Lctures on PDE  Lecture 8 harmonic functions V. I. Arnold
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Every harmonic function in a simply connected domain of the plane 1s the real part of a

holomorphic function (£ %K) which is defined in that domain up to an additive purely

Imaginary constant °
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§ A holomorphic function f(z) :
(1) EAIH

(2) 7wae Cauchy-Riemann 7552 {(z)=f(x+iy)=u(x,y)+iv(x,u) U, =V,,u, =-V,

eakeal
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§ 6.1 Laplace equation Au=u, +u, =0 Walter A. Strauss

EHFRAU=V-VUu (subharmonic<> Au>0)
U:QcR">R(orC) JiE Au=0 Hil u 78 % harmoic function °

2 N
E(u) =] [Vul doRaE Rz -
Au = f with a given function is called Poisson equation °
f:(M,g)—(N,h)

VpeM,3A(p)>05 f*h=A(p)’g ie.
(df, (v, dfp(w)>h = A(p)* <v,w>_ HIfE f % conformal map

M > RPESLE HEEAD - BIIE{% A minimal surface °

40 5&:$H i (catenoid)

f(u,v)=(coshucosv,coshusinv,u)

| =cosh?u(du® +dv?) -7 conformal
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A( the Laplace operator ) is defined as * Au = a_xl:
i=1 i
Polar coordinates (r,6) :

10,0u, 10u lou ou 1o

AU==—(r—)+=>—=""+—+——
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Spherical coordinates (r,8,¢) : Au=—2—(r2—u +...

reor or

Laplace-Beltrami operator A, is a generalization of the Laplace

operator to functions defined on Riemannian manifolds °

f:M >R > A, f =div,(grad, f) =ﬁai(\/@g“ajf)

in local coordinates (X', ..., X")

f:QOcR" >R

Key properties -

1. Mean value property
1
For any ball B(X,r)cQ » u(x)=———| u(y)dS
yball B(xr) )=t [_u(yas(y)

2. Maximum principle
3. Smoothness
4.  Liouville theorem

A bounded harmonic function on R"™ must be constant °

There 1s no non-constant negative harmonic function defined on the Euclidean

space °

There is no non-constant negative subharmonic function on R? °
Examples -
2. Electrostatics(FFE2)

curlE=0 » divE =4zp



For the electric potential ¢ > A¢ =div(grad¢) = —divE=-47p

§ maximum principle

X

XM

inside ° (unless U =conatsnt)

Let D be a conncted bounded open set ° Let u(x,y,z)

be a harmonic function in D that is continuous on D

(=DwaD) - Then the maximum and the minimum
values of u are attained on 6D and nowhere

principle °

HRIE #5255 Robert Finn $£%/] Eberhard Hopf HY strong maximum

Y- B HEEEFEE] maximum principle °

[maximum orincinle U, =Ku,,

1S a one-dimensional diffusion equation PDE102-

§ rotational invariance

The Laplace equation 1s invariant under all rigid motions ©

In engineering the Laplacian 1s a model for 1sotropic physical situations > in which there is

no preferred direction °
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1. Show that a function which 1s a power series in the complex variable x+1y must satisfy
the Cauchy - Riemann equations and therefore Laplace equation ©

z=x+1y ° f(2)=u@)+iv(z)=ux,y)+iv(x,y) > f(2)= i“anzn
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. . . 2
2. Find the solutions that depend only on r of the equation U, +U,, +U,, =K°U » where

k 1s a positive constant ©
BRAAKE 2 (r,0,) T » x=rsin@cosg,y =rsin@sing,z =rcosd
Laplacian HYZ=0 A ¢

Vif = L9 ( 23f) + L o (sin@g) + L _of

" or

72 Or r2sin 6 60 00 r2 sin? 02

4o =+ : S, i — 2 1 d sz
B O FERHIT > Laplacian HBRIHIEERR GV u=55 g
1d,,du ) d ,du 22 v du Vv' v
——(r"—)=kU=>—(r"—)=kr°u > let v(r)= rU=—>>—=———
r dr( dr) = dr( dr) etvin=ru) rodr ro 1
r’—=rv-v - i(rzd—u :i(rv'—v)=v'+rv"—v'=rv"

