APCalculus2013
Question 1

On a certain workday, the rate, in tons per hour, at which unprocessed gravel arrives at a gravel processing plant

, Where ¢t is measured in hours and 0 = ¢ = 8. At the beginning of the

1s modeled by G(t) =90 + 45cos‘ %

workday (¢ = 0), the plant has 500 tons of unprocessed gravel. During the hours of operation, 0 = ¢ < 8, the
plant processes gravel at a constant rate of 100 tons per hour.
(a) Fmnd G'(5). Using correct units, mterpret your answer in the context of the problem.

(b) Find the total amount of unprocessed gravel that armives at the plant during the hours of operation on flus
workday.

(c) Is the amount of unprocessed gravel at the plant mcreasing or decreasing at time ¢ = 5 hours? Show the
work that leads to your answer.

(d) What 1s the maximum amount of unprocessed gravel at the plant during the hours of operation on this
workday? Justify your answer.

Unprocessed gravel iR R i@HIEA

(a)(b) EHEELFE ST HYEFE (a)-24.588 (b)825.551

(c) decreasing

()R {EL AR (B I A ) 635.376 tons



Question 2

A particle moves along a straight line. For 0 = ¢ = 5, the velocity of the particle is given by

-3 6/3 . L .
v(t) = -2+t +3¢) P fs; and the position of the particle 1s given by s(r). It 1s known that 5(0) = 10.
(a) Fmd all values of ¢ in the mfterval 2 < t < 4 for which the speed of the particle 15 2.

(b) Write an expression involving an integral that gives the position s(#). Use this expression to find the
position of the particle at time £ = 5.

(c) Fmd all times 7 in the interval 0 < r < 5 at which the particle changes direction. Justify your answer.

(d) Is the speed of the particle increasing or decreasing at time t = 4 7 Give a reason for your answer.

(a) t=3.128 and 3.473
(b) B LB ELHE R (% -9.207
(c) t=0.536 and 3.318

The speed 1s increasing at time t = 4 because velocity and
(d) acceleration have the same sign.



Question 3

t .
(minutes) 0 1 2 3 4 5 6
) 0 53|88 112128138145
(ounces)

Hot water 1s dripping through a coffeemaker, filling a large cup with coffee. The amount of coffee in the cup at
tume £, 0 <t < 6, 15 given by a differentiable function C, where t 1s measured in minutes. Selected values of
C(t), measured in ounces, are given in the table above.

(a) Use the data in the table to approximate C'(3.5). Show the computations that lead to your answer, and
indicate units of measure.

(b) Isthereatime ¢, 2 =t = 4, at which C'(¢) = 2 7 Justify your answer.

(c) Use a midpoint sum with three submntervals of equal length mdicated by the data in the table to approximate
the value of %J‘; Ci1) dt. Using correct units, explain the meaning of %J‘; C(t) dr in the context of the
problem.

—04t

(d) The amount of coffee m the cup, in ounces, 1s modeled by B(t) =16 —16e " . Using this model, find the

rate at which the amount of coffee i the cup 1s changing when ¢ = 5.

(a) (b)E{EEE (a)1.6 ounces/min (b)
()& &L 10.1 ounces

(d) B ESRE B'(5):% ounces/min

2



Question 4

The figure above shows the graph of f', the dertvative
of a twice-differentiable function f, on the closed mterval
0 < x = 8. The graph of /' has horizontal tangent lines
at x =1, x =3, and x = 5. The areas of the regions
between the graph of /" and the x-axis are labeled in the
figure. The function f 1s defined for all real numbers and
satisfies f(8) = 4.

(8, 5)

Area=T

(a) Find all values of x on the openinterval 0 < x < 8
for which the function f has a local minimum.
TJustify your answer.

(b) Deternune the absolute minimum value of f on the
closed interval 0 = x = 8. Justify your answer.

Afea =3

(5.-2)
Graph of "

(c) On what open intervals contained in 0 < x < 8 1s the graph of f both concave down and increasing?

Explam your reasoning.

(d) The function g is defined by g(x) = ( f( x)p . If fi3)= —%, find the slope of the line tangent to the

graph of g at x = 3.

