APCAlculus2014

Question 1

Grass clippings are placed in a bin, where they decompose. For 0 < ¢ < 30, the amount of grass clippings

remaining in the bin is modeled by A(?) = 6.687(0.931)", where A(r) is measured in pounds and ¢ is measured
in days.

(a) Find the average rate of change of 4(r) over the interval 0 = ¢ < 30. Indicate units of measure.

(b) Find the value of 4'(15). Using correct units, interpret the meaning of the value in the context of the
problem.

(c) Find the time ¢ for which the amount of grass clippings in the bin 1s equal to the average amount of grass
clippings in the bin over the interval 0 < ¢ < 30.

(d) Fort>30, L(t), the linear approximation to A4 at ¢ = 30, is a better model for the amount of grass
clippings remaining in the bin. Use L(¢) to predict the time at which there will be 0.5 pound of grass
clippings remaining in the bin. Show the work that leads to your answer.

Grass clippings ¥ &  bin ¥ 3% decompose 4 f%
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A'(15)=-0.164 > %% 15 X BB i ® ¥ chE 1= X 0.164 FFeanig
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(d) L(t) = A(30)+ A'(30)(t —30)
A'(30) = —0.0055976, A(30) = 0.782928
L(t)=0.5 » t=35.054
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Question 2

Let R be the region enclosed by the graph of f(x) = x* —2.3x° + 4 and
the horizontal line y = 4, as shown m the figure above.

(a) Find the volume of the solid generated when R 1s rotated about the

horizontal line y = -2.

(b) Region R is the base of a solid. For this solid, each cross section
perpendicular to the x-axis 1s an 1sosceles right triangle with a leg
in R. Find the volume of the solid.

(c) The vertical line x = k divides R into two regions with equal areas.
Write, but do not solve, an equation mvolving integral expressions

whose solution gives the value k.

n-}- o n-}- o i o = a

Isosceles % "= & 3 cross section # #
() * & 18 58 F3
f(x)=4 > x=0and 2.3

A= [(4+ 2) —(f (x)+2)?]dx = 98.868
(b) 18 ##

jf%@— £ (x))?dx = 3.574
() ~

[ @=t0oax =" (4~ f (0)dx
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Question 3

The function f is defined on the closed interval [-5, 4]. The graph
of f consists of three line segments and 1s shown 1n the figure above.

Let g be the function defined by g(x) = J- 2 f(t)dr.
(a) Find g(3).
(b) On what open intervals contained in —5 < x < 4 is the graph

of g both increasmg and concave down? Give a reason for your
answer.

(¢) The function / is defined by (x) = 3;?_ Find F/(3).

(d) The function p 1s defined by p(x) = J?‘"{Jr2 - x] Find the slope
of the line tangent to the graph of p at the point where x = -1.

3 . + : 3 3

(a) & # =6+4-1=9

(b) S e
S0 BB ¥ e T -5<x<-3 and 0<x<2
O ZEE T

(d) Chain rule
p(X) = f (X = x)(2x~1)
xp %ﬂ%‘i _‘;2 P '(_1) = f '(2) X (—3) =6
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Question 4

Train A4 runs back and forth on an east-west section of ] ]
railroad track. Train A’s velocity, measured in meters per t (minutes) 012 5] 8|12

minute, is given by a differentiable function v (7)., where

v4(f) (meters/minute)| 0 |100| 40 |-120(-150

time 7 is measured in minutes. Selected values for v (1)
are given in the table above.

(a) Find the average acceleration of train 4 over the interval 2 = r < 8.
(b) Do the data m the table support the conclusion that tramn .4’s velocity 1s —100 meters per minute at some tume ¢
with 5 < ¢t < 8 7 Give a reason for your answer.

(c) Attime ¢ =2, train 4’s position 1s 300 meters east of the Origin Station, and the train 15 moving to the east.
Write an expression involving an integral that gives the position of train 4, in meters from the Origin Station, at
time ¢ = 12. Use a trapezoidal sum with three subintervals indicated by the table to approximate the position of
the train at time r = 12.

(d) A second train, train B, travels north from the Origin Station. At time ¢ the velocity of train B 15 given by

vg(t) = —5t2 + 60t + 25, and at time ¢ = 2 the train i1s 400 meters north of the station. Find the rate, in meters
per minute, at which the distance between train 4 and train B is changing at time ¢ = 2.

Trapezoidal rule 752

EER SRl 2

v(8)-v(2) 110

S 8-2 3

(b)® A & %32 (Intermediate value theorem)
(c) =% @ & Sndic 4 R EG > 150m

(a) L4k R =

5(12)=5(2)+ [, v(t)et

12
L v(t)dt =...= 450

(d) = FELiEdEa% it & 160m/min
AtxBty RIS FdpEdtz, 72 =x"+y?
22—Z=2x%+2yﬂ

dt dt dt
x=300 > y=400 R] z=500
v, (2) =100, v, (2) =125

% =160m/ min

2
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Question 5
x -2 | 2<x<-1 -1 | -l1l<x<1 l<x<3 3
flx) 12 Positive 8 Positive Positive 7
flx) | -5 Negative 0 Negative Positive %
g(x) -1 Negative Positive Positive 1
£'(x) 2 Positive % Positive Negative | -2

The twice-differentiable functions f and g are defined for all real numbers x. Values of f, ', g and g’ for
various values of x are given in the table above.