dr dr™ dr” dr

n V n
' =krlu=k?r’x—=k’rv =v"=k%
r

_ A +Be ™™
r

v(r)=Ae“ +Be™ u

3. Find the solutions that depend only on r of the equation Uy, +U,, = k?u > where k is a

positive constant ©
The given equation 1s the Helmholtz equation °
10

__(ra_u)zkzuzurr+1ur =k2U (1)
ror or r

Let s=kr > (DR EIFELLr? » the equation becomes :
,d%u du

S ) +S P s’u=0 (a modified Bessel differential equation )

u(r) =cl,(kr)+c,K, (kr)



where |, and K, are the modified Bessel functions of the first and second kind >

The Bessel differential equation -
2

X2 2 d y+xd—+(x -1y =0

dx?  dx

General solution is  Y(X) =c¢,J, (X)+C,Y, (X)

The modified Ressel differential eauation :

respectively > and C;,C, are constants °

4. Solve u, +uy,+u, =0 in the spherical shell O<a<r<b with the boundary condition
u=A on r=a and u=B on r=b * where A and B are constants °

——( 20|u) 0= u=—24c, Su=S +C,
r* dr r r

C C
Atr=A > A=;1+c2 ;atr=B B=ﬁ+c2 fi#zH C,,c,

Aa(b—r)+Bb(r—a)
r(b—a)

u(r) =

5. Solve U, +u, =1 inr<a with u(x,y) vanishing on r=a °

——(r—) 1 with u(a)=0
rdr

u(r)=%(r2—a2)

6. Solve u, +u, =1 inthe annulus([B[2R) a<r<b with u(x,y) vanishing on both parts of

the boundary r=a an r=b °



1d

(r d_u) =1l=u(r)= 1 r’+cinr+d with u(a)=u(b)=0
rdr - dr 4

b? In(;) +a? |n(tr’)}

1,
u(r)=Z{r - |n(9)
a

7. Solve u,, +u, +Uu, =1 1n the spherical shell a<r<b with u(x,y,z) vanishng on both

the inner and outer boundaries °

V2u=i2£ rza—u):l
reor or

_-ab@a+b) __a’+ab+b’

1 7
u(r) = A r? —%+c2 » set u(a)=u(b)=0 fi#c, 6 2 6
_ab(a+b) 22

u(r):%(r2 —ab-b?)

. : : ou
8. Solve u,, +uy, +U, =1 1n the spherical shell a<r<b with u=0 on r=a and o 0

onr=b ° Thenlet a—0 in your answer and interpret the result °

r’—-a> b*1 1
+—(=->)

u(r) =
() 6 3r a

9. A spherical shell with inner radius 1 and outer radius 2 has a steady-state temperature

distribution © Its inner boundary is held at 100°C - Its outer boundary satisfies
au
or

(a) Find the temperature ° (Hint * the temperature depends only on the radius ° )

=-y <0 > where y isaconstant e

(b) What are the hottest and coldest temperatures ?

(¢) Can you choose 7 so that the temperature on its outer boundary is 20°C ?

(a) Steady-state means the temperature has stabilized and remains constant over time at
every point in the shell ©

The steady-state temperature distribution within the spherical shell 1s determined by

solving Laplace's equation in spherical coordinates with radial symmetry ©

1d,,du A
——(r*=)=0 > u(r)=—+B
rzdr( dr) ) r
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=1 > u(1)=100 » at 1=2 »
or

=—y<0= A=4y
u(r)= 4—7/+100—47/
r
(b) - u(r)is decreasing © The hottest temperature is u(1)=100°C > the coldest

temperature is U(2) =100—25°C

(c) y=40 atr=2

10. Prove the uniqueness of the Dirichlet problem Au= f in D > with u=g on bdyD by
the energy method ° That 1s  after subtracting two solutions w=u-v * multiply the
Laplace equation for w by w 1itself and use the divergence theorem °

(1) Assume two solutions U,,U, and define W=u, —U,
Since Au, =Au, =f > we have AW=0 inD

On the boundary * w=u, -u,=9g-g=0
(2) Apply Green first identity

_[ 5 WAwdX = 0

I |Vw|2dx = I w s —I wAwdx =0

D oD an D

VW[ >0=Vw=0=w is constant > but w=0on @D - implies the constant is

zero ° Therefore U, =u,

N
1. Divergence theorem - H E-ndS :H divEdV
S \Y

2. Green first identity : IQ (uAv+Vu-Vv)dQ=I@Qu?dS
n

10



11

1. Green's First Identity (used to derive the second identity):

///Vu-Vvde //uwdS/fquvdV.
on
D 8D D

2. Second Identity: Subtract the first identity for « and v swapped:

f/ (“g:a - ”gi) ds = f/f (uAv — vAu)dV.

