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§ 02

The KdV equation -
u, +6uu, +u,, =0

{ u(x,0) = f(x)
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( dispersive term) °

,—0< X<0,0<t<oo (1)

Let &=X-—ct (crepresents the wave speed )

df dé& df
Let u(x,t)=f(x—ct) » u =——2=—C— then —cf'+6ff'+f"=0..(2
e()()tdéOlt déen 2

) BE—RIF—cf +3f%+ f"= A & f SR RFEIRIEERLL )
frf = Af +cff —3f2f"
[%(f')21'=(Af)'+(% 2)=(f°)" BEsE

(F) =2Af +cf2—2°+B
s B f f f" >0 as X—> oo then A=B=0
(F) =cf?—2f% = £2(c—2f) » Hrhic—2f >0
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coshx = ,sinh x =

,cosh? x—sinh?x =1 > %sech X = —tanh xsech x

f':%,gzx—ct » df =csech &(—tanh &sech 8)do

df 20 Jc

C
T .= =x(E+K)=£(X-Ct+X,) » @=—(X—Ct+X,)
f(c-2f)2 Vo 2

u(x,t) = f(x—ct):%sechze » where ezg(x—cwxo)

§ 03 Proposition (Miura)
If v is a solution to the modified KdV equation Vv, —6v°v, +V,,, =0 then U=V’+v,
solves the KdV equation u, —6uu, +u,, =0 -
0
U, = 2w, +V,, = (—+2v)V,
t t xt (6)( ) t
U, =2wW, +V,,

U, =2V2+2W,_ +V,_

0
u><>(x = 4vaxx + 2vaxx + 2Wxxx +V = 6VxVxx + (& + 2V) (Vxxx)

—6uu, =-6(v’ +v )(2w, +v ) R - Hrh-6v v Bl Fdy 6y, EEY
3 2 2 a 2
—6(2v'v, +VV, +2wW,) = —6(&+ 2v)(vv,)
0 2
We have (& +2V)(v, —6vv, +v,, ) =0

b

u BE4H 0 Blu=Vv?+v, & v A Riccati equation ©

v =u_+U®F# A Miura(=JH)transformation

§ 04 B TH8IT12
Let VZK ’ then (3)%ﬁl//xx _UV/:O here l//| :c(ij_l/):
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w, +(A—u)y =0 Schrodinger equation

Where u(x,t) plays the role of a potential and A is an eigenvalue of y(X,t)
§ 05 Scattering and Inverse Scattering

U — B6utly + Uppr = 0

Solution to KdV (¢ > 0)
u(z,0) = f(z)

w
=

Inverse S. T.

Linear Scattering Data Time Evolution

J Linear Scattering Data
(t=0) ? (t > 0)
Linear Evolution Eq. Reflection Coefficients
Eigenvalues

Norming Constants

Figure 1: Idea of Scattering and Inverse Scattering

A process similar to the Fourier transform ©

Inverse scattering transform(ZE B &4 B 5y for KAV
1967 £ Gardner Greene Martin Kruskal Robert Miura
u, +6uu, +u,, =0 Fourier transform £y

UGk, 1) = % [ u(x e
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If one is given a linear pde with some initial condition, then the solution of the linear pde can be determine
using the following steps:

e take the Fourier transform of the linear pde which results in a linear ordinary differential equation
(ode) in the Fourier space

o take the Fourier transform of the initial condition (usually not too difficult)
® solve the resulting ode with its initial condition in Fourier space

o transform back to physical space and obtain the solution in the original variables.

U, =u,,u(x,0)= f(x),—o<x<ow

Where u=u(x,t) and f(x) has a Fourier transform °

Define Fourier transform  F (k) = j: f (x)e ™™ dx


documents/Martin_David_Kruskal.pdf

. _ 1 .
and inverse Fourier transform f (X) = 5 J F(k)e™dk
T ¥

o - © 0 ; 0 (» ouU . .
Lo u.e "dx = J._ma (ue™)dx = P LO ue "*dx = s where U is the Fourier transform

of u(x,t)
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§ 06 Galilean invariant

Galilean transformation -

A uniform motion (X,t) = (X +1tv,t)

A translation (X,t) > (x+a,t+59)

A rotation (x,t) = (Rx,t)

The transformation which describes Galilean invariance 1s given by -
X=X'+6At' t=t'u=u'-4,—0o<A<owo (¥

Ur+6UUx+Uxxx =0

The KdV equation 1s invariant under the transformation given by (*) °

But 1t 18 not Lorentz-mnvariant °
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Lorentz transfomation
1 VX 1 1 1
t :y(t—c—z),x =y(X—wt),y'=y,2'=2
1

2
1_V%2

§ 07 The conservation law ~ KdV 5 & fE5F A

Where c 1s the speed of light > and y =

. . . 0T oX
Consider u(x,t) » T=f(u) > X=g(u) - and u satisfies the equation E-F& =0 -

This 1s a conservation law with density T and flux X °

We have %I:de?x\‘fw:o If X>0 as |X|—)oo

Then %(Jdex) =0 > implies that JZTdX =constant °



0=u, +6uu +u, = 8—u+£(—3u2 +u,)=0
ot Ox
T=u,X=u,-3u® then f u(x,t)dx =constant > where we have taken u,u,,u, —0

as |X|—>o0

8 1 2 6 3 1 2
O=u(u, —6uu,+u . )=—(=Uu)+—(-2u° +uu, ——u
(t X xxx) 8t 2 ) 8X( XX 2 x)

2
X

Take T :luz, X =-2u°+uu,, —%u

So f u? =constant

We define w such that U=w+&W, +&°W* » where u satisfies the KdV equation and &

1S any real number °
We can then obtain Gardner equation

W, —6(w+&*W’)w, +w, =0 which has a conservation law

W, +(=3w* —3g*w’ +w,,), =0

§ 08 KdV soliton EfjzE

The soliton solution of KdV equation is  u(X) = —u, sech’(x)

2
or 2\hac2" 37173 o

n 1s the surface elevation (of the wave) above the equilibrium level h > « a constant
related to yhe uniform motion of the liquid » g 1s the gravitational acceleration and
1 Th

o= 5 h? ——g with T denoting the surface tension and p the (liquid) density °
o)

u, +6uu, +u,, =0

[Chaotic dynamics in wave motion]
In scaled variables and a fixed refernce frame KdV takes the following form
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3 1 A H.,,
+n, +—ann, +— =0 where a=—,f=(—
T+ 11+ 5 @ Gﬂﬂxxx H B (L)
Where 7(X,t) represents the wave profile > A is wave amplitude * L its average

wavelength and H 1s water depth ©

KdV2 : extended KdV equation
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Soliton solution of KdV?2
n(x,t) = Asech[B(x —vt)]



