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An Introduction to Riemannian Geometry CH 6.5 p.272

Spacetime and Geometry CHS5.1 p.193

By Birkhoff Theorem :

In GR - the unique spherically symmertic vacuum solution 1s the Schwarzschild metric ©
2GM
r
Where dQ* =dé&” +sin® d¢?

Constant M 1s the mass of the gravitating object °

Since we are interested in the solution outside a sphrical body > we care about Einstein

ds? = —(1—2Mygiz 4 (1 2M g2, g2
r

equation in vacuum > R, =0

v

§ The Schwarzschild Solution

g =—A*(r)dt’ + B>(r)dr® + r’d6* +r’sin 8°d ¢’

For unknown positive smooth function A * B: R—R
®° = A(r)dt, o' = B(r)dr,»* =rd@,»’ =rsin6de

{a)o,a)l, a)z,ws} is an orthonormal coframe ©
. 3 . .
i j i
dw —Za) N
j=0
oy =& =0, = @), w, =—a] on an orthonormal frame °
0 1 AI 1
do’ = A()dr Adt =0’ Adt

_ .0 0 1 0 2 0 3 0
=0 ANQy+O ANO +O° N, + @ A @,

A'
ANON :Edt v @) =) =0

do'=0
dwzzdrAdH:%wlAde

dw® =sin er/\dgo-l-rCOSQdHAd(0=¥V\I1/\d(D+COSQCO2 ~dg

=a)° /\(l{}3 +a)1 /\{03 +0)2 /\g)3 -|-C()3 /

sin@
L= = de

Yield the nonvanishing connection forms :
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@ :a)é:%dt ; a)f:—a);:ldé ; a)f:—w;:%dqp

@ = - =cosfde

j j k j— j m n
Q'=do! -0 /\a)k—ZRmma) A@
m<n

Then the curvature forms :

. A"B—A'B
Af
QOZQS— Y w'e/\_uo,
" A’
QE,_—SZE'— 15 w? AW
/ 2
i B’
Qf_—QF:?.def\.df
rp-
B
Of = @ = 5 AW
. B —1
: 0 (7]
Q;:—QP— —— W’ Aw

BN QY =QF =dw} —{@) A&} + &} A&} + &} A&+ &} AT}

:;—édrAdG:%gwl/\a)z as o' =Bdr,»® =rd@

Q) =Q) =dw; — () A&} + 0y A&+ 0> A3+ D A

Slne _1 l 2 3

1
:d(COSHd(o)—(—EdQ/\Td(p):Fa)2 /\a)3+r2—a) A =——=

BZ

Ricci tensor

. . )
Rijji :QiJ(Ei’ Ej) Rij :Zk:Rkij

0 1 2 3 1 2 3
ROO = ROOO + R100 + I:2200 + I:2300 = _(ROlO + ROZO + R030

A"B-A'B' 2A'
= 3 + 2
AB rAB

Where
A"B-A'B'
AB?

AI

Rélo :Qjé(EO’El):_ W

’ Rgzo = Qg(Eo’ Ey)=-—
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A
R =Q¢(E E)=——
030 o( 0 (p) ABZ

-A"B+A'B' 2B’
R11 = Rgll + R1111 + R2211 + Rsll = _(R1001 + R1221 + R1331) = +

AB? rg*
Where
-A"B+A'B’ -B'
Rfm:Qf(ElyEo):T ’ R1221:Q12(E1;E2):F ’
3 3 -B'
R131 = Ql (El, E3) = F
Rzz = Rgzz + I:‘)1122 + R2222 + R3322 = _Rgoz o R;lz o R2332
A B B-:
rAB B r
Where
A' r _B' BZ _1
Rgoz :Qg(EH’ Eo) = rABz ’ Rélz :Qg(Ega Er) :F ’ R2332 IQz(Eg, Ew) :_W

_ po 1 2 3 _
Rys = Ross + Ris + Rygs T Ry = Ry,

A"B - A'B’ 24’

Rop = :
00 IVE + AL
P A"B — A'B’ N 2B
" AB3 rB3’
A B Bl-1
Rpp = R,y =

0T A T T R

Thus the vacuum Einstein field equation Ric = 0 is equivalent to the ODE system

" I pt ’ A’ B’
Y S C N
A AB rA

A B
jar a2 LAY (A 2+2A’_0
‘B A A rA

A" B B 28" B -1

A B r BT
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. : : . 2m.-2 .
The last equation can be immediately solved to yield B = (l—T) 2 > where meR s

an integration constant °
. L a
The first equation implies that A= B for some constant >0 o

By rescaling the time coordinate t we can assume that o =1

Finally - 1t is easy to check that the second ODE is identically satisfied °
Therefore there exists a one-parameter family of solution of vacuum Einstein field
equation of the form we sought > given by

g =——2Mdt? + (1= 2M)dr? + 12d 67 + rsin? 0d o
r r

§ 5.6 Schwarzschild black hole [Spacetime and Geometry] p.218



