XX’

Consider the heat equation -

(X,t) € (—o0,0) x (0, 0)
u(x,O)_ f(x),xeR

» where f(x) is continuous and 0< f(x) <1
(a) Show that the equation has a solution u which satisfies limu(x,t)= f(x) for xeR

t—>0" ' -
(b) Show that there is an f(x) with 0< f(x) <1 such that the equation has a solution u
satifying !im supu(0,t)=1 and liminfu(0,t)=0

The fundamental solution is G(X,t)

) =[ 10
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exp(——) and
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exp( ( 4ty) )dy is a particular solution
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The fundamental solution to the heat equationu, = U, is given by *

X2

K(x,t) = e

1
At

This function satisfies the heat equation and has the property that - tIirg] K(x,t)=0(x) »

where ©'(x) 1s the Dirac delta function °

The solution u(x,t) to the heat equation with the initial condition u(x,0)=f(x) can be
expressed as the convolution of f(x) with the heat kernel K(x,t) -

Ut =] Kx=y,nf(y)dy -

- . 1 o 0N
Substituting the expression for K(x,t) » we get © u(x,t) :ﬁ j e “ f(y)dy
T —o0

As t— 0" > the heat kernel K(x-y ’ t) becomes highly concentrated around y=x ° This
means that the integral will be dominated by the values of f(y) near y=x °

Formally > we can use the fact that the heat kernel approximates the Dirac delta function

(o0 KO0 =06y)

Therefore, the convolution integral becomes - tIirg] u(x,t) = J: o(x—y)f(y)dy=f(x)

§ Let K(x,t)=
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exp(——) » xeR > >0
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f(x) e C(R) > f(x+1)=f(x) and I:f(x)dx:s > Define u(x,t):J.RK(x—y,t)f(y)dy
(a) Show that ( )IiEn 0+)u(x,t): f(x,) foreach x,€R

X,t)—=>(Xo,

(b) Show that !Lrg u(0,t)=3

2
(@) u(xt)=[_K(x-y,)f (y)dy * where K(x,t)=ﬁexp(—%)is the heat

kernel °
The heat kernel K(x,t) has the following properties :



1. Normalization : jRK(x,t)dx=1 for all 0

2. Delta function behavior : As t— 0" » K(x.t) tends to the Derac delta function
0(X) ° This means that for any continuous function f(x) °

lim [ K(x=y,) f (y)dy = ()
t—>0" YR
The function f(x) is periodic 1 » implies that f(x) can be represented as a Fourier

series © f(X)= D ¢,e®™ » where c, are the Fourier coefficients °

n=—w

The Fourier transformof the heat kernel K(x,t) is KA(§, t) = exp(—47°E%)

This shows that the heat kernel acts as a low-pass filter in the frequency domain,
attenuating high-frequency components as t — 0"

Using the properties of the heat kernel and the periodicity of f(z), we can write:
u(e.t) = [ K@= y,01)dv

Ast — 07, the heat kernel K (z — y, t) becomes increasingly concentrated around y = x, and the

integral effectively samples f(y) aty = x. Therefore, we have:

tli.,rgk u(z,t) = f(x).

Since this holds for any z € R, it follows that:

li P -
(z:) {%n.lr)u(m’ ) = f(z0)



