
1 
 

1 
 

§ Linear and nonlinear Waves      Peter J. Olver Ch2  

2.4 The Wave Equations 

   External Forcing and Resonance(共鳴 諧振) 

 

波動方程(wave equation) 

§ vibrating string 

導出琴弦的波動方程式 
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   Brook Taylor 1714 

 

1. 設 string 單位長之質量=
kg

m
 。 

2. 兩端之張力夠大，重力可以省略。 

3. 垂直位移量很小，每一質點都在同一垂直線上移動，且 string 的斜率很小 
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 ：波速 

牛頓=kg.m.s^-2 

A string displacement is shown at one 

value of time。 

The displacement and slop of the string 

are assumed very small everywhere。 
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Tension forces depend on angles

( ), ( )x x h   at the ends of a bit of the 

string。 
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The forces in the (x,u)plane acting on the piece of the string at x and x+h are 

(cos ( ),sin ( )), (cos ( ),sin ( ))T x x T x h x h       

We consider the motion of the string only in the u direction。 
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Total force=mass times acceleration= tthWu ，where hW is th mass。 
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§ Solution 

(1) 齊次 2 0tt xxu c u   
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(1) 的一般解 ( , ) ( ) ( )u t x x ct x ct      

Brook Taylor 1714 年 

(2) 的特別解 
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By 'd Alembert  1746 年 
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[大自然的數學遊戲 p.86] Ian Stewart 1945- 

琴弦，決定音調的是振動的頻率。 

1714 年 Brook Taylor 發表小提琴的基本振動頻率公式，它完

全由琴弦的長度，拉力與密度決定。 

1746 年 Jean Le Rond 'd Alembert  證明了琴弦的許多種振動

都不是正弦式駐波。 

1748 年 Leonhard Euler 推導出琴弦的波動方程式。 

琴弦每一小段的加速度都與這一小段所受的拉力成正比。 

Euler 不僅導出波動方程式，還求出它的解。 

Daniel Bernoulli(1700-1782)也解出了波動方程式，不過用的是不同的方法。 

根據伯努利的理論，最一般的解可以表示為無限多個正弦波的疊合。 

這裡開啟一世紀的爭論。P.92 

1759 年 Euler 開始研究鼓面的問題，並且導出一個波動方程式，它能描述鼓面

在垂直方向的位移如何隨時間變動。 
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§ 電磁波 

Michael Faraday 1791-1867 

James Clerk Maxwell 1831-1879 

Heinrich Hertz 1857-1894 1887  無線電 

§ 獵戶星座 星(參宿四 Betelgeuse) 

 

 

 Walter A. Strauss 

 

For a transport equation 0t xu cu  ，the general solution is ( , ) ( )u t x x ct   

Let  then 

  

the homogeneous solution of  

for a particular solution,let u(x,t)=f(x+ct) then  

,  

一般解=其次解+特別解 

u(x,t)=g(x-ct)+f(x+ct) 

另一個解法是令  

 

寫成  

 

 

Which means that  

The solution of the transformed equation is  
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§ 變數分離法 

1. 
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設 u(x,t)=X(x)T(t) 則 ( ) "( ), "( ) ( )tt xxu X x T t u X x T t   
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u(0,t)=u(l,t)=0 means that the string with tied ends。 

Suppose u is of the form u(x,t)=f(x-ct)+g(c+ct) and satisfies the boundary condition。 

The boundary conditions state that f(-ct)+g(ct)=0， ( ) ( ) 0f l ct g l ct     
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2. 以下都是 4tt xxu u 的解 

(1) cos(x-2t) 

(2) 2x te   

(3) 2 22 4x xt t   

(4) 2 24t x  

(5) Cos(x+2t) 

(6) Sin2tcosx 

(7) 
2( 2 )x te   

 

Initial-value problem ：Walter A. Strauss 

 

 

 

 

 

Is a bona fide(真實不虛的) solution of this IVP。 

Due to  
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 Examples 

1.   

  

 

 

 

2. The plucked string (撥動琴弦的方程式)   p.36 

 

3. Pinched string(捏緊的繩子) 

A guitar (initially at rest)is pinchedat the midpoint and releared。 

Denoting the string density by  and the tension by ，formulate the 

mathematical model and write the solution as superposition of standing wave。 

 
PDE in Action by Gianmaria Verzini p.219  
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4.  
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6.  
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7.  
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13. 解
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14. 解 
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15. Find a solution of each problem in the form u(x,t)=f(x-ct)+g(x+ct) 

 

 

 

16. Verify that every function of the form u(x,t)=f(x-ct)+g(x+ct) where f and g are 

twice differentiable functions of a single variable，is a solution of 

2 0tt xxu c u   

 

 

Exerises 2.1 The Wave Equation   Walter A. Strauss 
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 the solution is  

 

 

  
 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 
By ，we know that u (x,t)=f(4x+t)+g(x-t) is the general 

solution。 

(It is easy to check that both u(x,t )=f(4x+t) and u(x,t)=g(x-t) are solutions of the PDE。 

Let  then  

 

The honogeneous solution is u(x,t)=g(x-t) 
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Let u(x,t)=f(4x+t) be the particular solutin，then 

 ，  

That is u (x,t)=f(4x+t)+g(x-t) with  ) 

 

 

 

Integrating both sides，we have 

 

 ，with A+B=0 
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§ 2.2 Causality(因果關係) and Energy 

 

 

 

 

      =  

Let   ,and  E=KE+PE  

then ，  is independent of t。 

 

 

Exercises 
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