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Ex

Dispersion and Solitons

8.5.1. Sketch a picture of the solution for the initial value problem in Example 8.13 at times
t=—.1,—-.5, and —1.

8.5.2.(a) Write down an integral formula for the solution to the dispersive wave equation (8.90)
e el 1, 0<x<l,
with initial data u(0,z) = { 0. otherwise.
solution at several times and discuss what you observe.

(b) Use a computer package to plot your

8.5.3.(a) Write down an integral formula for the solution to the initial value problem

u, +uy tuy,, =0, u(0,z) = f(x).
(b) Based on the results in Example 8.13, discuss the behavior of the solution to the initial
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value problem u(0, z) = e~" as f increases.

8.5.4. Find the (i) dispersion relation, (i#7) phase velocity, and (#) group velocity for the fol-
lowing partial differential equations. Which are disp(,rsivc'? (a) up + uy + upyy = 0,

(b) Uy = Upprras (C) Uy + Uy = Ugpyy = 0 (d) Uyy = C Uy ((‘) Upp = Upy ~ Uppyy-

8.5.5. Find all linear evolution equations for which the group velocity equals the phase velocity.
Justify your answer.

8.5.6. Show that the phase velocity is greater than the group velocity if and only if the phase
velocity is a decreasing function of k for & > 0 and an increasing function of k& for & < 0.
How would you observe this in a physical system?



8.5.7.(a) Conservation of Mass: Prove that T = u is a density associated with a conservation
law of the dispersive wave equation (8.90). What is the corresponding flux? Under what
conditions is total mass conserved? (b) Conservation of Energy: Establish the same result
for the energy density T = u?. (c) Is u® the density of a conservation law?

8.5.8. Prove that when t = wp/q, where p, g are integers, the solution (8.102) is constant on
each interval mj/q < = < w(j + 1)/q for integers j € Z. Hint: Use Exercise 6.1.29(d).
Remark: The proof that the solution is continuous and fractal at irrational times is consid-
erably more difficult, [90].

8.5.9.(a) Find the complex Fourier series representing the fundamental solution F(t, z;€) to
the periodic initial-boundary value problem (8.100). (b) Prove that at time t = 27 p/q,
where p, g are relatively prime integers, F(t, z; £) is a linear combination of delta functions
based at the points £ + 27 j/q. Hint: Use Exercise 6.1.29(c). (¢) Let u(t, z) be any solution
to (8.100). Prove that u(2mwp/q, =) is a linear combination of a finite number of translates,
f(z — z;), of the initial data.



