1.1 Curve shortening flow(CSF)
Given a smooth immersion X,:R/Z —R®
We can evolve it by taking X :R/Z x[0,T) — R?such that
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ot -+-This 18 the CSF equation °

X (u,0) =X, (u)
Here x1is the curvature of our curve ° N is the inward-pointing unit normal vector *
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defined by —xN =

The curvature vector points in a direction
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which serves to smooth the curve out °
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Where s 1s the arc-length parameter °

The CSF equation 1s % =

An embedded curve I' B2 and its curvature vector k.

Because s changes with time > this is not the ordinary heat equation * but a non-linear
heat equation ° However - it still has the nice smoothing properties ©

If » for example > Tis initially C? - then for t>0 small > I', becomes real analytic °

Example : The shrinking circle
If our initial curve X, is a circle of radius r, centred at the origin * then the solution
will take the form X (u,t) = r(t)(cosu,sinu) o

X 1 ) ) dr 1 )
We have N = Pl K= . » 50 the curve-shortening equation becomes pr =—— which

has the solution X (u,t) =4/r,> —2t(cosu,sinu)
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So the circle shrinks to a point at a finite tme t= %
FRAE: A 36 [ P (avoidance principle) » EAEEINAYHHAR G EEDE & 2 BivHEK
§ The acoidance principle
If X,Y are solution of the CSFon [0,T) > and X(u,0)=Y(v,0) forallu,v > then
X(u,t)=Y(v,t) forallu,yv - for te[0,T)

That 1s » 1f the curves do not intersect initally » they will not intersect at any later time °



Theorem -
If T',is an embedded curve flowing by curve shortening flow » A(t) is the area enclosed
by T, > then A'(t)=-27

[ T, B RS R Q - B AR = [[dA
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The area swept by the segment ds in time dtis ~Vv,dtds > where v, =v-n > here nis
o . oX
the outward-pointing unit normal vector * V= Y =xN =-xn

Then v, =v-n=xN-n=—x

dA= L v dsdt = ?j—? = L v ds = —L xds =-2rx

[Ldo=] 90 s = [ xds =27 ity e -
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1.  CSF(EF# curvature flow) % =xN NEiN

t=r?/2
Acircle —  collapse to a point

Collision free
A'(t)=-2x
Gage-Hamilton theorem 1986
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Convex curves shrink to round points ©

6.  Grayson theorem 1989
Under the CSF > embedded curves become convex and thus (by G-H theorem)
eventually shrink to round points ©