aD

. . . ou .
11. Show that there is no solution of Au=f inD > N =g on 0D inthree

dimensions > unless 'm fdxdydz = _U gdS - Also show the analogue in one and two
D oD

dimensions ©
To demonstrate the necessity of the compatibility condition for the existence of a solution

. .. 0
to the Neumann problemAu=f in D with % =g on 0D we proceed as follows :

1. Integrate both sides of the Poisson equation over the domain

T, v = ], v

2. Apply the divergence theorem to the left-hand side H I DV -(Vu)dv = ﬂaD Vu-ndS

Where n is the outward unit normal °
Substituting the Neumann boundary condition Vu-n=g

3. Then mD fdv = jjangs

If this equality fails > the assumption that a solution u exists leads to a contradiction °

12. Check the validity of the maximum principle for the harmonic function
1_ XZ _ y2
1-2x+ x> +V°

u(x,y)= in the disk D={x*+y*<1}

u(x,y) 1s singular at (1,0) » where it becomes discontinuous ©
The maximum principle requires harmonicity in the open domain and continuity on the
closure °

Since u fails to be continuous on the closed disk D > the maximum principle does not

apply °

11



13. A function u(x) is subharmonicin Dif Au>0 inD -

12

Prove that its maximum value is attained on 0D - (Note that this is not true for the

minimum value ° )

§ 6.2 Rectangles and cubes

Au=u, +u, =0 inD ° Where D is a rectangle {0<x<a,0<y<b} - on each sides one of

of the standard boundary conditions is prescribed ° (inhomogeneous Dirichlet °
Neumann > or Robin)
Examples

u=g(x) 1. Boundary conditions indicates as in

the left figure °

u=jy) u, = kiy)

u, +u = hix)

2. For simplicity > assume h=0 > =0 » k=0 °
We separate the variables

u=glx)
u=0 Lo Ul y)=X(x)-Y(y) > then we get
u,+u=0 £+ﬂ:
X Y

Hence there is a constant A such that X"+ AX =0, for 0<x<a > Y"-AY =0

for 0<y<b
X"=—AX with x(0)=X'(a)=0
Y"=2Y  with Y'(0)+Y(0)=0

Exerises
1. Solve u, +u, =0 in the rectangle O<x<a ° O<y<b with the following boundary

conditions *

u,=—a onx=0>U,=0 onx=a: u,=b ony=0>u,=0 ony=b

u(x, y):%xz—ax—%y2+by+c

12
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2. Find the harmonic function u(x,y) in the square D={0<x<7,0<y< 7} with

the boundary conditions * u, =0 for y=0 and for y=7

u=0 for x=0 and u = cos? y=%(1+c052y) for x=x

Assume Uu(x,y) = X(X)Y(y)

X"-AX =0

Y"+AY =0

Boundary condition : Y'(0)=Y'(z)=0

Vzu:0:>{

Y"+AY =0=Y = Asinv/Ay + Bcos+/1y
Y'(0)=Y'(z)=0= A, =n?Y,(y)=cos(ny),n=0,12,...
X"-n*X =0= X, =Ae™ +Be™ > u(0,y)=0=>A+B=0
Hence X, =C, sinh(nx) (except n=0)

u(x,y) = % + icn sinh(nx) cos(ny)

n=1

Apply boundary condition at X=7x >

Ar & . 1 1 1

——+ >» C_sinh(nz)cos(ny) == (1+cos2 =—C,=—F—
X sinh@2 ) cox

u( x, yr—

(X yr 27r+ 2sinhe(2

3. Find the harmonic function in the square {O<x<1 » O<y<]1 }with the boundary
conditions U(x,0) = x,u(x,1)=0,u,(0,y)=0,u, (L, y)=y*

Assume u(x,y)=v(x,y)+w(x.y)
v(x,0)=x,v(x,1)=0,v(0,y)=v(1,y)=0

W, (0,y) =0,w, (L y) =y* > w(x,0)=w(x,1)=0
SRR v > w ZRIBFEDD -
oo FISEBO T B v(cy) © V(X Y) = x—iésin(nzx)sinh(nny)

