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1. Fish enter a lake at a rate modeled by the function E given by E(t) = 20 + 15sin (%) Fish leave the lake at

0.1¢°

a rate modeled by the function L given by L{t) =4 + 2" . Both E(t) and L(f) are measured in fish per

hour, and f is measured in hours since midnight (t = 0).

(a) How many fish enter the lake over the 5-hour period from midnight (f = 0) to 5 am. (f = 5) 7 Give your
answer to the nearest whole number.

(b) What is the average number of fish that leave the lake per hour over the 5-hour period from
midnight (f = 0)to 5 am. (f = 5) ?

(c) Atwhat time £, for O = 1 < 8, is the greatest number of fish in the lake? Justify your answer.

(d) Is the rate of change in the number of fish in the lake increasing or decreasing at 5 a.m. (f = 5) 7 Explain
your reasoning.
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(a) j'DSE(r) dr =153.457690

(b)

To the nearest whole number. 153 fish enter the lake from midnight
to 5 AM.

L PrL(r) dr = 6.059038
S—OL () df = 6.03

The average number of fish that leave the lake per hour from
midnight to 5 aAM. 1s 6.059 fish per hour.

(¢) The rate of change in the number of fish in the lake at time 7 1s

given by E(7)— L(1).
E(t)-L(f)=0 = t=6.20356

E(t)=L(t) >0 for 0 =¢ < 6.20356. and E(f)— L(f) < 0 for
6.20356 < t = 8. Therefore. the greatest number of fish in the lake
is at time f = 6.204 (or 6.203).

Let A(7) be the change in the number of fish in the lake from
midnight to ¢ hours after midnight.

A1) = j;[E[.s)—L(s])d'.s
AN = E(t)—L(1)=0 = t =C = 6.20356
G

T

0 0
C 135.01492
8

80.91998

Therefore. the greatest number of fish in the lake is at time
t =6.204 (or 6.203).

E'(5)-L'(5)=-107228 <0

Because E'(5) = L'(5) < 0, the rate of change 1n the number of fish

15 decreasing at ume 7 = 3
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{hul:lrs) 0 03 | 1.7 | 28 a4
vpl(h)
(meters per hour) 0 a5 =29 35 48

The velocity of a particle, P, moving along the x-axis is given by the differentiable function vp, where vp(r)
is measured in meters per hour and ¢ is measured in hours. Selected values of vp(t) are shown in the table
above. Particle P is at the origin at time f = 0.

(a) Justify why there must be at least one time 1. for 0.3 < r = 2.8, at which vp'(t), the acceleration of
particle P, equals 0 meters per hour per hour.

(b) Use a trapezoidal sum with the three subintervals [0, 0.3], [0.3, 1.7], and [1.7, 2.8] to approximate the

28
value of J;] vp(t) dt.

A second particle, @, also moves along the x-axis so that its velocity for 0 < t < 4 is given by
V(i) = 45 Jicos (0.0631‘2) meters per hour. Find the time interval during which the velocity of particle
is at least 60 meters per hour. Find the distance traveled by particle Q during the interval when the

velocity of particle O is at least 60 meters per hour.

Attime f = 0, particle @ is at position x = —90. Using the result from part (b) and the function vy from
part (c), approximate the distance between particles P and Q at time = 2.8.
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(a)
vp 1s differentiable = vp 1s continuous on 0.3 < ¢ < 2.8

vp(2.8) —vp(0.3) _95-55 _ 0
28-03 2.5

Bv the Mean Value Theorem. there 15 a value ¢, 0.3 < ¢ < 2.8, such that

‘I'PI[L"} =0

®) [ vp(r) dr = 0.3("?(0) +2"P(°'3)} +1.4("P(°'3);"P(1'”]

. 1_1(1-},(1.?) +1'P(2.8))

B

v

0.3(0 - 55"] 114

) ! \

(55 +£—29) \| N 1.1(: —2924— 55"]

40.75

(¢) vplr)=60 = r=4=186618lor7=B=3519174

vo(f)z 60 for 4 <1< B

B
[ lvo(n)] dr = 106.108754

The distance traveled by particle O during the interval 4 <7 < B is
106.109 (or 106.108) meters.

(d) From part (b). the position of particle P attime 7 = 2.8 15

~

28
xp(2.8) = jﬂ vp(1) di ~ 40.75.

28
15(2.8) = x5(0) + j’O vo(f) dt = =90 +135.937653 = 45.937653

Therefore. at time ¢ = 2.8, particles P and O are approximately
45937653 — 40.75 = 5.188 (or 5.187) meters apait.
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Graph of [

. The continuous function f is defined on the closed interval —6 = x = 5. The figure above shows a portion of
the graph of f, consisting of two line segments and a quarter of a circle centered at the point (5. 3). It is

known that the point (3,3 — /5 is on the graph of f.

