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§ Separation of Variables 變數分離法(Fourier series) 

2 ,0 , 0tt xxu c u x l t      波動方程 

(0, ) ( , ) 0u t u l t  ， 0t   

( ,0) ( ), ( ,0) ( ),0tu x f x u x g x x l     

 

設解為 ( , ) ( ) ( )u x t X x T t  則
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( ) ( )

X x T t

X x c T t
   

若 0   則 ( ) x xX x Ae Be   ， ( ) c t c tT t Ce De    

無法描述週期現象 0  亦同。 

若 0   令 2    則 ( ) cos sinX x A x B x   ， ( ) cos sinT t C c t D c t    

( , ) ( ) ( ) ( cos sin )( cos sin )u x t X x T t A x B x C c t D c t        

可描述頻率為
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c


的振盪運動。 

邊界條件及初始條件 

(0, ) (0) ( ) 0, ( , ) ( ) ( ) 0, 0u t X T t u l t X l T t t      

因為 ( ) 0T t  (否則僅能得到一個滿足上述邊界條件的零函數解 ( , ) 0u x t  ，不合。) 

故 (0) 0, ( ) sin 0X A X l B l     

又， 0B  (否則 y(x,t)僅能為零函數)，所以sin 0l  或 , 1,2,3,...
n

n
l


    

 

滿足所予初始條件的特別解為無窮級數 
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假設此式收斂，則由所於初始條件知 
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可知
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分別為 f(x)與 g(x)的半幅正弦展開式的係數，即 
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§ CH 4 Separation of Variables      Peter J. Olver 

這裡只處理兩變數的方程式。 

1. Wave equations：sound waves，water waves，elastic waves，electromagnetic 

waves and so on。(hyperbolic class) 

2. Heat equation models diffusion processes，including thermal energy in solids，

solutes in liquids，and biological populations。(parabolic class) 

3. Laplace equation and its inhomogeneous counterpart，the Poisson equation，

both variables represent space coordinates ，x and y，and the associated boundary 

value problems model the equilibrium configuration of a planar body，e.g. the 

deformations of a membrane。(elliptic class) 

The solutions of Laplace equation are known as harmonic functions。 

 

4.1 The Diffusion and Heat Equations 

c.f.  PDE103HeatEquation1-2 

The separation solutions to the heat equation are based on the exponential ansatz 
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Each nontrivial solution ( ) 0v x   is an eigenfunction，with associated eigenvalue ，

for the linear differential operator ( ) "( )L v v x   
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The eigenfunction are founded by solning the Dirichlet boundary value probles 
2
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0, (0) ( ) 0

d v
v v v l

dx
      

If   is either complex，or real and nonpositive，then the only solution to the 

boundary value problem is the trivial solution ( ) 0v x  。This means that all the 

eigenvalues need necessarily be real and positive。 

When 0  ， the general solution is a trigonometric function 

( ) cos sinv t a t b t   ，where 
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§ Smoothing and long-time behavior 

 

§ The heated ring redux 

 

§ inhomogeneous boundary conditions 

 

§ Robin boundary conditions 

 

§ The root cellar problem 


