APCalculus2021 AB & BC
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(centimeters) 0 1 2 | 25| 4

e /) . 1 2 6 10 18
(milligrams per square centimeter)

1. The density of a bacteria population in a circular petri dish at a distance r centimeters from the center of the
dish is given by an increasing, differentiable function f. where f(r) is measured in milligrams per square

centimeter. Values of f(r) for selected values of r are given in the table above.

() Use the data in the table to estimate f"(2.25). Using correct units, interpret the meaning of your answer

in the context of this problem.

(b) The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression

4 4
2z IO rf(r) dr. Approximate the value of 2z IO rf(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

(c) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in the

petri dish? Explain your reasoning.

(d) The density of bacteria in the petri dish, for 1 £ r £ 4, is modeled by the function g defined by

2(r) =2 — 16(cos(1.57 J?))3 For what value of k., 1 < k < 4, is g(k) equal to the average value of g(r)

ontheinterval | £ r<47?

(a)

F1(225) ~ f(2i; - {(2) _10-6 _ Estimate

8
0.5
At a distance of » = 2.25 centimeters from the center of the petri | Interpretation with

dish, the density of the bacteria population is increasing at a rate of | units
8 milligrams per square centimeter per centimeter.

(b)

Right Riemann sum
setup

ZJTJ:Ff(r) dr = 2x(1- f(1)-(1-0)+2- f(2)-(2-1)
+2.5.F(2.5)(25-2)+4- F(4)-(4-2.5))

=27(1-2:.1+2-6-1+25-10-05+4-18-1.5) Approximation
= 2697 = 845.088

1 point

1 point

1 point

1 point



(c)

d , Product rule 1 point
E(r‘f( r)=fr)+rf(r) expression for ’
d s
L(rf(r))
Because f is nonnegative and increasing, i(r f(r)) > 0 onthe Answer ‘_Wlth 1 point
dr explanation
interval 0 < r < 4. Thus, the integrand » f(r) 1s strictly
increasing.
4
Therefore, the right Riemann sum approximation of Zf[jo rf(r)dr
is an overestimate.
(d)
. . ] :
Average value = g, 1 j o(r) dr Definite integral 1 point
£ 4-14
4 - ; :
. 171'[1 o(r) dr = 9.875795 Average value 1 point
2(k) = gue = k=2497 Answer 1 point

2. A particle, P, is moving along the x-axis. The velocity of particle P at time f is given by vp(f) = sin(!l's)
for 0 <t < x. Attime 1 = 0, particle P is at position x = 5.

A second particle, Q, also moves along the x-axis. The velocity of particle ¢ at time 1 is given by

vo(f) = (f— 1.8)- 1.25" for 0 < 1 < . Attime r = 0, particle @ is at position x = 10.
(a) Find the positions of particles P and Q attime f = 1.

(b) Are particles P and Q moving toward each other or away from each other at time 7 = 1 7 Explain your
reasoning.

(c) Find the acceleration of particle Q attime f = 1. Is the speed of particle Q increasing or decreasing at
time f = | 7 Explain your reasoning.

(d) Find the total distance traveled by particle P over the time interval 0 <1 < 7.

(a)

1 . ) :
(1) = 5+ jOVP(") Jr = 5370660 One definite integral 1 point
One position 1 point

At time 7 = 1, the position of particle P is
The other position 1 point

x = 5.371 (or 5.370).

1
xp(1) =10 + jon(f) dr = 8.564355

At time 7 = 1, the position of particle Q is x = 8.564.



(b)

vp(l) = siu(ll's) — 0841471 > 0 Direction of motion for
one particle

At time 7 = 1, particle P is moving to the right.

vQ(l) =(1-1.8)- 1258 = —1<0 Answer with explanation

At time 7 = 1. particle Q is moving to the left.

Attime s =1, xp(1) < xQ(l), so particle P is to the left of
particle 0.