2(-1)"

w(X, =00Ccoshnxsinhn s Hrie =— 2~
%) nZ:1: »cosh(nx)jsinn(zy) » S5 7°n®sinh(nz)

13
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4. Solve the following Neumann problem in the cube {O<x<1 > O<y<1 » O<z<1} -
Au=0 with u,(x,y,1)=9(X,y) and homogeneous Neumann conditions on the

other five faces * where g(x,y) 1S an arbitrary function with zero average °

s UL o
u(z,y, z',y'") cos(mnz') cos(nm
9z ZZ mmvm? + n? sinh(rv/m? +n2 0 V) ) cos(nmy/)

m=1 n=0

dm’dy’) cos(mmz) cos(nmy) cosh(m/m?2 + n2z)

Where 6,,=1 if n=0 > and O otherwise °
DeepSeek 45—l 15~ g(x, y) = cos(zx) cos(ry) » zero average HYE EE
[0 : [0 “cos(rx) cos(y)dxdy =0 » & Fourier series At A 5% cos(mzX) cos(nzry)

TR (%8s R 0 0 B g (X, y) = cos(mzx) cos(nzy),m>1n>0
HU m=2 > n=1" g(X,y)=cos(2zx)cos(zy) Allitt Neumann AR S :

-1
u(x, y'z)_Zm/gsinh(m/g) COS(ZﬂX)COS(ﬂ'y)COSh(ﬂ'\/gZ)

5. Find the harmonic function in the semi-infinite strip {0<X<7,0<y <o} that

satisfies the boundary condition : u(0, y) =u(z,y) =0,u(x,0) = h(x), |yl_[n u(x,y)=0

u(x, Y)=ianin(nx)e—“y : Bﬁ% jo”h(x')sin(nx')dx'
n=1

00

u(z,y) = (i Aﬁh(m’) sin(nz') dg;’) sin(nz)e ™

n=1

What would go awry(GEHH) if we omitted the condition at infinity ?

§ 6.3 Poisson formula
A much more interesting case 1s the Dirichlet problem for a circle °

The rotational invariance of A provides a hint that the circle 1s a natural shape for
harmonic functions °

Example

Au(x,y) =u, +u, =0 for x*+y*<a’

u=h(8) for xX*+y*=a’
14
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Saparate variables 1n polar coordinates -
_%u lou 1 o
— e —t =
ot ror 1l od?
R"®+1R'®+%R®":O ) M:G)_:_l
r r -R ®
With BC @ ©(@+27)=0(0) for —oo<@<oo

u=R(r)©(0) - u, +u,

Thus > A=n* and ©(8) = Acosnd+Bsinnd n=12,3,

There is also the solution 4=0 with ©(8) =A
r‘R"+rR'—AR=0

R=r*R'=ar*",R"=a(a-Dr*?
ala-D+a-n"=0 > a=+n=>R=Cr"+Dr" (K& =0 FrLiHHkzr"

u(r,0) = 1 A3 + i r" (A, cos(nd) + B, sin(nd))

A2 %J’# I ER » E51% 159 Poisson formula *

o h@) do
o a*—2arcos(d —¢)+ri2m’

u(r,0) = (a* — r?)

Exercises
1. Suppose that u is a harmonic function in the disk D={r<2} and that u=3sin26+1
for r=2 - Without finding the solution > answer the following questions

(a) Find the maximum value of uin D
(b) Calculus the value of u at the origin °

u(r @ ¥ '&3L S ith

2. Solve U, +Uu, =0 in the disk {r<a} with the boundary condition u=1+ 3sin@ on
r=a
u(r,6) = A3 +Zr (A, cos(nd) + B, sin(nd))
15'5?{&#7% u(a,0)=1+3sin0 - fEBHHILEELEL
1+3sin@ = A, +Za"(A] cosné + B, sinng) -

n=1

15



u(r,0) :1+isin0
a
3. Solve U, +u, =0 in the disk {r<a} with the boundary condition U= sin®@
sin39=§sin9—lsin 30
4 4

u(r.6) = (3ysin 60— (—)sin36
’ 4a 4a°

§ 6.4 circles » wedges * and annuli
Example 1 The wedge
{0<0<p,0<r<a}

2 \ v,-ne» Boundary condition

u=0

u(r,0)=u(r, p) =0,%(a,0) =h(0)

