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The KdV equation -
u, +6uu, +u,, =0

{ u(x,0) = f(x)
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( dispersive term) °

,—0< X<0,0<t<oo (1)

Let &=X-—ct (crepresents the wave speed )
Let u(x,t)=f(x—ct) > u —id—g——ci then —cf +6ff '+ f"=0...(2)
’ bodé dt dé&
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frf"=Af'+cff =3f2f"
[%(f')21'=(Af)'+(§ £2)'-(1°) PRSI

(F) =2Af +cf2—2°+B
ZEEEME f f'f" >0 as X—> oo then A=B=0
(F) =cf?—2f% = £2(c—2f) » Hrfic—2f >0

jd—flzijdé ' let fzgsechze then c—2f =...=ctanh?@
f(c—2f)2
Hr
coshx =S¢ ,sinhx:e € ,cosh?x—sinh?x=1 > %sechx:—tanhxsechx
f':%,gzx—ct » df =csech@(—tanhdsech 8)dég
df 20 Jc

=.= =+(&+K)=£ (x-Ct+x,) » <9=7C(x—ct+xo)

f(c—2f)% Je

u(x,t) = f(x—ct):%sechze » where ezg(x—cwxo)

§ Proposition (Miura)
If v is a solution to the modified KdV equation Vv, —6v°v, +V,, =0 then U=V’+v,
solves the KdV equation u, —6uu, +u,, =0 °
0
U, = 2w, +V,, = (—+2v)V,
t t xt (6)( ) t
U, =2wW, +V,,

U, =2V2+2wW,_ +V,_



u)(XX = 4.VXVXX + 2VXVXX + 2W)(XX + VXXXX = 6VXVXX + (% + 2V)(VXXX)
—6uu, =-6(v’ +v )(2w, +v ) ERE - Hrh—6v v Bl = dy ey, $EEY
3 2 2 a 2
—6(2v'v, +VV, +2wW,) = —6(& +2v)(V°V,)
0 2
We have (& +2V)(v, —6vv, +v,, )=0

uEEH 0 Hlu=v?+v, & v Y Riccati equation

v =u, +Uu® £ Miura(=Jf)transformation

§ Scattering and Inverse Scattering

uy — Guu U, =
¢ = butts + Upzz =0 Solution to KdV (¢ > 0)
u(z,0) = f(z)
S. T. Inverse S. T.
Linear Scattering Data Time Evolution Linear Scattering Data
(t=0) ? (t > 0)
Linear Evolution Eq Reflection Coefficients
Eigenvalues
Norming Constants

Figure 1: Idea of Scattering and Inverse Scattering

This method transforms the nonlinear problem into a linear problem in the form of a
scattering problem * which can be solved more easily °

The solution to the original nonlinear equation 1s then reconstructed from the scattering
data °

A process similar to the Fourier transform ©

. e O 1 e i
u, +6uu, +u,, =0 Fourier transform £ u(k,t) = Z_I u(x,t)e"“dx
7 J->

U, =u,,u(x,0)= f(x),—o<x<ow

Where u=u(x,t) and f(x) has a Fourier transform °

Define Fourier transform  F (k) = _EO f (x)e ™™ dx
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. _ 1 .
and inverse Fourier transform f (X) = 2_-[ F(k)e™dk
T ¥

o - © 0 ; 0 (» ouU . .
Lo u.e "dx = J._ma (ue™)dx = P LO ue "*dx = s where U is the Fourier transform

of ux,t) °
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§ The conservation law KdV & & fHFE

. . . 0T oX
Consider u(x,t) > T=f(u) » X=g(u) - and u satisfies the equation r +& =0 -
This 1s a conservation law with density T and flux X °

We have %J:de:—x “’_"w =0 If X—>0 as [x]>x
d = _ w
Then a(j_wde) =0 > implies that I_dex =constant °
0=u, +6uu, +Uu, :8—u+£(—3u2 +u,)=0
ot ox
T=u,X=u,-3u® then IiU(X,t)dX =constant > where we have taken u,u,,u, —0

as |X|—>o0

o,1 , 0 3 1,
O=u(u, —6uu,+u . )=—(=Uu)+—(-2u° +uu, ——u
(t X xxx) at 2 ) aX( XX 2 x)

2
X

Take T =1u2,x :—2u3+uuxx—£u
2 2
So f u? =constant

We define w such that U=w+&W, +&°W* » where u satisfies the KdV equation and &

1S any real number °
We can then obtain Gardner equation

W, —6(w+&*w*)w, +w,, =0 which has a conservation law

W, +(=3w* —3g*w’ +w,), =0



