§ homogeneous equations
§ 5.2 ay"+by'+cy=0 wherea b~ care constant a=0

1.

y'-y=0 then y=ce*+c,e”

If y(0)=1y'(0)=3 then y=2e"—e™”
y"+wy=0 then Y=c,COS®X+C,Sinmx

If y(0)=1,y'(0)=3 then y:coswx+§sin X
w

1 )
X2y"+xy'—4y =0 then Y, =Xy, = 2 e solutions

1 . .
y =X’ +¢, s solution on  (~o0, 0)(0, =)

The Wronskian and Abel formula

Theorem 5.1.3 Suppose p and q are continuous on (a,b). Then a set {1, y2} of solutions of
Y+ p)y +q(x)y =0 (5.120)

on (a, b) is a fundamental set if and only if { y1, y2} is linearly independent on (a, b).

Theorem 5.1.4 Suppose p and q are continuous on (a, b). let vy and ya be solutions of

_}"H + p{){)_}’! +q(x)y =0 (5.1.27)
on (a, b), and define
W = yiy; = yiya. (5.1.28)
Let x¢ be any point in (a, b). Then
W(x) = W(xg)e o P@d 4 o v < p (5.129)

Therefore either W has no zeros in (a.b) or W = 0 on (a, b).

Yi Y,

1 2

W = is the Wronskian of {y;, Y,} and (5.1.29) is Abel formula °

Then W'+p(x)W =0 - that W is a solution of the initial problem
y'+p()y=0y(x) =W(x,)
Theorem 5.1.5 Suppose p and q are continuous on an open interval (a, b), let yy and y2 be solutions of

Y+ p@)y +4qx)y =0 5.132)

on(a,b), andlet W = y1y5 — y] va. Then yy and y3 are linearly independent on (a, b) if and only if W
has no zeros on (a, b).



l. y"-y-2=0
AP—1-2=0,1=-12

Y, = e_t’ Y, =e”

-t 2t
€

w{e" e*}= =3'%0

—t 2e2t

—t 2t
y=ce'+ce

Let z=Yy' »then z'=y"=y4+2y=2+2y

{ y'=z (O 1)
A= A=-12

7'=2y+12 2 1
_ 1 1 _ 1 . _2 2 _ 1
sG]

1 1
Xt = [ J e, X% = (Jezr general solution

1 1
X =c¢ X +¢,X? :cl( 1]e‘+c2[2]e2t Frbly=ce™ +c,e”

2. y"-2y'+2y=0
A2 —24+2=0,A=1+i

y, =€' cost, y, =€'sint

Solve the initial problem if y(0)=3 » y'(0) =-2
3. y"—2y+y=0
A*-21+1=0,1=11

yl — et’ y2 :teZI

) 1 1 )
4, Verify that y, = VY, = are solutions of (x> =1)y"+4xy'+2y=0 on
x-1 X+1

(-0,-1),(-1,1), (1, )

What is the general solution on each intervals ¢



{; p(t)dt

Abel formula W (x) =W (x,)e
Find the Wronskian of a given set {y1, y2} of solutions of
(1=x2)y" =2xy" + a(@+ 1)y =0,
5 given that W(0) = 1. (This is Legendre’s equation.)

1
1-x°

W(x) =

Find the Wronskian of a given set {y;, y2} of solutions of

X"+ xy + (x2 =12y =0,

6. given that W(1) = 1. (This is Bessel’s equation.)

W(x)=%

9. (This exercise shows that if you know one nontrivial solution of y” + p(x)y’ + ¢g(x)y = 0, you
can use Abel’s formula to find another.)

Suppose p and g are continuous and y; is a solution of
V4 p(x)y +q(x)y =0 (A)
that has no zeros on (a. b). Let P(x) = [ p(x)dx be any antiderivative of p on (a.b).
(a) Show thatif K is an arbitrary nonzero constant and y, satisfies
1Yy —yiyz = Ke™P®) (B)

on (a, b), then y, also satisfies (A) on (a, b), and {y,. y2} is a fundamental set of solutions
on (A) on (a. b).
e—Px)

(b) Conclude from (a) that if y, = uy; where u’ = KT,
yilx

then {y, y»} is a fundamental

7 set of solutions of (A) on (a, b).

8. RECAIY"-2y'-3y=0F—fify, =e™ > FlIfiJ Abel A3 0KR5—f# p.205 exl0
iy, =uy, HIW(X) = y,y, =y, 'y, =u’ y12
% p0=2 > P()=[p()dx=-2x > u'(e¥)’ =Ke " =Ke”

u'=Ke™ > U=‘§e_4x Hl K=-4>u=e*y,=uy,=¢"*



9. y"-2ay'+a’y=0 - a=constant * y, =e* isasolution ex 12

ax

Y, =X€

10. X*y"—xy'+y=0,y, =X ex14
Yy, =XxInx

11. X2y"=2xy'+ (x*+2)y=0,y, = XCOS X ex18
Yy, = XSin X

12. (3x-1)y"-(3x+2)y'-(6x—-8y)=0,y, =e** ex20

—X

Y, = Xe