5 —2
(a) If Lﬁf{.\‘) dx =7, find the value of I_ﬁ flx) dx. Show the work that leads to your answer.

(b) Evaluate _[f (2f"(x) + 4) dx.

(c) The function g is given by gix) = quf(r] dt. Find the absolute maximum value of g on the interval

—2 = x = 5. Justify your answer.

(d) Find lim 107 = 3x)

x—1 f(x) — arctan x°
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@ [ fyde= [ feoyan+ [ fx)dr

= 7= j:;f(.x-) a’x+2+(9— 9’7)

- : __| _9-’3"_.95_’
:>I_6f(n.)dx_,. (11 4)_4 4
() f{z‘f'(-"] +4)de = Qj‘jf’{.‘f)d‘wrf:t dx
2(S(5) = f(3)) +4(5-3)
=2(0-(3-45))+8
=2(3+V5)+8=2+2y5

x g(x)
-2 0
1
_1 E
1 1
2 4
or
5 11=2%
4

On the interval —2 < x = 5. the absolute maximum value
of g is g(5) =11 —QT’T.

10" —3f'(x) 101 = 3£'(1)

d) I =

@ \1311 f(x)—arctanx  f(1)—arctan1
_10-3-2 4
I-arctanl 7

._1



APCalculus2019AB & BC

r

hft

1

4. A cylindrical barrel with a diameter of 2 feet contains collected rainwater, as shown in the figure above. The
water drains out through a valve (not shown) at the bottom of the barrel. The rate of change of the height i of
dh 1
the water in the barrel with respect to time  is modeled by i ﬁﬂ, where h is measured in feet and

1 15 measured in seconds. {The volume V of a cylinder with radius r and height 1 is V = Jrrzh,)

(a) Find the rate of change of the volume of water in the barrel with respect to time when the height of the
water is 4 feet. Indicate units of measure.

(b) When the height of the water is 3 feet, is the rate of change of the height of the water with respect to time
increasing or decreasing? Explain your reasoning.

(c) Attime f = 0 seconds, the height of the water is 5 feet. Use separation of variables to find an expression
for h in terms of 1.
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@) V=mh=x(1)yh=rxh
o
ﬂ = ,T dh = (——*f_b - — L cubic feet per second
ar | p=4 5
{b ﬂ:—#ﬁ:——l—_ _Ff.lzi
i T i v A W T v
Because L:F _ = 0 for i > 0. the rate of change of the

dt- 200
height 15 increasing when the height of the water 15 3 fest.

dn _ 1
(c) 7 09
dh f——dr
2J_ ——r+C
2J'_——0+C:>C 245

Wh = —Er +245
h(t) :(—,)—IOHJ?)_

.1!

I R
. :
1

3

5. Let R be the region enclosed by the graphs of g(x) = —2 + 3cos (%r) and ii(x) =6 — 2(x — 1]2'., the

v-axis, and the vertical line x = 2, as shown in the figure above.

(a) Find the area of R.

(b) Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis has

1
area A(x) = P Find the volume of the solid.
x

{c) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is

rotated about the horizontal line v = 6.



6. Functions f, g, and h are twice-differentiable functions with g(2) = h(2) = 4. The line y = 4 +
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@ [ st = [ ({620 17) (-2 seos( S

~[lor-o-o7) -2 Sl

- [(12 —%J—(—4+0))—[’:[0+§J—(0+0))

The area of R is %

o P [

=[In(x+3)]' =In5-1n3

dx

The volume of the solidis In 5 — 1n 3.

(©) .,-L'||5- g(x))" = (6 = h(x))" ) dx

(x—2)is

| b

tangent to both the graph of g at x = 2 and the graph of h at x = 2.
(a) Find A"(2).

(b) Let a be the function given by a(x) = 3x3h[x}. Write an expression for a’(x). Find a’(2).

2
(c) The function h satisfies h(x) = 17_41 for x 2 2. Itis known that lim A(x) can be evaluated using
1— (flx)) x—2
L’'Hospital's Rule. Use lim h(x) to find f(2) and f*(2). Show the work that leads to your answers.

x—2

(d) Itis known that g(x) = h(x) for 1 < x < 3. Let k be a function satisfying g(x) < k(x) = h(x) for
I < x = 3. Is k continuous at x = 2 7 Justify your answer.
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Yoy — 2
(@) h'(2) = 3
(b)a'(2) =160

(c) Because A is differentiable. / is continuous. so lim A(x) = (2) = 4.
r—2

Also, lim i(x) = im—" =% o fim—¥—*%

2 S (f(x) 2= (f(v)

Because lim (x* — 4) = 0. we must also have 1i111(1 - (f(x))s) =0.

r—2° r—2

=4,

Thus, l_imj flx)=1

Because f 1is differentiable, f is continuous, so f(2) = lim f(x) =1.

r—=2

Also, because f is twice differentiable. f” is continuous, so
lim f'(x) = f'(2) exists.
x—2

Using L Hospital’s Rule.
2x 4

lim 1(37_43 = lim 5 = 5 =4.
=2 (f(x)) 2 3(f(x) flx) o 37 f1(2)
Thus, f'(2) = —%.