(a) Find the x-coordinate of each relative minimum of f on the interval [-2, 3]. Justify your answers.

(b) Explam why there must be a value ¢, for -1 < ¢ <1, suchthat f"(¢) = 0.

(c) The function / is defined by &(x) = In{ f(x)). Find #'(3). Show the computations that lead to your

answer.

-
k]

(d) Evaluate J' ~ flg(x)g'(x) dx.

(@f(x) 2 x=17F fp§t1& ] &
(b)mean value theorem

) 1
c¢)chainrule —
( ) 14

(d) F & ok -6
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Question 6

Consider the differential equation % = (3 - y)jcosx. Let y = f(x) be the particular solution to the differential

equation with the initial condition f(0) = 1. The function f is defined for all real numbers.

(a) A portion of the slope field of the differential equation is given below. Sketch the solution curve through the
point (0, 1).

(b) Write an equation for the line tangent to the solution curve in part (a) at the point (0, 1). Use the equation to
approximate f(0.2).

(c¢) Find y = f(x). the particular solution to the differential equation with the initial condition f(0) = 1.

o}

- T T

M~ > 4% slope field
(a)id iH(0,1)chiz ¢ 4

¥
1
P | S,
T T e it g e e T T T
R A e e il L
R e e " ey o T N,
D e e e T
oW e e A ]
L T | 6 e N
NN e A A e L LT ]
R 7 B e T T
NN T s S P R e L T S L |
NN N S P T

£ 5= =
-, Ny

w e e e

T T T T W

4

R
!

!

f o
I Y
ey
e
oy
S
AN
P

e e e et gtk e ek et

e T e e e e, R e

T

g S R e R R R
i

R o i i e

T

Pl

(b) f*r 8 A28 & iF i
7 R y=2x+1
£(0.2) ~1.4

(C) 2 ’gﬁ'% e ﬁi]—?‘&‘la\ > A7y —3_ g Sinx
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2. The graphs of the polar curves r = 3 and r = 3 — 2sin(28) are shown in the figure above for 0 < 8 < .

(a) Let R be the shaded region that is inside the graph of r = 3 and inside the graph of r = 3 — 2sin(28). Find
the area of R.

(b) For the curve r = 3 — 25in(26‘), find the value of % at 8 = %

(c) The distance between the two curves changes for 0 < 8 < % Find the rate at which the distance between

i

the two curves is changing with respect to 8 when 8 = %

(d) A particle is moving along the curve r = 3 — 2sin(26) so that % = 3 forall times t = 0. Find the value

dr o
ofﬁdtﬁ—G.

(@)t Fw f#
97 15 . 2
T+Ej02 [3-2sin(26)]?d0 =9.708
(b) #e &
X=rcosd =(3—2sin(20))cos &

— =-2.366

(c) D=3-[3-2sin(26)] = 2sin(20)

b __
doje-%
(d) Chain rule 9r_9rdo 6
dt do dt
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j. Let R be the shaded region bounded by the graph of y = xe™ , the line y = —2x, and the vertical line x = 1, as
shown in the figure above.

(a) Find the area of R.

(b) Write, but do not evaluate, an integral expression that gives the volume of the solid generated when R is
rotated about the horizontal line y = -2.

(c) Write, but do not evaluate, an expression involving one or more integrals that gives the perimeter of R.

(@ Ff » 5 f#
1 e+l
jo[xe - (-2]dx = ==
(b) >3 8 48 A%
(c) *+&

s=| JL+(F(©)%dt = | (%)2 +(%)2dt

5

lJl + [exz {1 + 2x° )]L dx

Peﬂmeter:x@+2+e+'[
0
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The Taylor series for a function f about x =1 is given by E[—l)Ml %—i(x —1)" and converges to f(x) for
n=1

|x —1] < R, where R is the radius of convergence of the Taylor series.

(a) Find the value of R.

(b) Find the first three nonzero terms and the general term of the Taylor series for f’. the derivative of f,
about x =1.

(c) The Taylor series for f* about x = 1, found in part (b), is a geometric series. Find the function f* to which
the series converges for |x —1| < R. Use this function to determine f for |x —1| < R.

o}

W

LY

e . e

%ﬁ&%ﬁ
(a)Ratio test Fjcar i

lim/%a <1 rol

nN—o0 an

(b) The first three nonzero terms are
2-4(x—1)+8(x-1).

The general term is (—1)""" 2" (x = 1)*™! for n > 1.

(O 5 5wl f(x)=1In|2x —1| for |x — 1] {%
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