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§ Additional techniques of integration

d 1 d . 1
—arctan x = > —(sin"x) =
dx 1+X X 1—x2
1. Evaluate J.l_Z)Z(dX

1+X
2. EvaluateJ. 1de

l-e

3_

3. Evaluate J.XZ 3de

x° -1

4. Evaluate I

1
——X
Vax—x?

6. Ixsin xdx =

7. I arctan xdx =

8. j: xe*dx =

J.udv:uv—jvdu

arctan x—In(L+ x?) +C
Xx—In(l-e*)+C

%xz —In(x*-1)+C

sinl(—X;2)+C

NGRS

-X COS X+ sin X +C

xarctan x—% In(l+x*)+C

+1
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The table above gives values of /. f'. ¢.and g’ for selected values of x.

(3 , 3
If .[1 f(x)g'(x) dx =8, then jl F(x)g(x) dx =

-4

Evaluate r xe X dx = 1

0 2
Evaluate [ dx = T

J.—°°1+ X
Find the general solution of (x+3)y'=2y y=C(x+3)’

dy

If y=m x+ b is a solution to the differential equation d_ :%X— y+1 o
X

m+ b= ? 1
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: . . dv Ya-2x
Consider the differential equation rT = (%) .
X ]

(a) On the axis provided sketch a slope field for the given differential equation at the nine points
indicated.

. .
. .
- - X
-1 0 1

o

(b) Find d% in terms of x and y.
dx
(c) Let v= f(x) be the particular solution to the differential equation with the initial condition ;'{E) =4.

Does f have a relative minimum, a relative maximum, or neither at x =—? Justify your answer.

| =

(d) Find the particular solution y = f(x) to the differential equation with the initial condition )'(E) =4.

14.
: d*y 1 y2(1-2x)
@) : ®) = =:{‘2f +@y-4g) 220
s . A3 3
dy d-y 32
A e (c)d‘—}1 =0 and i =——<0
: —x g “lly
-1 0 L Therefore, f has arelative maximum at x=1/2.
3
@ y=—
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‘ . . . dy
Consider the differential equation d_ =-2x+y+1.
X

(a) On the axis provided sketch a slope field for the given differential equation at the nine points

indicated.
v
L [ ]
L [ ]
.
-1 a 1

2

. odTy . . L . . .
(b) Find F in terms of x and y . Describe the region in the xy- plane in which all the solution
x

curves to the differential equation are concave down.

(c) Let y = f(x) be the particular solution to the differential equation with the initial condition f(0)=-1.
Does f have a relative minimum, a relative maximum, or neither at x =0 ? Justify your answer.

(d) Find the value of the constants m and b . for which y =mx+b is a solution to the differential

equation.

15.

d’y
(b) —=-2x+y-34¥%
dx
(d)m=-2x+(m x+ b)+1 is an identity > som=2 > b=1

2 5
(b) 4y _ —2x+y—1 If the curve is CD, y" < 0.
dx’ ’

(a ¥
¢ o 2x+y-1<0 = y«<2x+1
Therefore, solution curves will be concave down on
’ - the half-plane below the line y=2x+1.
d’y
J - . (c) i =0 and i < 0. Therefore, f has
r—l 1 dx (0.-1) dx‘ 0-D

a relative maximum at (0,—1).

(dym=2,b=1
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The number of bacteria in a culture increases at a rate proportional to the number
present. If the number of bacteria was 600 after 3 hours and 19,200 after 8 hours.
16. When will the population reach 120.0007?

t ~10.646

Note that y=ky = y = Ae"

A population is modeled by a function P that satisfies the logistic differential
. dP P P I . .

equation e ?{ 3 3 ] where the initial population P(0) =100 and ¢ is the
r e e r

time in years.

(a) What is lim P(¢)?
t—oo

(b) For what values of P is the population growing the fastest?

17.  (c) Find the slope of the graph of P at the point of inflection.

(a) Write the differential equation in the standard form.

@ _P(y P) 3P P)
d 2, 20/ 21 60)
lim P(t)=4=60

f—®

L . A
(b) The population is growing the fastest when P = 7

poA_60_
2 2

30

(c) The graph of P has a point of inflection at P :g :
So. when P =30.

dP
dr

=22,

wn

_30{ﬂ 30 )

= 3 —T
peo 200 20)
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§ Euler’s method and logistic models with differential equations

Consider the differential equation rT =2x+y.
X

(a) On the axis provided, sketch a slope field for the given differential equation at the twelve points
indicated. and sketch the solution curve that passes through the point (1.1) .

(b) Let f be the function that satisfies the given differential equation with the initial condition f(1)=1.
Use Euler’s method. starting at x =1 with a step size of 0.1, to approximate f(1.2). Show the work

that leads to your answer.
(c) Find the value of b for which y =-2x+b is a solution to the given differential equation. Show the

work that leads to your answer.
(d) Let g be the function that satisfies the given differential equation with the initial condition g(I)=-2

Does the graph of g have a local extremum at the point (1.-2) ? If so. is the point a local maximum

or a local minimum? Justify your answer.

