Ricci flow and the Poincare conjecture Gang Tian
A Ricci soliton 1s a special solution to the Ricci flow > a geometric flow that evolves a
Riemannian metric on a manifold ° It is a generalization of an Einstein metric and plays a
significant role in understanding the behavior of the Ricci flow and the geometry of
manifolds °

A Riemannian metric ¢ on a manifold M is called a Ricci soliton if there exists a
smooth vector field X on M and a constant 4 € R such that :

Ric(g)+% L,g=A19

Ricci solitons are important because -

1. They arise as fixed points (in the space of metrics modulo scalings and
diffeomorphisms) or self-similar solutions( 5 FH{ELf#) of the Ricci flow ° Ricci
solitons and self-similar solitons are two sides of the same coin °

Proposition 2.2 (Canonical form, I). Let (M", g9) be a Riemannian man-

ifold.

(a) Suppose that g(t) = c(t)¢}go satisfies the Ricci flow on M™ x (a,w)
for some positive smooth function ¢ : (a,w) — R and smooth family
of diffeomorphisms {d¢}ie(aw)- Then, for each t € (a,w), there is
a vector field X (t) and a scalar \(t) such that (M™, g(t), X (t), (1))

satisfies the Ricci soliton equation (2.1).

(b) Suppose that (M™, go, X, ) satisfies the Ricci soliton equation (2.1)
for some smooth vector field X and constant A. Then, for each x(y €
M™, there is a neighborhood U of xg, an interval (o, w) containing
0, a smooth family ¢¢ : U — M™ of injective local diffeomorphisms,
and a smooth positive function ¢ : (a,w) — R such that g(t) =
c(t)p;go solves the Ricci flow on U x (a,w) with g(0) = go.

[001R1cciSolitonEquation p.4]

By - AL RN R LERE R IR A SV - (&2
BB BAER (scaling) ~ “Ef% (translation ) S At B FEEHACH L -
B R HREE R (Geometric Flows ) o1 » EAH{DIAEEE R
FAE 250 DAFF & 5 S R (E R i B HL R 451 -



i%%%%E%@ﬁwwmmmmy%=4mqmm%@%ﬁﬁ

9(®) = p(Oe 9(0) FIIFE a(t) Ry EAHLIE «

Hrp p(t) & —(E R T4 5 A T (scaling factor) @ @, & —{E AR
A3 P Ay JA AR 26 44 (di ffeomorphism) ©

5 BB AF Ricel )i R Ricci Soliton » (RUEEMTRE © Ric(g)+L,g=19

ERYT » 1 Ricel FAVRILIERD - SETRIEATSE » FRDIERT
A -

2. They provide insights into the singularities and long-time behavior of the Ricci
flow ©
3. They are used in the study of the topology and geometry of manifolds, particularly
in the context of the Poincaré conjecture and Thurston's geometrization
conjecture °
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2. E¥HE A=0
3. AR A<0
Examples -
1. Gaussian Soliton : On Euclidean space R" - the flat metric is a gradient

shrinking soliton ° @ =&,V —E,/I =1 HEAY Ricci flow 7%%2 —2Ric(g)
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Gaussian cylinder(FRIEILT) © M =RxS"™ » g=dx* +e¥g,,,.4 = fHE

[ Ricci soliton © Ricci tensor jii i Ric(g) +L,9 =49
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Shrinking round spheres
3. Finstein manifolds

. . 1 nA .
(M,g) witth Ric(g) = Elg of constant scalar curvature > » We may assocliate

a Ricci soliton structure of the form (M, g, f, 1) with f=constant °

If a Ricci soliton (M, g, X, A4) is Eiestein with constant 2 » then

1 . . ) . :
L,g= > g—Ric(g)=0 i.e. X is a Killing vector field °

4. Cigar Soliton : A complete * non-compact steady soliton in two dimensions ©
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5. Bryant Soliton - A complete * non-compact gradient steady soliton in three
dimensions °

6. Pseudo-Einstein soliton * 7E—E6F—fEHYENL T » Perelman fERAFZE =417
T2 e bR - 2830 TIESE LAY Ricei Soliton » {5140 224 = 4B Hg 22

