§ Hodge Wave Equation

The Hodge wave equation is a generalization of the classical wave equation in the
context([F1E) of differential geometry and Hodge theory °

It arises when studying wave-like phenomena on Riemannian or pseudo-Riemannian
manifolds > particularly in the setting of differential forms °

Below 1s an explanation of the Hodge wave equation and its key components ©

§ 01 Classical Wave Equation
The classical wave equationin R" is given by ou=0
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Where o isthe d'Alembert operator (wave operator) * defined as o=0t—V with
V being the Laplacian operator in space ©

§ 02 Hodge Laplacian
On a Riemannian or pseudo-Riemannian manifold (M,g) » the Hodge
Laplacian (or Laplace-de Rham operator) acts on differential forms -

For a k-form @, the Hodge Laplacian is defined as : A, o= (d6+d5d)w
Where (1) d 18 the exterior derivative (2) o 18 the codifferential (the adjoint of d with

respect to the metric g © )

§ 03 Hodge Wave Equation
The Hodge wave equation generalizes the classical wave equation to
differential forms on a manifold -

For a k-form @ - the Hodge wave equation is : 0,0 =0

Where o, isthe Hodge wave operator » defined as : o,=07 — A,

Here A, isthe Hodge Laplacian actingon @

§ 04 Key Fearures

1. The Hodge wave equation describes the propagation of waves in the
context of differential forms -

2. ltis a hyperbolic partial differential equation similar to the classical wave
equation o



3. Solutions to the Hodge wave equation can be used to study geometric
and topological properties of the manifold > such as harmonic forms and
de Rham cohomology -

§ 05 Applcations
The Hodge wave equation has applications in :

Mathematical physics - particularly in general relativity and field theory -
2.  Geometric analysis » where it is used to study the behavior of differential
forms on curved spaces -
3. Topology - as it relates to harmonic forms and the Hodge decomposition
theorem -

§ 06 Examples

On R" with the Euclidean metric > the Hodge Laplacian reduces to the
standard Laplacian A acting component-wise on differential forms -

The Hodge wave equation then becomes : 8’w—Aw=0 > where @ is a K-

form -
This is a direct generalization of the classical wave equation -
§ 07 Hodge Decomposition and Solutions

The Hodge decomposition theorem states that any differential form @ on a
compact Riemannian manifold can be decomposed into : @w=da+5f+y

Where dea is an exact form > §f is a coexact form > y is a harmonic form
Ayr=0

Solutions to the Hodge wave equation can be analyzed using this
decomposition > with harmonic forms playing a key role in understanding the
long-time behavior of solutions °



