§ Phase flows

Definition. A one-parameter diffeomorphism group is a one-parameter trans-
formation group whose elements are diffeomorphisms satisfying the additional
condition that ¢*z depends smoothly on both of the arguments ¢ and z.

Ezample 1. M = R, ¢! is multiplication by e*?.

Ezample 2. M = R?, g' is rotation about 0 by the angle ¢.

Definition. A one-parameter group of linear transformations is a one-para-
meter diffeomorphism group whose elements are linear transformations.

Ezxample. On the plane with coordinates (z,y) consider the transformation
gl (z,y) = (e*'z, efly).

For a differential equation X =V(X) - the phase flow is a one-parameter diffeomorphism

group for which v is the phase velocity vector field v(x) = %‘t_o(gtx) °
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FH(2)g? =y+t with @i (y)=y
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Thus the phase flow of the system is g, = (x+ty+%t2, y+t)

EE
(1) Find the phase flow of >.<: kx > k>0 Q= xe"
(2) Find the phase flow of x=x—1 2.(x) = (x—1)e' +1
) X =sin y . )
(3) Find the phase flow of ) @ (X, ¥)=(x+tsiny,y)
y=0
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(1) p=ko with @, =id ie.q,(X)=x
Then ¢, (X) = xe

(2) 2 (X) = (Dt(x) -1 (PO(X) =X
P, () =ke' +1 > k=x-1 " " @, (X) = X
Lo (X)=(x-1e' +1

(3) ¢, =00, =Y
¢l=siny @ =tsiny+Xx
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The phase velocity vector field v(x) = a‘tzo(g‘x)

[ v(x) = x?
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1— 1—1tx
g' is not a diffeomorphism of the hne for any value of t except t=0
At LA v(x);% A phase flow °

Q : v(X)=X* rectify(fil B )the direction field in a neighborhood of the origin °
(Rectification Theorem)

S x=x2ELV(X) = X R E—
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fii x=x* % x= % FI344 T initial condition

For a fixed point X, * @(t)=0'%, > where @:R—>M

o(t) is a solution of the equation X =V(x) with the initial condition ¢@(0) =
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= 2 © A smooth vector field on a compact manifold always defines a phase flow ° (So the
vector field 1S complete © )

Q : Does the equation X = e sin x define a phase flow on the line ? Yes
2. v= X% » y=g(x)=¢€* - find the image of v under the action of g
x=v(t,x)=x £ vHflow o lEE e =g He(x)=x

Hlg =xe' » g(p(t) =e*

d ty - xel X .o X

altzo g(p) = (xe")e” |, =xe"=ylny (-y=¢")

Thus the image of vis yIn ya%



