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1. Transport equation

6_u+C8_u:0 (c 18 a constant) > subject to u(x, 0) =f(x)
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3. <0OX oy
u(x, x) =sin x
%:1’d_y: ’d_u:yex
ds ds ds
dx , dy - .
—=1——=2=Xx=s+t,y=2s+t (" s=0HF y=x > u=sin t)
ds ds
du s+t

— =ye* =(2s+1)e’" =2e'(se’) +te'e’

ds
f&or u= 2etj'se‘°‘ds +tet'[esds =2e'(se® —e°) +te'e® + ¢(t)
fif st s=x-y > t=2X-y

s=0 BF » u(0)=(t—2)e' +¢(t) =sint - @(t) =sint—(t—2)e
i s=y-x 0 t=2x-y > st=x FCAMLRERE1SE]
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u=sin(2x-y)+e*(y—2)+(2—2x+y)e
8_u+ au

=0
4, ot ax
u(x,0) =cosh(x)
dt a_, %: d_u 0
ds ds "ds
%:ex =-e " =t+C
ds

By initial condition u(x,0)=cosh(x) at t=0 > we determine the constant C in terms of the
initial position X, : —e 7 =C
Thus  the characteritic equation becomes : € *=e * —t=e ™ =t+e™*

u(t, x) = cosh(x,) :%(e% re ) :%(t+e‘x) +%(t+e‘x)‘l

5. Solve —4u,+u, +u=0

Ox_ 40y _jdu__

ds ds ds

dX ﬂ =0=x+t4y=c

ds ds

du

— =-Uu=Inju/=-s+k=-y+y/(c)
S

u=1e"“e” =g(c)e”’

6. Solve —2u,+4u, = e*"¥ —5u

du ou dx ou dy Y
ds  ox ds ayds

-5u

%:—2,ﬂ:4:>2x+y:c

ds ds

d_u:_l( X+3y 5) ——§U=—16X+3y=—le_sx+3c
dx 2 dx 2 2 2

( DorpCoy=a0) HBHIETE u() = exp(] POOK) )
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e2u)=—Ce 2
(e*u)'=-3
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Characteristic coordinates are a set of variables used to simplify and solve partial
differential equations (PDEs) by aligning with the characteristic curves of the equation.
These curves represent paths along which the PDE reduces to an ordinary differential
equation (ODE), making the problem more tractable.
The characteristic variable & =2X+Y 1s constant along the characteristics
To fully parameterize the plane, introduce a second coordinate 7 =Y —2X (varies along

characeristics)
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The PDE leads to 8u, = e*® —Bu (depends only on 7 * since & is constant along

charateristics ) » reducing it to an ODE in 7
u —u % +U ﬂ:l x lu
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u, =u, XK iu X —lux+1u
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—2u, +4u, =8u,
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Solve the ODE U +~-u=Ze 4 —u=—e"¥ +e™%F
olve the t5Uu=3 = &)

B
L u”+§u=0:>u=e S F(&)
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7. ug+u, =u’ for xeR,y>0 and ux,0)=g(x) for xeR

dx_ dy_ du_ .

ds ds ds

%:1: X(s) =s+t
ds

ﬂzl:y(s):s

ds

d—:u2:>d—_ds:>—£_s+c > Ats=0 > u(0)=g(t) :>c———
S u’ u g(t)

t=X-$=X-y °
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u(x,t) = 1 _y_l—yg(x—y) ANS
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8. U +u,=u® fory>0 - and u(x,0)=-€"

de_ dy_jdu_
ds ds ds
X=S+t
y=s=x-t=>1=X-Y
du , 1
—=u"=u

ds —-S—C
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As s=0 (initial condition) u(0)=-€" =—=c=¢"
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u(x,y)=-
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9. Solve UX+Uy=1,X€R,y>0 » u(x,0) = =,
u 1+x

d—u:1:>u2:2(s+c)
ds u
Ats=0 > x=t

1
1+t°

u?=( )? =2C t=x-s=x-y ’ s=y

u? =2s+2c=2y+( )

1+(x—y)?

Then u(X, y)=\/2y+( )2 ---ANS

1
1+(x-y)?