(a) g (b) 1.65
\ —-— 2{_&" ] / (C) -2
\ / (d) g has a local minimum at (1,-2).
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§ Arc length and distance traveled along a smooth curve

A particle moves in the xy- plane so that ifs position at any fime 7,

0<t<4.1is given by the equations x(f) =cosr+¢sins and y(f) =sinz—7cost.

(a) Sketch the curve in the xy- plane for 0 <¢ <4 . Indicate the
direction in which the curve is traced as ¢ increases.

(b) At what time 7, 0 <7 <4, does the line tangent to the path of
the particle have a slope of —17?

(c) At what time 7, 0 <¢ <4, does x(¢) attain its maximum value?

What is the position (x(7), y(¢)) of the particle at this time?

(d) At what time 7, 0 <¢ <4, is the particle on the y-axis?

(a)

dy dy/dt cost—(—tsint+cosr) tsint

= - = = =tant
dx dx/dt —sint+(fcost+sins) tcost

(®)

n]’.
So ¥ —tanr=-1 = 7= tan~'(-1) =37/4.
dx
(¢) x'(t)=—sint+(sint +tcost) =t cost
xX'()=0 = t=x/2.for 0<t<4.

x(¢) attains its maximum value when 7 = 7/2 .

/1 T T . T T
x(—)=cos—+—sin—=—
2 2 2 2 2

bra

T, .. T T
y(&) =sin=—Zcos= =1
\ 2 5

“

The position when ¢ = 7/2 is (g.l) .

(d) The particle is on the y-axis when x(7)=0.
x(t)=cost+tsint =0
Use a graphing calculator (in function mode) to find the value of ¢ which

makes cost+tsint=0.
For 0<r<4, x(t)=0 when t=2.798 .
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1 A particle moves in the xy-plane so that its position at any time 7.
for 0<¢.is given by x(r) =€’ and y(¢) = 2cos() .

(a) Find the distance traveled by the particle from 1 =0 to 1 =2.

(b) Find the magnitude of the displacement of the particle between
time r=0 and t=2.

(a)7.035 (b)6.988

(<'=')I02\/(><'(t))2 +(y'®)dt~  (b)y/(e? —1)? +(2c0s2—2)? ~6.988

. . : . . . dx
An object moving along a curve in the xy-plane is at position (x(7). ¥(¢)) at time 7. where 7 1+cos(e")
t

and b _ e for 120,
dt
(a) At what time ¢ is the speed of the object 3 units per second?
(b) Find the acceleration vector at time 7 =2.
(c) Find the total distance traveled by the object over the time interval 1 <7 <4 .

(d) Find the magnitude of the displacement of the object over the time interval 1<t <4 .

A

(a) 7 =0.950 (b) a(Z):{—eg sin(e’). _—j (c) 3.544  (d) 2.954

(c) '@+ cose')? + (e ) dt ~ 3544



APCalculstest06

§ Parameter equations ~ polar coordinates * and vector-valued functions

T

A curve is defined by the polar equation » = 4sin(28) for 08 < 3

(a) Graph the curve.
(b) Find the slope of the curve at the point where 6 = 7/4.
(c) Find an equation in terms of x and y for the line tangent to the curve at

: T
the point where & =—.
4
(d) Find an interval where the curve is getting closer to the origin.

: . . T .
(e) Find the value of & in the interval 0 < 8 < % such that the point

“~

on the curve has the greatest distance from the origin.

- (b)- __ z z _r
(b)-1 (c)y=—-x+42 @ <0<% (@0=7
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)’
7 =./0+cos(20) 1
+1
f f f f f f =X
-2 -1 o 1
The polar curve » =,/@+cos(28) ., for 0 <@ < 7, is drawn in the figure above.

. dr o . .
(a) Find d—; . the derivative of » with respectto &.

(b) Find the angle & that corresponds to the point on the curve with x-coordinate 0.5.

T Sz dr . . . )
(c) For B <0< 1—; , d_;' is negative. What does this fact say about » ? What does this fact say

about the curve?

(d) Find the value of & in the interval 0 <8 < B that correspond to the point on the curve in the

first quadrant with the least distance from the origin. Justify your answer.

(a)£= 1-2sin(20)
d@ 2./0+cos(20)

( )r 1s decreasing on this interval. The curve 1s getting closer to the origin.
C

(b) 0 = 0.910

Sr
d)f=—
(d) 1
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r=1+cos@

Find the area of the region that lies
inside the circle » =3cosf and
outside the cardioid r =1+cosé .