Thus, at time 7 = 1, particles P and O are moving toward

each other.

(c)

ag(l) = vp(1) = 1.026856 Setup and acceleration
The acceleration of particle O 1s 1.027 (or 1.026) at time 7 = 1.

vo(1) = -1 <0 and ay(1) > 0 Speed decreasing with

, ) . ) _ reason
The speed of particle Q is decreasing at time 7 = 1 because the

velocity and acceleration have opposite signs.
(d)

™ Definite integral

jo |vp(r)| dr = 1.93148 ehintle ttegra

Answer
Over the time interval 0 < ¢ < 7, the total distance traveled by

particle P is 1.931.

1 point

1 point

1 point

1 point

1 point

1 point



3. A company designs spinning toys using the family of functions y = cxy4 — x2. where ¢ is a positive
constant. The figure above shows the region in the first quadrant bounded by the x-axis and the graph of
v =cxv4 — x”, for some c¢. Each spinning toy is in the shape of the solid generated when such a region is

revolved about the x-axis. Both x and y are measured in inches.

(a) Find the area of the region in the first quadrant bounded by the x-axis and the graph of v = E‘X\/4 —x?

forc = 6.

2
4 —2x
ty ¢ ( )
(b) Itis known that, for v = cxv/4 — X2, (T = For a particular spinning toy, the radius of the
dx .
4 —x

largest cross-sectional circular slice is 1.2 inches. What is the value of ¢ for this spinning toy?

(c) For another spinning toy. the volume is 2z cubic inches. What is the value of ¢ for this spinning toy?

(a)
GxVd—x =0 = x=0,x=2 Integrand 1 point

Area = I;Gx\M —x7 dy

Let o = 4 — v~ Antiderivative 1 point

du=-2xdx = 7%(&:.\’0’.\’
x=0=>u=4-0"=4

y=2=u=4-22=0

2 0 0 4
j 6xv4 — ¥ dx :j 6(7l)v’; du = 73’[ WM dy = 3j Wt du
0 4 2 4 0

u=4
=2.83=16
u=0

= 22{3’Q

The area of the region is 16 square inches. Answer 1 point



(b)

The cross-sectional circular slice with the largest radius occurs Sets dv 0
/ 2 . . . T dy
where exv4 — x~ has its maximum on the interval 0 < x < 2.

dy (‘(4—2]‘2)
dr 4—x*

=2 = v =24 - (Jf)z =2c Answer

20=12=¢=06

=0 = x=+2

(c)

2 2 Se2 Form of the integrand
Volume = j ;z'(c.wﬁl — ? ) dx = /T("j x° (4 — 7 ) dx &
0 0 .
Limits and constant
5 02 5 1 <2 Antiderivative
= frc'j (4.\’2 - .\’4) dx = ﬂc'[ixs - i_\,s J
0 3 57 1
- 7c? 32 323 _ M Answer
I T T
64re’ 2 15 15
DITC 9 222 = =2
5 TTC T3 TR
6
/ 4

Graph of f

4. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = J.;j(r) dt.

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P’(3).

o G)
(¢) Find lim -
=2 x° — 2x

1 point

1 point

1 point
1 point

1 point

1 point

(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a
value ¢. —4 < ¢ < 2, for which G’(¢) is equal to this average rate of change? Justify your answer.



(a)
G'(x) = f(x) Answer with reason 1 point
The graph of G is concaveup for —4 < x < -2 and 2 < x < 6,

because ' = f i1s increasing on these intervals.
(b)

P(x)=G(x)- f'(x)+ f(x)-G'(x) Product rule 1 point
F'(3) = G(3)- f'(3)+ f(3)-G'(3)

- 3 ' 3) or G'(3 1 point
Substituting G(3) = .[0 f(#)dr=-35and G'(3) = f(3)=-3 G(3) or G'(3) potn
into the above expression for P'(3) gives the following:

