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The cigar soliton 1s a two-dimensional gradient steady Ricci soliton ©
It is a complete * rotationally symmetric metric on the plane R* ©

dr’+r?do?

. . . 2
Here are its common representations = ds” = e
+r

Where r>0 and 6€[0,27)

This form shows the metric 1s conformally equivalent to the Euclidean plane with a

1 .
conformal factor o The Gaussian curvature K =——

1+r

For the conformal metric ds* = w, the Ricci tensor is Ric = miﬂg' The potential f(r) _
—In(1 + r?) satisfies Hess(f) = — Ric, confirming the soliton condition.
ALK == —H[> dXZ + dyz
HEAMERRI )=
1+x°+y

The soliton satisfies the steady Ricci soliton equation Ric+VVf =0 with potential
f(x,y)=—In(l+x*+y?)



Computation in details -

ij

For a conformally flat metric g;; = » the Christoffe]l symbols are

f(x.y)
, 1
Fi:: = ﬁ (5k.53jf + 6kj8gf - 6-£j8kf) )
Where f(X,y)=1+x*+Yy?
Lo =133 ny:Fyxzi Ly =

1+a?+y* L+z2+y2 %W 14a?iy?

. . y
and similarly for F-i_-j by symmetry.

TheGaussian curvatureK for a conformally flat metric ds® = e (dx® +dy?) is given by

K=-A¢ > where A=0%+0% is the Laplacian °

1 1 ) )
Here €% = Ty 150 = —§(1+ X2 +vy?) > compute the Laplacian gives
1+x°+y

For a 2D metric > the Ricci tensor 1s Ric=Kg

. 2 0; 20;
Ric; = 7 25 2J 2 2J 2\2
VolexP 4y 14X +y (L xP+YY)

The potential functionis  f (X, y) = —In(L+ x* + y?)

Compute the Hessian VVf :

) 2 AX:X;

(Vf), =00,f -0 f > 00,f =y v + 1y where
o 20;

X =X X, =Y andsimplifying * (VVf); = —m

Thus Ric+VVf = 29, 29; =
u C@+xP YY) QexE+yR)?

This confirms the steady Ricci soliton condition ©



. . . 2 .
The complete Riemannian metric ¢ = Iy (dx® +dy?) - together with the complete

! 0 0 ) i
vector field X = —X& -y 5 generated by homotheties * comprises(£23%) a complete

nongradient expanding Ricci soliton struture (R?,9,X,-1) on R® -

. . 1_ 2
The scalar curvature of g is given by R(X,y)= 1+ zz

The scalar curvature as a function of

A
AR vy RXY) =

,,,,,,,,,,, ‘1%1 ' 1+y?

R, =-e"Au with u=In(

€ g

) > and where A is the Euclidean Laplacian °
1+y

Let M =R*» g, = p°(dx* +dy?)

The Gauss curvature K =—i2AInp » A= 8_22+8_22

P oX° oy
Then Ric(g,)=Kg, > if weset p*= Tty > we will find K = ﬁ
That is Ric(g,) = m g, ’ meanwhile - if we define Y = —2(x%+ y%)
Then L,Q,= —m g, ’ by (1.2.4)—2Ric(g,) =L, 9, —219,

A=0 - g, isasteady Ricci flow °
If write g, in terms of the geodesic distance from the origin » and polar angle to give

g, = ds® +tanh? sd &

This show that the cigar opens at infinity like a cylinder » and therefore looks like a
cigar !
2
cosh?s

The curvature in these coordinates is K =

Finally > note that the cigar is also a gradient soliton since Y is radial ° Indeed we may
take f =-2Incoshs -