Note that cos26 =2cos® 8—1

So J'cos2 GdQZIMdQ
2

4. The area of the shaded region that lies inside the polar curves r=siné and

r=cosé is %(7[—2)

2xj51r2d0=j5coszede=
i 2 %

4

3
5. The area of the region bounded by the polar curve r=6 and the x-axis is 7%
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§ infinite sequences and series

The Integral Test
If f is positive, continuous. and decreasing on [1.:0) and a, = f(n). then

ian and | 1°° F(x) dx

n=1

either both converge or both diverge. In other words:

@
. @ -
L. If Znn is convergent, then Jl f(x) dx is convergent.

n=1

w
o
2. If Zan is divergent, then ,[1 f(x) dx is divergent.

n=1

Determine whether the series is convergent or divergent.

(@) i 71 ®) i]n n

n=11" +1 n=1 H

1.
(a) convergent (b)divergent

Note that j'”—xdx :%(In X)? +C
X

p- Series and Harmonic Series

o1 1 1 | 1
The p-series ) —=—+—+—+—+ - - -
anf 1728 38 4P

1s convergent if p =1 and divergentif 0 < p<1.

R | I 1 1 ,
For p=1. the series Z— =1 +E+:+Z+ - - - is called harmonic series.
n=1 n 3



APCalculstest06

Direct Comparison Test

Let O<a, =b, foralln.
o X0

L If an converges, then Za” converges.
n=1 n=l
e o

2.If Za” diverges. then Zb” diverges.

n=1 n=l1

Limit Comparison Test
If a, >0. b, >0.and lim —= =L . where L is finite and positive, then both series either
n—»0

converge or both diverge.

Note: When choosing a series for comparison, you can disregard all but the highest powers
of » in both the numerator and denominator.

Determine whether the series is convergent or divergent.

(@) = ﬁ;r ®) sin’
é n- -3 Z \/_ +1

(a) divergent (b)convergent

sinn 1

f+1f+1f

13
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Alternating Series Test
Let a, > 0. The alternating series

> (-))"a, and Z(—])"”aﬂ

n=1 n=l1

converge if the following two conditions are met.

I. lima,=0 2. a,, <a,.forall n greater than some integer NV .
0

Alternating Series Estimation Theorem (Error Bound)

o
If §, isa partial sumand § = Z(—I)”a" is the sum of a convergent alternating series that
n=1

satisties the condition a, ., < a,, . then the remainder R, = S-S, is smaller than «, ;. which
is the absolute value of the first neglected term.

‘R” <a

= ‘S - Sﬂ

n+l

Definition of Absolute and Conditional Convergence

1. > a, is absolutely convergent if » |a,| converges.

2. Z a,, is conditionally convergent if Z a, converge but Z a,| diverges.

Determine whether the series is convergent or divergent.

@3 (:/1}_?

1. n=l

n
2n—1

® Y (-1
n=1

(a)convergent (b)divergent

Determine whether the series is absolutely convergent, conditionally convergent,

or divergent.

@ Z 1" Ve

2
n=1 n

(b) i (_lj}h‘-l-] ”—2.-"3
n=1

(a) absolutely convergent (b)conditionally convergent

Je e 1
Note that OS£2S—2=e><—2
n n n
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2 4 6 n_2n

X oxt x ~1)"

Let f(n.-)zl_‘_+Y__‘_+__.+_L+
20 41 6! (2m)!

: ) 1 1 .
Use the alternating series error bound to show that 1 Y + m approximates (1)

-

with an error less than
3 500

‘f(l) :1_i+i_i+_..+ﬂ+.._
2 4 6! (2n)!

Since series is alternating. with terms convergent to 0 and decreasing in absolute value,
the error is less than the first neglected term.

L

So. < .
2! 6! 720 500

Ratio Test

Let Zan be a series with nonzero terms.

a1
a,

1. Zan converges absolutely if lim <1.

n—o

a1

a:‘}

a1
a,

]

>1 or lim

=0

: Zan diverges if lim

=0

= o0

Ay

a,

. The Ratio Test is inconclusive if lim =1.

n—x

V5]

Determine whether the series is convergent or divergent.

an
2

9]
E]

oo oo ”3 oo
b 1 —
(a); . ()E( V' (C)Ezn—l

—~

(a) converge (b)converge (c)diverge
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Determine whether the series is conditionally convergent or absolute convergent.

(a) Z(—l)’f% ) SV

|
n= n=1 n.
2.

(a)conditionally converge (b)absolutely converge

Find the radius of convergence and interval of convergence of

( f))h‘ i
the series
3. Z VH +3

X
Il
N |-
g
N |~
N |-
ed

[+4]
nmx—
What are all values of x for which the series Z Q converges?
n=0

(A) —-l<x<5 B) —-1<x<5 (C) 2<x<4 (D) 2<x<4
4.

