§ Riccati equation p.254 EX37

37. The nonlinear first order equation
y'+ Y2+ p(X)y+q(x) =0...(1) is a Riccati equation * where pP(x)#0,q(x) =0
If g(x)=0 - the equation reduces to a Bernoulli equation °

(a) Show that y 1s a solution of (1) if and only if VY =Z? » where

2"+ p(x)z'+q(x)z=0 ---(2)
G,z I"'szz ' .
c,z,+¢C,2,

(b) Show that the general solution of(*) 1s Yy = -(3)

Where {z,,2z,} is a fundamental set of solution (2) and ¢,,C,are arbitrary
constants °

(c) Does the formula (3) imply that the first order equation (1)has a two-parameter family
of solutions ?

z' z"-(z)? . .
(@ y=—" y"=% fRA) BIfFQ)
() {z,,z,} isafundamental set of solutuons of (2) > then z=c;z, +C,z, is the general

' CZ,'+C,z,’

solution of (2) and y=— 18 the general solution of (1)
Clzl + CZZZ

(©)

38. Find all solutions of the equations
(a) y+y*+k*=0

(b) y'+y*-3y+2=0

(c) y+y*+5y-6=0

(d) y+y*+8y+7=0

(e) y'+y*+14y+50=0

(f) 6y+6y>*—y—-1=0

(g) 36y'+36y°-12y+1=0

X

(b) Let y:Z? then z"-32'+2z=0=>z=cge" +C,e’

1 X
z'_c+2ce

Z C +Ce

Zl
(e)Let y=— then z”"+142’+50z=0
z

A +144+50=0,1 =T +i



—7X

Z=Cce " cosx+c,e*sinx

y:_:_(7Cl_cz)COSX+(Cl+7C2)Sin X
z C, COS X +C, Sin X

39. Find all solution of the equation > given that Y, 1is a solution

(@) X*(y'+y)-x(x+2)y+x+2=0; yl:%

(b) y'+y?+4xy+4x*+2=0;y, =-2X

(€) x+D(y'+y*)-2y—(2x+3)=0;y,=-1

(d) Bx=1(y+y*)—(3x+2)y—-6x+8=0;y,=2
2 1 2 2 1 1

() X (Yy+y)+xy+x —Z:O;ylz—tanx——

() X*(y+y*)=Txy+7=0y, -2
X

(a) Let y:Z— then X°z"-x(x+2)z'+(x+2)z=0
z

y—1:>z—x
1 X 1

let z=xu=u"-u'=0> u=c +c,.e”

y:z_: C, +C,(e" +xe”)

z C,X+C,Xe"

(b) Let y:Z— 2"+ 4xz'+(4x* +2)2=0
z

—2X
Y, =—2X=17 =€

let z=ue” =u"+(2x-1u'=0

u .
—=1-2x,Inu'=x-x*+¢
u

2 2
u'=e""" u :jex‘x Tadx +c,



§ The nonlinear first order equation y'+r(xX)y*+ p(X)y+q(x) =0...(1) is the
generalized Riccati equation

(a) Show that y is a solution of (1) if and only if Yy = % » where

2"+ [p(x) —ﬂ]z +r(x)q(x)z=0...(2)
r(x)
C,z,'+C,2Z,"
r(c,z, +c,z,)
fundamental set of solutions of (2) and ¢;,C,are arbitrary constants °

(b) Show that the general solution of (1)is Yy = » where {z,,Z,}is a

@ y=2,y="ETCZILIT e i
rz rez
2"+ (p(x) —@)z +r(x)q(x)z=0
r(x)

(b) z=c¢;z,+C,z, is a general solution of (B) then

z' cz,'+c,z,' . :
y=—=—1 22 g the general solution of (A)
rz r(cz +c¢,z,)