& (Ricci soliton metrics on homogeneous spaces ) » ELH

e Hamilton AVFEXEZFEERAIfE (Hamilton” s standard shrinking soliton on
S )
e Perelman HY cigar soliton ( BAGILILF)

Ricci solitons are a central topic in geometric analysis and have deep connections to
physics ’ particularly in the study of general relativity and string theory ©

§ Ricci soliton
A Ricci soliton is a Ricci flow » 0<t<T <oo » with the property that for each
te[0,T) there is a diffeomorphism ¢, :M — M and a constant o(t) such

9(t) = o ()¢ 9(0)-..(1)



@M —>M is a time-dependent family of diffeomorphism with ¢, =id and o(t) is
a time-dependent scale factor with o(0) =1 -

That 1s to say ’ in a Ricci soliton all the Riemannian manifold (M,g(t)) are isometric up to
a scale factor that 1s allowed to vary with t °
The soliton is said to be shrinkng if o'(t) <0 forallt °

(1) MW 1% L t=0
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—2Ric(g(0)) =o'(0)g(0) +L,g(0) ---(2) > where V :%
A Ricci soliton structure is (M, g, X, 4)

Ric(g) +% Lg= % g-(3) BQLIE A =—0(0)

» R 1s the saclar curvature °

Tracing (3) » we have R+divX = n;’

divX =tr(VX)=> VX'

i=1
As before > g(t) = (1-2A4t)g, is a solution of the Ricci flow - i.e. a Ricci soliton in

Eistein manifolds °

If f is a function » Vf =df > in local coordinates * V, f = (df), —i and

f=(Vf)=g"V,f -

(3) simplifies to Ric(g)+V?>f 2%9 since Ly, g=2V?f > here V? denote the

Hessian ° These are so-called gradient Ricci solitons ©
A shrinking soliton (M,g(t)) 0<t<T is said to be a gradient shrinking soliton if the
vector field X 1s a gradient of a smooth function on M °

Proposition

(M,g(0)) is a complete Riemannian manifold > a smooth function f:M —R > anda
constant A >0 such that —Ric(g(0))=Hess(f)—-A1g(0)

Then there 18 T>0 and a gradient shrinking soliton (M,g(t)) defined for 0<t<T

Since L, g(0) =2Hess(f) » X =Vf



[Remark]
Lie derivative of a form o :

R . .
Xey(M)  Lio= ['LTJE(QW—&’):%((/’M’)LO » Where ¢, is the local flow of

X °
The Lie derivative of the metric tensor g -

(L\/g)lj :ngij,k +Vk,igkj +Vk,jgik Or (LX g)/jv = Xpapgﬂv +gpvaﬂxp+g a Xp

v

Note that > K is a Killing vector field < L,g=0

(M, g, X,A1)is a Ricci soliton » then (M, g,K+ X, 1) is also a Ricci soliton °

Lemma
On a Riemannian manifold (M,g) > we have (L49); =V;X;+V X;

Where V denote the Levi-Civita connection of the metric g > for any vector field X ©

Let @ be the 1-form due to the vector field X > @(Y)=< X,Y > then
L, g(Y.Z) =...= (Vy )2}V ,0)(Y)
Let 0'(0)=24 in the result of Lemma 1.7 to write (1) in coordinates as

—2R; =21g; +VV;+V V,
As a special case we can consider the case that V 1s the gradient vector field of some

scalar functionon M" > ie. V, =V, f ° The equation then becomes

Rij+lgij+Viij =0

Such solutions are known as gradient Ricci solitons ©
A gradient Ricci soliton is called shrinking if 4 <0 - staticif 4 =0 - and expanding if
A>0

§ Special and explicitly defined Ricci solitons

1. The Gaussian solitons

2. Shrinking round spheres
The metrics of constant positive curvature on the sphere S" are anturally shrinking
gradient Ricci solitons * when paired with any constant potential function °

If g 1s the round metric of constant sectional curvature equal to one > the rescaled



metric g =2(n —l)gSn will satisfy [ Ric(g) + V> f = % g Jwith the canonical choice
of constant A =1 -