(a) HELEFE local minimal x=6

(b) absolute minimal =-8

(c) MM HoBri 0<x<1 and 3<x<4
f'"(x)<0 > f'(x)>0

(d) flor K482 chainrole g'(3)=75

X 0 1 2 3 4 5 718
f'x) |+ |+ |0 + + o |- |- |- + |+
f"x) |- |- O |+ |+ |+ |0 |- - |0 |+ +




Question b

Let fix)= 2x" — 6x + 4 and glx) = 4cos[ifrx". Let R be the region
bounded by the graphs of f and g, as shown in the figure above. N

4
(a) Find the area of R.

(b) Write, but do not evaluate, an integral expression that gives the
volume of the solid generated when R is rotated about the

d

horizontal line y = 4. 0

(c) Theregion R 1s the base of a solid. For this solid, each cross section perpendicular to the x-axis 1s a square.

Write, but do not evaluate, an integral expression that gives the volume of the solid.

(a) FRERAR Sy 02
T 3

Al

(b) HElEpsasfs 0

Volume = j:[ g(xX) - f l[;r}l]2 dx

al P . 2
= 4cos| x| — {Exj —6x+4)| dx
(o) #uk L[ N |

S—2N

T [ {H - {'2.':;] —6X + 4}|']2 - 14 —~ 4-:05{%.::}}1 dx

X



Question 6

Consider the differential equation % =¢’ : 3x? - 6x ). Let ¥ = f(x) be the particular solution to the

differential equation that passes through (1, 0).

(a) Write an equation for the line tangent to the graph of f at the point (1, 0). Use the tangent line to
approximate f{1.2).

(b) Find y = f{x), the particular solution to the differential equation that passes through (1, 0).

(a) VJgpEA—2kATL f(1.2)~-0.6

N y = —In{—x* +3x% - 1)
(b) TrBESEREAMR T TR '



y

2. The graphs of the polar curves r = 3 and r = 4 — 2sin 8 are shown in the figure above. The curves intersect

_T = o
whe|19—6 and @ = G

(a) Let S be the shaded region that is inside the graph of r = 3 and also inside the graph of r = 4 — 2sin 6.
Find the area of §.

(b) A particle moves along the polar curve r = 4 — 2sin 8 so that at time  seconds, 8 = t*. Find the time 7 in
the interval 1 < ¢ < 2 for which the x-coordinate of the particle’s position is —1.

(c) For the particle described in part (b). find the position vector in terms of . Find the velocity vector at
time t = 1.5.

PIEORTEIZGE r=a+bo
D4R r=a(l+cosb)
r=sin(nd) n & IFEE]

r=1+sin360

(@)  FREEFEFRST 24.709
(b)t=1.428

Position vector

(x(t), y(t))

((4 - 2sin(1” ) )eos(r*). (4 - 2sin(#* ) )sin(* ))

W1.5) = (x'(1.5), y'(L.5))
= (—8.072, -1.673) (or (-8.072,-1.672))

(c)



Consider the differential equation % = _\-‘1(2,: +2). Let y = f{x) be the particular solution to the differential

equation with initial condition f(0) = —1.

(a) Find linb%. Show the work that leads to your answer.
= L -

(b) Use Euler’s method, starting at x = 0 with two steps of equal size, to approximate f[%)

(c) Find y = f(x), the particular solution to the differential equation with initial condition f(0) = —1.

(a) U'Hospital’s rule 2
(b) Euler method ZK#T{ME

. 1 1
y=- -

J ] = 7
(€) 4rBESEECEMRM T ¥ H2x+l (x+1)0 forxs-1

A function f has derivatives of all orders at x = 0. Let P,(x) denote the nth-degree Taylor polynomial
for f about x = 0.

(a) Itis known that f(0) = —4 and that P][%) = —3. Show that f"(0) = 2.

(b) Itis known that f*(0) = ~3 and f"(0) = 5. Find Py(x).

(c) The function h has first derivative given by h’(x) = f(2x). It is known that #(0) = 7. Find the
third-degree Taylor polynomial for # about x = 0.

Z=E B = (Taylor polynomial
(a)

1 1
b) P(X)=—-4+2X—=x>+—Xx°
(b) P,(x) 3 18

Oiix)=T7—-4x+ 2x7 —%xg
(c)