A

What are all values of x for which the series Z n!(3x-2)" converges?

n=l
2 2 2

(A) Novaluesof x  (B) (—.—] (©) x== D) [£.=

5. 2 2 2

C
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The function f is defined by the power series
o 2n 2 4 6 2n
. 37 S . 2n+1)x
f(x)= Z D" (@n+Dx™" - 1,;+i,l+_._+(,1)” (2n+1)x N
= 2n)! 20 41 ol (2n)!

for all real numbers x .

(a) Find f'(0) and f"(0). Determine whether f has a local maximum. a local minimum, or
neither at x = 0. Give a reason for your answer.

-

3 5 . . 1
(b) Show that l—ﬁ% + 7 approximates f(1) with an error less than Too”

. . X .
(c) Let g be the function given by g(x) = j f(t) dt . Write the first four terms and the general

g(: )

term of the power series expansion of =—=

(@ f'(0)=0. f"(0)=-3. f hasalocal maximumat x =0 because f'(0)=0 and f"(0)<0.

7 1 xR X"
<—: < () 1-—+———+-—-+(=1)"
6! 720 100 21 41 6! (2”)'

,,

(b)‘f(l) = —)

Lagrange Error Bound
If f has mn+1 derivatives at ¢ and R, (x) is the remainder term of the Taylor polynomial
P (x).then f(x)=P,(x)+R,(x).

So R,(x)= f(x)—P,(x) and the absolute value of R, (x) satisfies the following inequality.
‘H-H.

IR, (x) = mat‘ f("“](k)‘ -

(n+1)! i
where max‘ f (”“)(Fr)‘ is the maximum value of [ n+D) (k) between x and c.

The remainder R, (x) is called the Lagrange Error Bound (or Lagrange form of the
remainder).
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Let P(x)=3-2(x—2)+5(x—2)" —=12(x—2)" +3(x—2)" be the fourth-degree Taylor polynomial for

the function f about x=2. Assume f has derivatives of all orders for all real numbers.

(a) Find f(2) and f"(2).
(b) Write the third-degree Taylor polynomial for ' about 2 and use it to approximate f'(2.1).
(c) Write the fourth-degree Taylor polynomial for g(x)= J : f(t) dt about 2.

(d) Can f(1) be determined from the information ]éiven‘.’ Justity your answer.

7.
(@) f(2)=3. f"2)=-72 (1) P(x)=-2+10(x—2)—-36(x—2)" +12(x—2)". f'(2.1)=—1.348
2 5
(©3(x-2)~(x-2)"+-(x-2) -3(x-2)"  (d) No.
3
Let f be the function given by f(x) =sin(2x)+cos(2x) . and let P(x) be the third-degree
Taylor polynomial for f about x=0.
(a) Find P(x).
(b) Find the coefficient of ' in the Taylor series for f about x=0.
1 1 l
(c) Use the Lagrange error bound to show that | /(=) - P(=)| < —
5 5 100
(d) Let /i be the function given by h(x) = j ; f(#) dt . Write the third-degree Taylor polynomial
8 for 4 about x=0.
2 x* 3y
cosXx=1l-—+——..,SinX=X——+——...
2! 41 31 5l
4 (-2 .. 0.0016 4 1 2 2.3
P(x)=1+2x-2x"——x" (b ) 32 = d) h(x)=x+x> -2
(a) P(x)=1+2x—-2x 3 X (b) o1 (¢) 3 24 1875< 100 (d) h(x)=x+x 3 X
1 —-0)

(c)|R3(x)|:|f(x)—F’S(x)|sma>§‘f(“)(k)‘><5T » @ (x) =16sin 2x +160s 2X
O<k<= H
5

|19 (x)| <16+16 =32
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2 4 3 5

X° X X X
COSX=1-—+——...,SINX=X——+——...

2! 41 3! 5!
XH 2x fUA 15
f(X) =sin2x+cos2x ={2x— (ZX)3+ J+{1- (ZX) +.}=1+2x-2x* -
Fril(a) Py(X) =1+2x—2x* ——

_ . 10 5 . (2X)19 219
(b)f(x)7E x=0 HYEFAZF x*° I HRELE HI5EL - Eﬂ—l—gl

HFTEEE 19 FREL 4 - 838=3 > 2AE SIn(ZX)E’\JEEﬁﬂEP BRI

(c)ERimH Lagrange Error Bound
(x—c)’ 1
|R3|:|f(X)—P3(X)|S EQ[(aS)i‘f(4)(k)‘XT > Now c=0 ° X:g
1
(Z-0)°*
<32x2 = 4 < L
41 1875 100

f (%) - Pg(%)

S

Note that [sin2x|<1|cos2x|<1 » f®(x)=16sin2x+16c0s2x <16+16=32

(d) h(x) :jox f (t)dt :j:(1+ 2t — 2t2 —%t3+...)dt =X+ X —§x3—...

19