We call (S",g, g) the shrinking round sphere °

For S"(n>1) of radius r > the metric is given ¢ = r2§ » where 5 1s the metric on

the unit sphere ¢ The sectional curvature are all

r2

. . n-1
Thus for any unit vector v > Ric(v,v) = 2 by Lemma 1.11 °

n

-1 —
= g=(n-1g

Therefore Ric =

So the Ricci flow equation becomes an ODE

ag - 5 27 - drz
B~ 2Ric(g) = 2 (r’g) =-2(n-1)g = —— =—-2(n-1
P ic(g) at(r 9)=-2("-Dg = (n-1)

2

) ) ) R
r(t) =+R,>—2(n—1)t > The manifold shrinks to a point as t —> 2(n0—1) o

Similarly  for hyperbolic n-space H"(n>1) - the Ricci flow reduces to the ODE

2
d gt ) _2(n—1) which has the solution r(t) =RZ +2(n—1t

So the solution expands out to infinity °

Reference [Curve shorting flow]

3. Hamilton cigar soliton

Let M =R* > g,=p(dx* +dy?)

1 o° 0
The Gauss curvature K=—-—Alnp > A=—+—
P ox° oy
i : . 2
Then Ric(g,) = Kg, - if we set p2:1+ 1y » we will find K:1+ o
0 0

Thatis Ric(g,) = ~0, * meanwhile * if we define Y = —2(x&+ y—)

1+x°+y

=0, * by (1.2.4)—2Ric(g,) = L, 9, — 219,

Then L,g,= —m

A=0 - g, isasteady Ricci flow °
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If write g, in terms of the geodesic distance from the origin * and polar angle to give

g, = ds” +tanh? sd 6

This show that the cigar opens at infinity like a cylinder * and therefore looks like a
cigar !
2

The curvature in these coordinates is K =————
cosh”s

Finally > note that the cigar 1s also a gradient soliton since Y is radial ° Indeed we may
take f =-2Incoshs -

>

, 4. The Bryant soliton

Robert L. Bryant https://www.msri.org/people/staff/bryant/
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[The Modeling of Degenerate Neck Pinch Singularities in Ricci Flow by

Bryant Solitons]

5. Einstein manifolds Ric(g) = % g of constant scalar curvature %

. 1 A
Ric —L,g=—
(9)+2 «J 29

If (M,q,X,4)is Einstein soliton » then L,g=0
The vector field X 1s Killing °

6. Product solitons
7. Quotient solitons
8. Nongradient(FEH5E) solitons
. . . 2 .
The complete Riemannian metric ¢ = Iy (dx® +dy?) » together with the complete
+

: 0 0 . .
vector field X = —X& -y 5 generated by homotheties > comprises(£1f%) a

complete nongradient expanding Ricci soliton struture (R*,g,X,-1) on R* -

. . 1_ 2
The scalar curvature of g is given by R(X,y)= 1+ 52

The scalar curvature as a function of
2

. . 1-y
,,,,,,,,,,, {p y: ROGY) =17

R, =-e"Au with u=In(

€ g

) > and where A is the Euclidean Laplacian °
1+y


https://www.researchgate.net/publication/366063484_Rigidity_of_the_Bryant_Ricci_soliton
https://virtualmathmuseum.org/Surface/gallery_o.html
https://www.researchgate.net/publication/1763222_The_Modelling_of_Degenerate_Neck_Pinch_Singularities_in_Ricci_Flow_by_Bryant_Solitons_arXiv07090514

Reference [hyperbolic plane] ds® = % (dx? +dy?)

\

SEER}
1. [Ricci solitons with SO(3)-symmetries] by Robert L. Bryant

2. [Recent progress on Ricci solitons] by Huai-Dong Cao((E 515F)

3. [Geometry of shrinking Ricci solitons] by Huai-Dong Cao(E #EH)


../../RiemannianGeo/notebook/N3804Hyperbolicplane.pdf
RicciSolitons01.pdf
RicciSolitons02.pdf
RicciSolitons03.pdf

