§ First order semilinear equations
a(x, y)u, +b(x, y)u, =c(x,y,u)

% dy d
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; Itself asserts that the directional derivative in
the direction of the vector (1, y) is zero °

¥=

The curves in the xy plane with (1, y) as
tangent vectors have slop y ° Their

dy y

equationsare dz 1
The ODE has the solution ¥ = Ce”
These curves are called the characteristic curves of the PDE (1)
As Cis changed - the curves fill out the xy plane perfectly without intersecting °
On each of the curves u(x,y) is a constant because

d du du
—u(x,Ce') = — + Ce——u + yu, =0.
dx dx dy

Thus » v(z, Ce”) = u(0, Ce") = u(0,C) ig independent of x ©
Putting ¥ = Ce” and € =€y > we have “(®¥) = u(0,e"y)
It follows that “(®¥) = f(e7Y) ig the general solution of this PDE °
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{U(X, y,2)=¢

v(X,y,2)=¢,

JF R AR Ry F(u,v)=0

dx—dy dz d(x—y)_gjx—y
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General solution £ F (u , ﬂ) =0
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lety=+et,vVe—1y2=+veV1 -t
/ dy = dt —sin 't =sin! LA sin™
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1y + F(c) = — tan !
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Examples
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L ux+xuy=0,x,yeR u(se,y)sin(y—m
' ul,o=siny,yeR

; u,+xu, =0
2. f#
Ul = f(x)

3. f# xu,+yu,=xe" withu(xy)=0on y=x*

dy
Y9 - _ _ p(x) = exp ([ p(w)dfﬂ)
dr +ple)y qu)has an integration factor
e _dy _ _du

Y C geu
By o ([ e
dr = has an integration factor z z
dv _dy |y _
T Yy T

4, f# 2xyu + (X + yz)uy =0 with u(x,y)= exp(i) on x+y=1
X=y

dx dy 9 . o
2zy 2%+ @ty )de = 2aydy

M, — N, 2
M=az>+*N=—2zy= - " __Z

N T
-2 5
. . _plx)=exp [ —dz=2

The integration factor is z A

m—%:cﬁu(m,y):f(wz_yz)

oneyen 0 = 1(552) e (525) = 9= o0 ()

u(z,y) = ex (L)
Thus, Y Pl =y

5. f# u,+3u,—2u, =u with u(0,y,z)=f(y,2)




6.

g yu, +xu,+u, =0 with u(xy,0)=f(x,y)
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EXERCISES

1.

Solve the first-order equation 2u, + 3u, = 0 with the auxiliary condition
i = sin x when ¢t = 0.

2. Solve the equation 3uy + uyy, = 0. (Hint: Letv = u,.)

3.
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10.
11.

12.
13.

Solve the equation (1 + x?)u, + u, = 0. Sketch some of the character-
istic curves.

Check that (7) indeed solves (4).
Solve the equation xu, + yu, = 0.
Solve the equation +/1 — xluy + uy = 0 with the condition u(0, y) = y.

(a) Solve the equation yu, + xu, = 0 with u(0, y) = e,
(b) Inwhich region of the xy plane is the solution uniquely determined?

Solve au, + buy + cu = 0.

Solve the equation u, + u, = 1.

Solve u, +u, +u = e* 2 with u(x, 0) = 0.

Solve au, + bu, = f(x, y), where f(x, y)is a given function. If @ # 0,
write the solution in the form

u(x,y) =@ +b64""° f fds + g(bx — ay),
L

where g is an arbitrary function of one variable, L is the characteristic
line segment from the y axis to the point (x, y), and the integral is a line
integral. (Hint: Use the coordinate method.)

Show that the new coordinate axes defined by (3) are orthogonal.
Use the coordinate method to solve the equation

Uy +2uy + (2x — yu = 2x + 3xy — 2}-‘2-

u(z,y) =y —sin 'z

(a) ul@,y) = er v (b)

u(z,y) = exp (—Em + ¢(bx — ay))

u(z,y) = exp (—c(az + by)/(a® + b2))f(ba: — ay)



9. wz,y) =z + ¢z —y)

1 z+2y 1

10, U®¥) = ¢ e

11. Coordinate method

Let §=az +bn=>br—a  then

Uy = aug + bun, uy, = bug — au

auy + bu, = (a2 + bz)ué

Thus the solution is ¢ = f(n) = f(bx — ay)
77
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