PR TIR'-=AR=0 and ©"+A0 =0 (EH /T HEE L BEHIAE MR AT H)
Now ©(0)=0(£)=0
TE e FEAENY eigenvalue problem » HfE By A = (%Z)Z, O(0) =sin n_;@

F*R™+ rR'— AR = 0% —(# ODE - @5 R(r) =" + a*~A=0 » g = 1=%”

= nzé

HEFEEr 7 >0 o FTLUHER < )u(r,0) :iﬁhrﬁ sinT

Finally > the inhomogeneous boundary condition requires that

= n . hm0
h(@)=>_ A T qrenelf gjn 7
) B
This is just a Fourier sine series in the interval [0, £] * so

2 8 . hn0
=a™™"# =" h(0)sin—d g
A — |, h) 5

DU Eris

u=h

The Annulus

16

16
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The exterior of a circle

Exercises

1. Solve u, +u, =0 in the the exterior {r >a} of a disk > with the boundary condition

u=1+3sin@ onr=a and the condition at infinity that u be bounded as r — oo

2. Solve U, +Uu,, =0 in the disk r<a with the boundary condition Z—l: —hu=f(0)

where (@) is an arbitary function = Write the answer in terms of the Fourier
coefficients of f(6) -

3. Find the steady-state temperature distribution inside an annular plate {I<r<2} » whose
outer edge (r=2) 1s insulated > and on whose inner edge (r=1) the temperature 1s
maintained as sin®@ o

4. Find the harmonic function u in the semidisk {r <1,0<@ <z} with u vanishing on
the diameter (@=0,7) and u=zsin@-sin26 onr=1

8. An annular plate with inner radius a and outer radius b is held at tem-
perature B at its outer boundary and satisfies the boundary condition
du/dr = A atits inner boundary, where A and B are constants. Find the
temperature if itis at a steady state. (Hint: It satisfies the two-dimensional
Laplace equation and depends only on r.)

9. Solve uy + uy, = 0in the wedge r < a,0 < 6 < B with the BCs
u=6 onr=a, u=0 onfd=0, and u=p oné =§p.

(Hint: Look for a function independent of r.)

10.  Solve uy, + uyy = 0 in the quarter-disk {x* + y* < a*, x > 0,y > 0}
with the following BCs:

ad
u=0 onx=0andony=0 and a—u:l onr =d.
r

Write the answer as an infinite series and write the first two nonzero
terms explicitly.
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11. Prove the uniqueness of the Robin problem

0
Au=f inD, a—u—l—au —h onbdy D,
n
where D is any domain in three dimensions and where a is a positive

constant.

12. (a) Prove the following still stronger form of the maximum principle,
called the Hopf form of the maximum principle. If u(x) is a non-
constant harmonic function in a connected plane domain D with
a smooth boundary that has a maximum at x;, (necessarily on the
boundary by the strong maximum principle), then du/dn > 0 at xq
where n is the unit outward normal vector. (This is difficult: see
[PW] or [Ev].)

(b) Use part (a) to deduce the uniqueness of the Neumann problem in
a connected domain, up to constants.

13. Solve u, + uy,y =0 in the region {« <@ < B,a <r < b} with the
boundary conditions # = 0 on the two sides 8 =« and 6 = B, u = g(#)
on the arc r = a, and u = h(6) on the arc r = b.

HfE

1. True or false :

(a) Every harmonic polynomial is homogeneous = K (X, y)=x* -y’ +X

(b) Every homogeneous polynomial is harmonic © K f(x,y)=x°

2. Let A be a constant nonsingular 3x3 matrix > u(x) a C' scalar field » and v(x) a

C* vector field ° Set U (x) =u(Ax) and V(x)=V(AX) o Prove that

(a) VU(x)=A"Vu(AXx)

(b) V&V (X) =wW(AX) where W(X)=Ve(Av)(X)

3. The Weak Maximum Principle : Let Q< R* be a bounded domain ©
Let u(x,y,z) solve the Poisson equation —Au = f(X,y,z) » where {(x,y,2)<0 for all
(x,y,2) Q) °
(a) Prove that the maximum value of u ocurs on the boundary 0€ o
(b) Generalize your result to the case f(x,y,2) <0
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