§ 1.2 Symplectic and contact manifolds
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What is the Hamiltonian ?

The Hamiltonian H of a system is defined as H (q,d,t) :d p— L(q,d,t) ’
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where q is a generalized coordinates © p=— s a generalized momentum - Lis
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the Lagrangian -

The Hamilton equations are the equations for the flow of the vector field X, satisfying

i(X,)o=-dH
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the Hamilton equations :

(M, ) is asmyplectic manifold if
1. o isa2-form>
2. dw=0

3. Nondegenerate :If ®,(X,Y)=0 forall Y eT M thenX=0

(& HEMEREAFT o= o, rdx’ Hldet(w;)=0)
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H:M — R a Hamiltonian is a smooth function
Xy Hamiltonian vector field if @o(X,,,Y)=dH(Y) forall Y eT M

(or equivalently (X, ,0=dH > orsimply dH(V)=w(v,&) forall veTM )

@, theflowof X, is called the Hamiltonian flow of H

Theorem 1.2.1
The function H is an integral of the Hamiltonian phase flow with Hamiltonian H

( The mathematical formulation of the mechanical principle of the conservation of



energy ° )

Proof
dH(Xy) =ao(X,, X,;) =0(AF o ELEFE - )

Lemma L, ©=0

By Cartan magic formula

Ly, o=t (dw)+d(y, ©)=0+0=0

One way to place the geodesic equations of M into the context of Hamiltonian
dynamics is to look at the cotangent bundle T°M -
We put the canonical symplectic structure on T*M and define the Hamiltonian H

on T°M inlocal coordinates by H(X, p):%Z:g”pipj

An equivalent approach is to put a symplectic structure directlyon TM > i.e. a

closed > nondegenerate > smooth 2-form @ on TTM -

Exercise

Show that L, w=0<forall teR ¢/wo=w where ¢, istheflowof X,

(i.e. A Hamiltonian phase flow preserves the symplectic form o)
Proof
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§ Poisson bracket {F,G}

Let F,G be Hamiltonians on the symplectic manifold (M,®) > andlet &, denote
the Hamiltonian vector field of G - i.e. @(&;,Y)=dG(Y)

We define {F,G}=dF(&;)  the derivative of F in the direction of the Hamiltonian
flow of G -

1. Bilinear

2. Skew-symmetric

3. Satisfies the Jacobi identity

So > is a Lie bracket for the algebra of Hamiltonians on M

Two functions f ,g on M are said to be in involution if they Poisson-commute ({f ,g}=0)



From the definition of the Poisson bracket that a function f is an integral for the

Hamiltonian flow of H if and only if f and H are in involution -

Definition

Suppose that {f, f,,..., f,} isa setof integrals of a flow on M -
We say these integrals are independent at X € M if their differentials {df,,df,,...,df,}

at x form a linearly independent subset of T, M

Definition

The flow of a Hamiltonian H on a symplectic manifold M is said to be integrable (or
completely integrable) if there exist n everywhere independent integrals
f,=H,f,,..., f, Of the flow which are in involution °

A classical theorem of Liouville states that when a Hamiltonian flow is integrable,
the flow itself is geometrically very simple. Liouville’s theorem asserts the existence
of action-angle coordinates on M in which the flow behaves as quasiperiodic flows
on tori. Thus, the phase space of an integrable Hamiltonian system is foliated by
invariant tori.

§ Contact manifold JfiE i

M is a (2n-1)dim orientable manifold

a isa 1-formin M called a contact form < a A (da)" ™" never vanishes

(M, @) is called a contact manifold

X is a canonical vector field (called characteristic vector field) if 7, =1,1,da=0

(Then L,a=dya+1,da=0)