10. u, ~u, =¢",u(x,0)= f (x)

%:1:>x:s+t
ds



d
—y:—1:> y=-S
ds
du "
d—:e —>—€ =S+C
S
Ass=0> c=—e" =— '
e—u(x,t) =_(S_e—f(t)) — y+e—f(x+y)

u(x,y) =—In(y+e ") ---ANS

11. Solve (X=Yy)u, +u, =u,u(x,0)=x

%:x—y M %:1z>y=t+c y(0)=0= y=t X A1)
dx dx N —t
E:X_t ’E_X:_t Wi [E] g sy e

d

" (xe)=—te"' =>xe' = I—te‘tdt =te"' +e ' +¢

x=t+1l+ce' x(0)=x,=1+c,
X=t+1+(x —-e' =y+1+(x,—-De’ t Hy{ftA)
X, =(x—y-De”? +1

(zl—l::u:u:uoet » U(X,0) =Xy, Uy =X,

u(x,y)=[(x—y-De” +1]e* =(x—y-1) +e’

12. xu, —tu, =u for xeR,t>0 andu(x,0)=g(x) for xR > where g is a smooth
function with compact support ©
A function or distribution has compact support if it 1s non-zero only within a compact

set ©

13. Solve the equation YU, +u, =U,(x,y) € R* with u(x,0)=x’

ﬂzl:yzs , %:y:s:x:isz+xo , u:u:>u=u0e

ds ds 2 ds

S

1
The initial condition U(X,,0) =X, = U, = (X_E y ) s=y

U(x.y):(x—%yz)zey -+-ANS
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14. u, +yu, _(x+1)1 u,u©,y)=y

Gyt du_ (0
ds ~ds 'ds x+1

2
The PDE can be written as :—i = (ij j)l u along the characteristic curves defined
. dy
as i =y
Solve the characeristic equation gives Yy =Ce*
2
Solve the ODE for u L du_ (X2+1) u
dx  x“+1
—= j (X+1) dx = Inju[=x+In(x*+1)+C = u=e°(x* +1)e"

Let €“=C, then u(x,y)=C,(x*+1)e*
From the initial condition > C, =Yy > here Cis a constant > so we need to express

C, interms of the characteristic curve y=Ce* °

So > atx=0y=C e Thus C,=C=ye™

uix,y)=ye™ (X2 +1)e* = y(x2 +1) ---ANS

15. uu, =2xu,u(l, y) =2y

DeepSeek 2% u(x,y)=yfx)---u(x,y) = y(x* +1) OK

k (x%1) 2y
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16. Solve the equation Xxu, +u, —3u=-2e’,u(0,y) =€’

Xu, +u, =3u—2e’

The characteristic equations for this PDE are
% dy du

=1,—=3u-2¢’
dt dt dt

PHEHIER & x=0 > SEALEHEAER © x(0)=0 > y(0)=s » u(0)=¢’



% =X X(t) =ce' ° {t A initial condition ¢, =0

xO=0CtIaath4R - R ARG x=0) - BRVIWIAHIG =02 4% -
A —

%:1: y(t)=t+c, c y(O)=s=> y=t+s

Now solve 3—“ =3u—2e¥ =3u—2e""*
S

This is a first order linear ODE ° The integrating factor is €™

i (ue—3t ): (_Zet+s )(e—3t ) — _2e—2t+s

dt

Integrate both side >

u(t) =e*** +c,e™ LA initial condition u(0)=e*=c,=0

Therefor u(t) =e*"

RIEIZE y(O)=t+s » u(x,y) =€’
EHPX()=0 > IFEFE =0T - SEEHEERx#0 - ERHEFELTEPE
SRR R e B -
R WA G R R ES R a2 R EG IR - BIZ 6 > &
fE =0 - u(x, y) =€’ (1+C(X))
REEFIER TS C(x) =1+ kx®
BERU(XY) =" (+k¢) kK BEREH -

o
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3/25 DeepSeek FHi—X BEBR()AHSEEE Q9ARE s
FHEMAMEMEE - The answer is u(x,y) =e” +e¥F(xe™’) with F)=0 {541

u(x,y) =e’ +x%*

17. Solve the equation U, —u, +U, =zU » u(x,0,0) =¢"

%:1z>x:x0+t ’ﬂ:—lzy:—t
dt dt
%:1:z:t ’d—u:zu:tu

dt dt

2
The ODE % —tu= u(t) = u(0) exp(%)

Using the initial condition u(X,,0,0) =e™ > substitute t=z and X, =X—z

2
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18. Sol — —X—=(y—-x°)e’
olve y— Y (y—x%)
ydx-xdy=0 has characteristics along X* + y2 =C

the general solution to the homogeneous equation is U, = F(x* +y?)

try to find the particlar solution u, = Axe’

u(x,y)=xe’ + F(x*+y?) forany C' function F
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