FP(3)=-351+(-3):(-3)=55 Answer 1 point
(c)
Using L Hospital’s Rule, Answer with 1 point
i G(x) T G'(x) Jjustification
x=2x° — 2y r—22x —2
e Jx) O f(2) -4
s 2T T
(d)
2 —4 Aver - f
6(2) = [*#(t)dt =0 and G(—4) = [ " f(1) dr =16 Average rate of 1 point
0 0 change
B _G(2)-G(-1) _0-(-16) _8
Average rate of change = PR vy G =3
Yes, G'(x) = f(x) so G is differentiable on (—4, 2) and Answer with 1 point
continuous on [—4, 2]. Therefore, the Mean Value Theorem Justification

applies and guarantees a value ¢, —4 < ¢ < 2. such that

G'(c) =

| oo

5. Consider the function y = f(x) whose curve is given by the equation 2)'2 — 6 =ysinx fory > 0.

dy V COS X
(a) Show that — = ———7—.
dx 4y —sinx

(b) Write an equation for the line tangent to the curve at the point (0, ﬁ)

(c) For 0 =x =7 and y > 0, find the coordinates of the point where the line tangent to the curve is
horizontal.

(d) Determine whether f* has a relative minimum, a relative maximum, or neither at the point found in
part (¢). Justily your answer.



(a)

%(2.""2 - 6) = %(}.—' sin x) = 4)}% = %sin X+ VCosx
= -’h% - %sin x=ycosxy = %(4_1' —sinx)=ycosx
dy VoS x

= V— =7
dx 4y —sinx

(b)

dy V3cos0 1

At the point (0. +3). e NS
A 3 —

An equation for the tangent line is v = +/3 + %r

(c)

dy V COS X .
=— =0 = yvecosx=0and 4y —sinx =0

dx ~ 4y —sinx
T
veosx=0and y >0 = x = /E

7 : 2 T 2
When x ==, ysinx =2y" -6 = ysin5 =2y" -0

= y=207"-6= 2" —3y-6=0
= (2y+3)(y-2)=0= y=2

When x = % and v =2, 4y —sinx = 8 — 1 # 0. Therefore, the

line tangent to the curve is horizontal at the point (% 2)_

(d)

d-y dx

2 (4y —sin x)(ﬁcos x — ysin x) —(ycos x}(4% —cos x

dx* (4y —sin x)*

T
When x = % and y =2,

dzy

(4~2 - sini)(o'cos£ - 2~sin£) —(Ecos £)(4~0 - cosz)
2 2 2 2 ) 2

Implicit differentiation

Verification

Answer

5

Considers d—})
d

= -

(4-2fsi11£)
\ 2

: . . T '
d Az ke -, dause — =
has a relative maximum at the point 5 2 | because a'
X

d-'f < 0.

and

dx

(d’)

Answer with
Justification

1 point

1 point

1 point

1 point

1 point

1 point

1 point

1 point

1 point



For the function y = f(x) near the point (% 2). 4y —sinx >0

Considers sign of 1 point

2 4y —sin x
and y > 0.
dy ¥ €COS X . . dy 1 point
Thus, =—— = —————— changes from positive to negative at — changes from
Tdy 4y —sinx g P £ dx &
T positive to negative at
x==.
2 _z
)
By the First Derivative Test. 7 has a relative maximum at the Conclusion 1 point

point (E, 2).

6.

2

A medication is administered to a patient. The amount, in milligrams, of the medication in the patient at

v 12—y
time ¢ hours is modeled by a function y = A(t) that satisfies the differential equation (d—r = f Al time
t = 0 hours, there are 0 milligrams of the medication in the patient.
. - . Coodv 12—y A
(a) A portion of the slope field for the differential equation ? = — is given below. Sketch the solution
I :

curve through the point (0, 0).
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(b) Using correct units, interpret the statement lim A(f) = 12 in the context of this problem.

