Prove that dw(X,Y)= %{X (0,Y)=Y {0, X)={a,[X,Y])}
c.f. RG2101differentialforms

X eTpM is a contravariant vector

6. » then Xf = X' of
ox' OX

X =X

o
1

Forexamle X =yd,—xd, » f(x,y)=x’y+y* e
Then Xf =y(2xy) —x(X* +2y) = 2xy* — x> —2xy

If {e;}isabasis - ¢, :<I)ij % » thwn X = Xjej
X

T,M s the dual space with basis {e'} > €'(e;) =]
o=we with e =d,dx"

Then {e&} and {e'} are called canonical (#ii#)basis

For a function f » df (X) =(df, X )= Xf :Xi%
X
o(X)=(w,X)
Example
1. f,g:R*>R
df :idx+qdy,dg =a—gdx+6—gdy
OX oy OX oy
a a
ox oy : : :
df Adg = 9 g dx Ady > the former is the Jacobian > and the later is the
x o
area form

2. w=P(dyAdz)+Q(dz Adx)+ R(dx Ady)
X =E0,+&%0,+&%, Y ={"0,+{%0,+¢7,
P Q R

Then we(X AY)=| & &% &
&gt g



If @ isap-form> n isaqg-form > then d(wAn)=dorn+(-)°ondny

§ Lie bracket and Lie derivative
[X,Y]=XY =YX or [X,Y] =X Y]-Y*X!..(*)

Jacobiidentity [[X,Y],Z]+[[Y,Z], X]+[[Z,X],Y]=0
LY =[X,Y]

1. L f=Xf=df (X)

2. L, (S®T)=L,S®T+S®L,T

3. Lx<a),Y>:<LXa),Y>+<a),LXY>
ie. Ly(oY)=(Lyo)Y+o(LY) or X“(oY"), =(Lyw),Y' +ao,(LY)’
Hep J1(*) (L)Y =X (@, Y + oY) —o (XY, =Y X))
= (X o, —a X5Y! > then (Lw), = o, X +0 X
(Ly@,Y)=Y (@, X) = (0, X + o X5)Y =Y (0 X  +y X¥)
= (0, — 0 )XY =2dw(X,Y)

Then daw(X,Y) :%{LX (@,Y)=Y (0, X)=(0,[X,Y]}

Let a):hldxl_'__'_hndxn ’ X :é:laxl-i_"'_'_é:naxn

Prove that Lyw =) (Xh)dX'+> hd&*
i k