(d) Because g and h are differentiable. g and » are continuous. so

limg(x)=g(2)=4 and lim &(x)=72) =4
=2 x—12
Because g(x) = k(x) = h(x) for 1 < x < 3, 1t follows from the squeeze

theorem that lm & x) = 4.
x—2

Also. 4=g(2)=Kk2)=h(2)=4. 50 K(2)=4

Thus. & 1s continuous at x = 2.

10
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2. Let § be the region bounded by the graph of the polar curve r(8) = 3./Bsin (32) for0 = 8 = /&, as shown

in the figure above.

(a) Find the area of S.

b) What is the average distance from the origin to a point on the polar curve r{8) = 3./8sin 6| for
( g g po p

O=ze=Jn?
(c) There is a line through the origin with positive slope m that divides the region § into two regions with

equal areas. Write, but do not solve, an equation involving one or more integrals whose solution gives the
value of m.

(d) For k = 0, let A(k) be the area of the portion of region § that is also inside the circle r = k cos #. Find

lim A(f().
k—ya
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() %jf(r(ﬁ)}z d6 = 3.534292

The area of S is 3.534.

¥
L [ r(6) d6 =1579933

® =,

The average distance from the origin to a point on the curve
r=r(8) for 0 <6 <z is 1.580 (or 1.579).

(c) taul6'=%=m — @=tan"'m

1 I“-1.|-'i:d‘ﬁ' ].IF 'l:“'
Tg riel) =15l &) afd

-y

(d) As k — oo, the cucle r = kcos& grows to enclose all pownts to
the night of the y-axis

l ?/: ace} "
hm.«h-:f (r(8))" dé
k—x =90

x/2 2412
= L7 (3vFsm(8*)) d6 = 3324

5. Consider the family of functions f(x) = ———— where k is a constant.
+

(a) Find the value of k. for k = 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.

1
(b) For k = —8, find the value of Iﬂf(x} dx.

2
(c) For k = 1, find the value of jﬂ f(x) dx or show that it diverges.

12
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¥ -2v—8 N (x —4)(x+2) - .\‘—4+ x+2

(®)

= 1l=A4(x+2)+B(x—-4)

2,
I

o

& BC

—%h12

"2 2 -1 2
(c) | ———dx [ L jd’.\‘zg L ,_d'.\‘+J
Jo xm —2x+1 Jo (x=1) o (x—-1) 1

b -2
. 1 .

lim J — dx + lim [
b=1"Jo (x =1)° b—=1" Jp
1 x=b" f
- |+ 11111‘ -

x -1 x=0, b=1"\

p
lim ‘ -
b—=1"\

. 1 | .
lim (—— —1|+ lm {—1 +
b1\ b-1 ] b—171
Because lim (— !
b—1"\

X

(x =1y’

-1

b-1)

does not exist, the integral diverges.

=271

(x—1)°

dx

13
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¥

/ n f{fr](n}
3 f 2 3
5 / 3 _23
~—" 2
4 54
1

2 1 o 1 \2 *
I | I |
6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f i1s shown above,

along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for ¢*. Write the second-degree Taylor

polynomial for e'f(x) about x = 0.

(c) Let h be the function defined by h(x) = J:f[r) dt. Use the Taylor polynomial found in part (a) to find an

approximation for fi(1).

(d) Itis known that the Maclaurin series for i converges to h(x) for all real numbers x. It is also known that
the individual terms of the series for (1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from h(1) by at

most (.45,



APCalculus2019AB & BC

(a) F(0)=3and F(0)=-

The third-degree Tavlor polvnonual for /7 about x = 0 1s
23
3 R 3 2 23 =
3oyt St b= =32y Dt — =
2! 3! 2 12

(b) The first three nonzero terms of the Maclaurin series for &' are

1 >
1_-1_-7;-1 )

The second-degree Tavlor polynomial for € /{x) about x = 0 1s

f 1] . 3o
3{1 +x+ %.‘f‘ ] —2x(1 + x) +E.T‘ (1)

§ ER o]
—3+(3-2)x+ (2243
=3+.‘-.'—.".':.
@ 1) = [ £(r)dr
Hnil = 4
c | J.r
1, -
[ 3o 233y,
= 32+ =1 |dr
.E.{ 2 12 ]
2. 13 23 4T=1
=jar—-tr +=1t — r
[ R T
syl 2397
- 2 48 48

(d) The alternating series error bound 15 the absolute value of the first
onutted term of the series for A(1).

15