I—w

(c) Use separation of variables to find y = A(¢), the particular solution to the differential equation

(d)

dv 12—y .
— = —— with initial condition A(0) = 0.
dt 3

A different procedure is used to administer the medication to a second patient. The amount, in milligrams,

of the medication in the second patient at time ¢ hours is modeled by a function y = B(f) that satisfies the

. . .oay . . . P
differential equation E =3 - e Attime r = | hour, there are 2.5 milligrams of the medication in

the second patient. Is the rate of change of the amount of medication in the second patient increasing or

decreasing at time f = 1 7 Give a reason for your answer.
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Solution curve 1 point
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(a)e
(b)

Over time the amount of medication in the patient approaches
12 milligrams.

(c)

dyv 12—y dv _ dr
a3 -y 3

|

Todv (dr Gt
Jﬁ*tt’?:)*h]“z*jwf +C

f

111"12 — ‘]‘| = 7:‘, - C = ‘12 7‘| _ e_rfj_c.

= y=12+Ke"l?

(d)

dy
dy . ¥ v W(H")_‘
=2~ B = 7 7(7 ) )
dr t+2 g (r+2)
py=3- By 2563
o) 2 2
— < )
B(1) = _B . B(l) _ 65 - 25 _ _% -0
3"

The rate of change of the amount of medication is decreasing at
dl

- . . Vo . .

time 7 = 1 because B"(1) < 0 and ——- 1s continuous 1n an

interval containing 7 = 1.

Interpretation

Separation of
variables

Antiderivatives

Constant of
integration and uses
mitial condition

Solves for v

Quotient rule

B'(1) <0

Answer with reason

1 point

1 point

1 point

1 point

1 point

1 point

1 point

1 point



BC

2. Fortime f = 0, a particle moves in the xy-plane with position (x(f). v(t)) and velocity vector

2
<(f — l)(?'r . sin(r]'zj) > At time 7 = 0, the position of the particle is (=2, 5).

10

(a) Find the speed of the particle at time # = 1.2. Find the acceleration vector of the particle at time 7 = 1.2.

(b) Find the total distance traveled by the particle over the time interval 0 < 1 < 1.2.

(c) Find the coordinates of the point at which the particle is farthest to the left for f = 0. Explain why there is

no point at which the particle is farthest to the right for f = 0.

(a)

JX(12))7 + ((1.2))F =1271488
At time ¢ = 1.2, the speed of the particle is 1.271.
(x"(1.2), ¥"(1.2)) = (6.246630, 0.405125)

At time 7 = 1.2, the acceleration vector of the particle is
(6.247 (or 6.246). 0.405).

(b)

[, V@) + () dr = 1009817

The total distance traveled by the particle over the time interval
0=<r=<121s1.010 (or 1.009).

(c)

x’{r):{r—l)e’2 =0=r=1

Because x'(#) < 0 for 0 <7 <1 and x'(¢) > 0 for ¢ > 1, the

particle is farthest to the left at time 7 = 1.

1
w(l)=-2+ jo ¥(1) di = —2.603511
1
w1)=5+ jo_v'{r) dr = 5.410486

The particle is farthest to the left at point
(—2.604 (or —2.603), 5.410).

Because x'(z) > 0 for ¢ > L. the particle moves to the right for

r>1.
Also, x(2)=-2+ .‘.0_ X'(t)dt > =2 = x(0), so the particle’s

motion extends to the right of its initial position after time 7 = 1.

Theretfore, there is no point at which the particle is farthest to the

right.

Speed

Acceleration vector

Integrand

Answer

Sets x'(7) =0

Explains leftmost
position at 7 =1

One coordinate of
leftmost position

Leftmost position

Explanation

1 point

1 point

1 point

1 point

1 point

1 point

1 point

1 point

1 point
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dy
5. Let vy = f(x) be the particular solution to the differential equation T =y - (x In x) with initial condition
dx

f(1) = 4. It can be shown that f”(1) = 4.

