-form f *f = fdxAadyAdz

1-form *dx=dyadz *dy=dzadx =*dz=dxady
2-form *(dy Adz) =dx
3-form *(dxAdyadz)=1
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STERTA 2-form HHETATEE -

& = B,dy Adz+ B, dz Adx+B,dx A dy

*1 = B,dx+ B dy+B,dz
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g =d&? +sin” Od g’

0-form #*1=sin8d@Ad¢ (volume form)
1-form *d@=sinddg¢
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1
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§ 03 Hodge-Laplacian

3.1 EF

o=do+0d (Hodge-Laplacian or Laplace-de Rham operator)
e ow=0fdifferential form#%% harmonic form°

3.2 #i+

B f(x,y,2)=x*+y*+2° 2 0-form 5f =0

of =(do+0od)f
df =2xdx+2ydy + 2zdz

S(df) = _(8(2x) N o(2y) N 8(22)) _ 6
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B a=(y+z)dx+(x+2z)dy+(x+y)dz



5= (~1)" "D xd = [GA3.1-3]

sa=—CY*D Ly o
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da=d(y+z)Adx+d(X+z)Ady+d(x+y)Adz=...=0

oo =0 7Ll a &—{& harmonic form e

# S* | g=d&*+sin*0dg* €' =do,e’ =sinddg

0- form =*1=sinddoAdg
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1- form =*d@=sinfd¢ =*dgp=———d6
sing

2- form #(dOAdg)=——
sin@

a=A0,$)d0+B(6,)ds
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[Ex] w=sin@d¢,sin0d6 477K dw
3.3 —(EEER
EHERE Vv, Wwe AP (V) EBH(V, W) = #(W A V) = *(V A *W)
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0T R HEE AF = 0 (YEELTERE
f:M—>R is a smooth function

The enrggy functional 1s

E(f)_—j < df o|f>o|v_—jg“a T J(dx dx"

Where /g =.[det(g;)

d .
If aE(f+t77)|t:0:O for all »:M >R with compact support
Prove that Af =0

Consider the variation f =f+ty then
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aE(fl)|t:O=J.M<Vf,V77>dV =0 for all 7

By integration by parts
On a Riemannian manifold > div(uX)=udiv(X)+<Vu, X >

Where X 1s a vector field and u is a function ’ then

[ divux)adv = udivxaV +[ <vu,X >dv
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_[M div(uX)dV:LM<uX,n>dS:0 (by divergence theorem U4, =0 )

Let U=n,X=Vf then jM<Vf,vn>dv:—jMndiv(Vf)dvz—jMnAfdv

_[MnAdeZO for all function n with compact support > this implies
Af =0