(a) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to

approximate f(2).

(b) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(2). Show the

work that leads to your answer.

: . . : e oy ISR
(¢) Find the particular solution y = f(x) to the differential equation — = y - (x In x) with initial
.

condition f(1) = 4.

(a)

vy Ay ATy —
S == =4.(1ln1)=0

T Hx y)=(1.4)

The second-degree Taylor polynomial for f about x = 1 is

' S 2
S+ f(Mx =1+ )(x—L) —44+0(x—1)+

f(2)yx4+2(2-1) =6

(b)

F(L.5 ==f(1+0.5-i =4+05-0=4
d
Yl(x y)=(1.4)
} dv
F(2)~ f(15)+05.- 52
(2) = f(L5) I

¥4+05-4-(1.5Inl5)=4+3Inl5
(c)
%n’_\" = xln x dx

Using integration by parts,

u=1Inx dirridx
X
dv = x dx v:%
X (21, xhhx «?
J.xhlxdr—j-lux—vj-?dr— > -—+C
_xXlnx
In|y| ==— -5 +C

S - 1
n4=0 4+( :>C‘—1114-s-4

2 o2
x“Inx x 1
[T—Tﬂn 4+I

Note: This solution is valid for x > 0.

1| =

Polynomial

Approximation

Euler’s method with
two steps

Answer

Separation of
variables

Antiderivative for
xln x

Antiderivative for 1
v

Constant of
integration and uses
nitial condition

Solves for y

1 point

1 point

1 point

1 point

1 point

1 point

1 point

1 point

1 point
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6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

o0 {7 f}rﬂ
o(x) = ———— on its interval of convergence.
}v( ) Z() 2(.’” +3 =

n=

(a) State the conditions necessary to use the integral test to determine convergence of the series Y —.

oo
Use the integral test to show that »_ ~n converges.
n=0
o0 l o
(b) Use the limit comparison test with the series >~ —; to show that the series g(1) = >
e ' 2
n=0 n=0

converges absolutely.

(c) Determine the radius of convergence of the Maclaurin series for g.
o (7 W1

(d) The first two terms of the series g(1) = > ————
o 2¢" 43

series error bound to determine an upper bound on the error of the approximation.

(a)

e " is positive, decreasing, and continuous on the interval [0, o). Conditions
_ 9 Improper integral
To use the integral test to show that Z — converges. show that
n=0¢€

oD
Io e " dx is finite (converges).

@ b . A aluati
IO e " dx = lim j e dx = lim (—e*x‘o) = lim (—cfb + eo) =1 Evaluation

b—nd0 b0 b—o
: * . e 1
Because the integral j e dx converges, the series Z -
0 n=0¢€
converges.
1 Sets up limit
. " . 2" +3
lim € — = lim —==2 comparison
n—w0 -1 n—s0 2 :
—( ) Explanation

2e" +3

The limit exists and is positive. Therefore, because the series

oD o0 i
. -1 .
converges, the series Z G converges by the limit
e =l2e" +3

COlllpﬂl‘iSOll test.

Thus, the series g(1) = Z&

- converges absolutely.
n=0 2(’ + 3

n=0 ¢

are used to approximate g(1). Use the alternating

1 point

1 point

1 point

1 point

1 point



(c)

(1) g 43 (26 + 3),(”*1 207 43 Sets up ratio
. | = =_=° ~ lx
2" 43 (21| |27 3) ] 26" 3| |
. LI Computes limit of
lim = Sl = 7|'T| ratio
n—="0 Q" 3 €
' Answer
D<= x| <e
e
The radius of convergence is R = e.
(d)
- (-1)" Answer

The terms of the alternating series g(1) = decrease in

magnitude to 0.

The alternating series error bound for the error of the
approximation is the absolute value of the third term of the series.

(-1)°

-
2e” +3

1

>
2e” +

Error <

[¥%]
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1 point

1 point

1 point

1 point



